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On Several New Laplace Transforms of Generalized Hypergeometric
Functions 5 F5(x)

Asmaa O. Mohammed * Medhat A. Rakha, Mohammed M. Awad and Arjun K. Rathie

ABSTRACT: By employing generalizations of Gauss’s second, Bailey’s and Kum-
mer’s summation theorems obtained earlier by Rakha and Rathie, we aim to estab-
lish presumably new Laplace transforms of six rather general formulas of generalized
hypergeometric function 2 F» [a, b; ¢, d; z].

The results obtained in this paper are simple, interesting, easily established
and may be useful in theoretical physics, engineering and mathematics. Results
presented here are pointed out to reduce to yield some known results.
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1. Introduction

The Laplace transform has many applications in physics and engineering (in-
cluding mechanical and electronics). It is also used in process control. It has the
usual property that many relationships and operations over the original function
f(t) correspond to simpler relationships and operation over image g(s). It is named
after Pierre-Simon Laplace, who introduced the transform in his work of probabil-
ity theory. The Laplace transform is a linear operator that switches a function f(t)
to F(s), goes from time argument with real input to a complex angular frequency
input which is complex, so we define the Laplace transform or (direct Laplace
transformation) of f(t), where f(t) is defined for ¢ > 0, as the following integral:
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F(o) = £{f@rsh = [ o (1.1)

= lim e T f(r)dr
T—00 0

whenever the limit exists (as a finite number). When it does, the integral (1.1)
is said to converge. If the limit does not exist, the integral is said to diverge
and there is no Laplace transform defined for f(¢). The notation £{f(¢)} used to
denote the Laplace transform of f(t), and the integral is the ordinary Riemann
(improper) integral. The parameter s belongs to some domain on the real line or
in the complex plane. In a mathematical and technical sense, the domain of s is
quite important such that for any given signal the Laplace transform converges for
a range of values of s. This range is referred to as the region of convergence (ROC)
and plays an important role in specifying the Laplace transform associated with a
given signal. For more details we refer for examples to [2,3,11]. Further, if we put
f(t)=t*"1in (1.1), we get the known formula :

/ et dt = I(a)s™, (1.2)
0

which is valid when Re(s) > 0 and Re(a) > 0 and also consider as a relation
between Laplace transformation and Gamma function.
If we perform with generalized hypergeometric function

ai, ceey Qp (a

= () (), 2"
F s | = 02,
ptq b o b, ;(bl)n"'(bq)n n!

the Laplace transform of a generalized hypergeometric function ,Fjy is given as

0o a1, ...y, Gp
/ e st R, ;o owt | dt
0 by, ..., bq
v, ay, ,  Qp
=T(v) s7° pr1ky ;T (1.3)
by, ..., by

provided that p < ¢, Re(v) > 0, Re(s) > 0 and w arbitrary, or when p = ¢ >
0, Re(v) > 0 and Re(s) > Re(w).

e When p = ¢ = 1, for generalized hypergeometric function, we define its
Laplace transform as

oo a, a, d
/ e i1l By swt | dt =T(d) Py 2 ;
0

C C

® |€

(1.4)
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where Re(d) > 0 and Re(s) > max {Re(w),0}.

e When p = ¢ = 2, we have

00 a, b a, b
/ et LR, swt | dt =T(d) s7¢ oF, ;2 | (1.5)
0

c, d c
where Re(d) > 0 and Re(s) > max {Re(w),0}.

Similarly, we can write Laplace transforms for the function 3F3s.

On the other hand, the theory of hypergeometric and generalized hypergeomet-
ric functions are fundamental in the field of mathematics, mathematical physics,
engineering and statistics.

Lately, a good advance has been done in finding generalizations and extensions
of the Gauss, Gauss’s second, Kummer, and Bailey for the series oF}, Watson,
Dixon, Whipple and Saalschiitz for the series 3F5 classical summation theorems.
For generalizations, we refer, for example, to [4,5,6,9,10].

In 2011, Rakha and Rathie [10] further generalized these summation theorems
in the most general form. However in our present investigations, we shall men-
tion the generalization of Gauss’s second summation theorem, Bailey summation
theorem and Kummer summation theorem.

e Generalizations of Gauss’s second summation theorem [10]

and

e r(ib+1r)
x () 2 T2 i=0,1,... (1.7)
—\r/ I( )
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e Generalizations of Bailey’s summation theorem [10]

a, 1l—a+1
o F ;
c

and

e Generalizations of Kummer’s summation theorem [10]
a, b
2 Fy ;o1
l+a—-b+1
27T(5)L(b—) (1 +a—b+1)
S IBI(3a—b+3i+ )(Ea—b+3i+1)

: (i\NT(Ea—b+ii+ir+d
XZ(_l)T(l) (2(11 1'2Z 1 2 1 2)a i=0,1,...
= r) D(za—gzi+3r+3)

and

a’?
2 ;o —1
l+a—b—1
B 27T (M1 +a—b—1)
Fda—b—-Lti+Hrta—-bv-1Li+1)
i . 1 1. 1 1

—\r I‘(%a—i—%r—%i—i—%)

(1.8)

(1.9)

(1.10)

(1.11)
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Several mathematicians have obtained Laplace transforms of generalized hy-
pergeometric functions by employing the above mentioned classical summation
theorems. For example, Kim et al. [7,8] have obtained a few results on Laplace
transforms for the functions 1 F; and o F5, for some values of 1.

In our present investigations, we propose to study systematically and investigate
six master formulas for the Laplace transforms for the generalized hypergeometric
function o F5 from which we can obtain as many as formulas by specializing the
parameters.

In the next section, we shall mention six presumably new Laplace transforms.

2. Laplace Transforms of Certain Special 2 F5(z)

In this section, we will point out six Laplace transforms of o Fy(x).

o0 a/)
/ e LBy ;Sst | dt
0

J4 YT (o= 30 3i+ Y
DT (o= 30+ 5+ )
+

D3 < : ) r E;)_F;Eéf %r%-:)l) @D

> ( ) r (gar . i;‘;h iy 22)

fori =0,1,2,....

P(d) 27T (1T (T (a—i)

54 T(a)T (3c—3a)T (3c—3a+1)

‘ i\ (=) (%c— %a—i— %r
2.3
X;(T) F(%C‘F%G‘F%T*i) (23)
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fori=0,1,2,....
0 a, 1—a—1
/ €7Stﬁd71 2F2 ,%St dt
0 d, c
_ () 2T (3)T (o)
st T'(zc—3a)T (5¢—35a+3)
xzz:( F(%cf%awL%T)
=\ ) T(zc+3a+37)
fori=0,1,2,...
0o a, b
/ e~std=1 LR, ;—st | dt
0

d, 1+a—b+1
_ T(d) 27T (3)T(b—i) L (1+a—b+1)

s T (Ra—b+3i+ )T (Ra—b+li+1)

XZ( i ) (=1)'T (2a—b+3i+ 3r+ )
e N U(3a+3r—3i+3)

fori=0,1,2,....
0o a, b
/ G_Sttd_l QFQ ;—St dt
0 d, 1+a—b—1
I'(d) 27T (T 1+a—b—1i)

st T(la—b-Li+HT(Za—b—Li+1)
1

i\ (Ba—b—Li+irgd)
XZO<T) 2 12 2 2

I(ifa+ir—1L1it+d)

fori=0,1,2,....
2.1. Proofs

(2.4)

Proof of the results (2.1) to (2.6 ) is quite straight forward. For this if we set

w = 35 in (1.5) and taking

. C

Lc=%(a+b+i+1),
2 fa+b—i+1),
3. b=1—-a+1, and
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4. b=1—-a—1,

each for ¢ = 0,1,2,..., then the resulting series o F} (%) appearing on the right-
hand side of (1.5) can be summed by using corresponding summation formulas
(1.6) to (1.9) and we respectively get the results (2.1) to (2.4). Similarly, if we set
w = —sin (1.5) and taking

l.c=14a—-b+1, and
2.¢c=14+a—-b—i

each for i = 0,1,2,..., then the resulting series o F; (—1) appearing on the right-
hand side of (1.4) can be summed by using corresponding summation formulas
(1.10) to (1.11) and we respectively get the results (2.5) to (2.6).

3. Special Cases

In this section, we shall mention a large number of special cases, which are
presumably new.

1. In (2.1) and (2.2), if we take d = b we get two results on Laplace transforms
for Kummer’s confluent hypergeometric function 1F; obtained recently by
Choi and Rathie [1].

2. In (2.3) and (2.4), if we taked=1—a+iandd=1—a—14,fori =0,1,2,...
we get two results on Laplace transforms for Kummer’s ; F; obtained recently

by Choi and Rathie [1].

3. In (2.5) and (2.6), if we take d = b or d = a, we get four results on Laplace
transforms for Kummer’s 1 F} obtained recently by Choi and Rathie [1].

4. For i = 0,4+1,4+2...,49, the main results (2.1) and (2.6) can be written in
the following compact forms

b
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00 a, 1—a-+1
/ e Ly ;%st dt
0 d

sTI(3)T(d)T ()T (1 —a)
20=-1 T (1 —a— 4+ 3|i])
Ei(a,c)

X -
F(ze—z0+3) T (ze+ 30— [F])
s () T(A)T ()T (1—a)
2071 T (1 —a — 3i+ 31i])
Fi(a, c)
X - (3.2)
F(ze—30) T (ze+30 -3 [3])
and
0o a, b
/ e~std=1 Ly ;—st | dt
0

d, 14+a—-b+1
st (DT (@I 1-b)T(1+a—b+1i)
D(1-b+2i+ 1)
« Ai(aab)
CGe—b+ 5+ )T (a5t} - [F])
sTRTT (VDT @I (1-0)T(1+a—b+i)
D(1—b+ i+ 1i])
« Bz(a’ab)
[(ze—b+gi+3)T(za+3i-[3])

(3.3)

Here [z] denotes the greatest integer less than or equal to z and its modulus
is denoted by |z|. The coefficients A;(a,b), B;(a,b), Ci(a, ), D;(a,c), E;(a,b)
and F;(a,b) are given in the tables provided at the end of the paper.

5. In (3.1) to (3.3), if we set

(a) d =0,
(b) d=1-a+iand
(c) d=b

respectively for ¢ = 0,+1,+2..., 45, we get known results obtained by Kim
et al. [7,8]. Similarly, other results can also be obtained.
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4. Tables

Table 1: Table for the coefficients A; and B;,i =0+1,---+9

i [A [ B |

9 —16b*4+72a3b—108a2b>+60ab>+ || 16a* — 56a3b + 60ab? — 20ab> +
23b% —328a3 4+ 972a%b — 792ab% + || b* + 24843 — 516a2b + 240ab® —
1506° —2240a2+4-3612ab—999b%— || 10b% 4+ 1160a? — 1028ab + 35b% +
5696a + 3162b — 3984 1576a — 506 + 24

8 8a*—32a3b+40a°b%>—16ab3+b*+ || 863 — 40ab?® + 48a?b — 16a° —
128a3 — 312a2b+ 172ab®> — 10063 + || 192a? + 312ab — 88b% — 640a +
624a> — 672ab + 356 + 896a — || 352b — 512
500 — 24

7 b3 —28ab’>+28a%b—8a3—100a>+ || 8a® —20a°b+ 12ab® — b3+ 68a? —
196ab — 70b% — 352a + 245b — 302 || 76ab + 6b> + 128a — 116+ 6

6 4a® — 12a%b + 9ab®> — b® + 36a® — || 16ab— 8a? — 6b> — 48a + 34b — 52
5lab + 6b* + T4a — 11b+ 6

5 10ab — 4a® — 5b% — 264 + 256 — 32 || 4a® — 6ab + b> + 14a — 3b+ 2

4 | 2a% —4ab+b*>+8a — 3b+2 4b—a—2)

3 3b—2a—5 -2

2 14+a—->5 —2

1 -1 1

0 1 0

101 1

2 la—b-1 2

-3 | 2a—3b—4 2a — b — 2

-4 | 2a* — 4ab+b* — 8a + 5b + 6 4(a—b—2)

-5 | 4a® —10ab+5b* — 24a +25b+ 32 || 4a® — 6ab + b* — 16a + 7b + 12

-6 | 4a® —12a%b+9ab® — b> — 36a* + || 8a® — 16ab+ 6b° — 48a + 38b+ 64
57ab — 12b2 4 92a — 47b — 60

-7 | 8a3—28a2b+28ab?>—7b° —96a%+ || 8a® —20a%b+ 12ab* — b® — 72a% +
196ab — 77b% 4+ 352a — 294b — 384 || 92ab — 15b° + 184a — 74b — 120

-8 | 8a* — 32a%b + 40a%b? — 16ab> + || 16a> — 48a%b + 40ab®> — 8b3 —
b* — 128a> + 328a2b — 208ab? + || 192a? + 328ab — 104b? + 704a —
22b3 + 688a2 — 928ab + 1790 — || 480b — 768
1408a + 638b 4 840

-9 | 16a* —72a3b+ 108a2b> — 60ab> + || 16a* — 56a3b + 60ab? — 20ab> +
9b* — 32003 4 972a%b — 828ab? + || b* — 256a> + 564ab — 300ab® +
1740 + 2240a®> — 3936ab + || 26b3+ 137642 — 1568ab+ 25157 —
132362 — 6400a + 4614b + 6144 2816a + 10665 + 1680

5
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Table 2: Table for the coefficients C; and D;,t =04+1,---+9

Ci

| D

9 | —16b* +36b°(b—a+ 10) —276°(b— || 166" —28b>(b—a+10)+15b°(b—a+
a+10)2+2Lb(b—a+10)°+Zpb— || 10)> - Zb(b—a+10)° + (b —a+
a-+10)* —328b> +486b% (b—a+10) — || 10)* + 248> — 258b% (b — a + 10) +
198b(b—a+10)* +Z2b(b—a+10)* — || 60b(b—a +10)> — 2(b—a + 10)° +
2240b° +1806b(b —a+10) — 22 (b— || 1160b* — 514b(b — a + 10) + 22 (b —
a+10)? —5696b+1581(b—a+10) — || a+10)>+1576b— 25(b—a+10) — 24
3984

8 | 8" —166°(b—a+9)+106°(b—a+ || (b—a+9)>—10b(b—a+9)*+24b%(b—
9)*—2b(b—a+9)*+ 1= (b—a+9)*+ || a+9)— 166> —192b° + 156b(b — a +
1280 — 15662 (b — a + 9) + 44b(b — || 9) —22(b—a+ 9)? — 6400+ 176(b —
a+9)7%—30b-—a+9)%+6240° — || a+9)—512
336b(b —a+9) + (b —a+9)° +
896b — 25(b —a +9) + 24

7 | Z(b—a+8)%——7b(b—a+8)°+ || 86°—1067(b—a+8)+3b(b—a+8)"—
14b% (b—a+8) —8b> —100b> +98b(b— || L(b—a+8)+68b* —38b(b—a+8)+
a+8)— 32 (b—a+8)*—352b+ 222 (b— g(b—a+8)2+128b—%(b—a+8)+6
a+8) — 302

6 | 4°—6b°(b—a+T7)+2b(b—a+T7)°— || 25b—17a—18ab— 3(b—a+7)* +67
1(b—a+7)°+36b"— 2 b(b—a+T7)+
S(b—a+7)°+74b— 1 (b—a+7)+6

5 +(—8+10a —5a” + 6b — 10ab — b*) || 1(8 — 6a + a® — 10b + 10ab + 5b%)

4 | 13—4a+a”®—4b+ 6ab+b°) 2(1 —a—0b)

3 [1(2-3a-b) 2(a+3b-2)

2 2(a+b—1) -2

1 | -1 1

0 |1 0

11 1

2 | fa+b-1) 2

-3 | 5(Ba+b-2) 2(a+3b-2)

-4 | ;(3—4a+a” —4b+ 6ab+b?) 2(a+b—1)

-5 | 3(8 —10a +5a” — 6b + 10ab + b°) 1(8 —6a + a” — 10b + 10ab + 5b°)

6 | 4°—6b"(b—a—5)+2b(b—a—5)°— || 8ab+11b—19a— 31+ 3(b—a—5)’
1(b—a—5)*—36b"+2Ib(b—a—5)—
3(b—a—5)2+92b— 2 (b—a—5)—60

-7 | 8% —14b*(b—a—6)+Tb(b—a—6)*— || 86° — 10b6°(b — a — 6) + 3b(b — a —
I(b—a—6)>—96b> +98b(b —a — || 6)°—+(b—a—6)>— 72" +46b(b —
6)— Z(b—a—6)>+352b—147(b— || a—6)—22(b—a—6)>+184b—37(b—
a—6) — 384 a—6)—120

-8 | 8a*—16b°(b—a—T7)+ 100> (b—a— || 16b® —24b*(b—a —7) + 10b(b — a —

7?2 —2b(b—a—7)°+ & (b—a—T7)" -
1280 + 164b*(b — a — 7) — 52b(b —
a—T2+1(b—a—17)%+688b" —
464b(b—a—T7)+2(b—a—T7)* -
1408b + 319(b — a — 7) + 840

7)? = (b—a—7)%—192b* + 164b(b —
a—"T7)—26(b—a—7)*+704b—240(b—
a—17)— 768
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166" — 3663 (b — a — 8) + 270 (b —
a—8)2—Lbb—a—8)*+ (b
a — 8)* — 320b% + 468b%(b — a —
8) —207b(b—a—8)*+ 8 (b—a—
8)3 422400 — 1968b(b — a — 8) +
1323 (p—q—8)? — 6400b+2307(b—
a—8)+ 6144

160" — 2863 (b — a — 8) + 15b%(b —
a—8)2—3b(b—a—8)>+ &(b—
a — 8)* — 25603 + 282b%(b — a —
8) —75b(b—a—8)*+ (b —a-—
8)3 + 1376b> — 784b(b —a — 8) +
21 (p—a—8)%—2816b+533(b—
a—8)+ 1680

Table 3: Table for the coefficients E; and F;,i =0+1,---£9

E;

| E

9 | —16(c+a—10)"+72a(c+a—10)°>— [[ 16(c+a— 10)* —56a(c+a — 10)* +
108a® (c+a—10)24-60a>(c+a—10)+ || 60a®(c+a—10)*—20a®(c+a—10)+
23a* —328(c+a—10)*+972a(c+a— || a* +248(c+a—10)* — 516a(c+a —
10)% — 792a* (¢ + a — 10) + 150a° — || 10)? + 240a*(c + a — 10) — 10a® +
2240(c + a — 10)? + 3612a(c + a — || 1160(c+a—10)>—1028a(c+a—10)+
10) — 999a*> — 5696(c + a — 10) + || 35a® + 1576(c + a — 10) — 50a — 24
3162a — 3984

8 8(c+a— 97" —32a(c+a— 97+ || 8a° —40a*(c+a—9) +48a(c+a—
40a*(c+a—9)* —16a*(c+a—9)+ || 9)°> — 16(c +a —9)® — 192(c + a —
a* +128(c+a—9)® —312a(c+a— || 9)%+312a(c+a—9) —88a>—640(c+
9)24+176a>(c+a—9)—10a®*+624(c+ || a —9) + 352a — 512
a—9)% — 672a(c +a —9) + 35a° +
896(c + a — 9) — 50a + 24

7 | 7a® —28a*(c+a—8)+28a(c+a— || 8(c +a—8)7 — 20a(c + a — 8)% +
8)2—8(c+a—8)%—~100(c+a—8)*+ || 12a*(c +a —8) — a® + 68(c + a —
196a(c+a—8) —70a® — 352(c+a— || 8)* —76a(c+a—8) +6a® 4+ 128(c +
8) + 245a — 302 a—8)—1la+6

6 4(cta—T7)*—12a(c+a—T7)*+9a*(c+ || 16a(c+a—7)—8(c+a—7)*—6a* —
a—T)—a*+36(ct+a—"T7)°>=5la(c+ || 48(c+a —7) + 34a — 52
a—T)+6a*>+74(ct+a—T7)—1la+6

5 —20 — 13a + a® + 22¢ + 2ac — 4¢” 62 — a — a® — 34c + 2ac + 4c?

4 12 + 5a — a® — 12¢ + 2¢7 12 — 4c

3 3+a—2c —T7+a+2c

2 —24c -2

1 | -1 1

0 |1 0

1)1 1

-2 c 2

-3 —a + 2¢ 24+a+2c
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-4 | —=3a —a® +4c+2¢2 4+ 4c

-5 | —7a — a® + 8c — 2ac + 4c? 12 — a — a® + 16¢ + 2ac + 4¢?

6 |4(c+a+5)3—12a(c+a+5)?%+ || 8(c+a+5)?—16a(c+a+5)+
9a*(c+a+5) —a® = 36(c+a+ || 6a® —48(c+ a +5) + 38a + 64
5)2+57a(c+a+5)—12a%+92(c+
a+5)—47a — 60

-7 | 8(c+a+6)°—28a(c+a+6)?+ || 8(c+a+6)*>—20a(c+a+6)*+
28a?(c+a+6)—Ta®—96(c+a+ || 12a*(c+a+6) —a®> —72(c+a+
6)? + 196a(c + a + 6) — 77a* + || 6)24+92a(c+a+6)—15a>+184(c+
352(c+a+6) — 294a — 384 a+6) — Tda — 120

8 [ 8(c+a+T7)"—32a(c+a+7)3+ || 16(c+a+7)3—48a(c+a+T7)?+
40a*(c+a+7)*—16a*(c+a+7)+ || 40a*(c+a+7)—8a*—192(c+a+
a* —128(c+a + 7)% + 328a(c + || 7)® + 328a(c+ a + 7) — 104a? +
a+17)2—208a%(c+a+T7)+22a%+ || 704(c+a+7) — 480a — 768
688(c+a+7)%—928a(c+a+7)+
179a?—1408(c+a+7)+638a+840

9 [ 16(c+a+8)*—T2a(c+a+8)>+ || 16(c+a+8)*—56a(c+a+8)>+
108a?(c+a+8)2—60a>(c+a+8)+ || 60a%(c+a+8)*—20a3(c+a+8)+
9a*—320(c+a+8)2+972a(c+a+ || a* — 256(c + a + 8)3 + 564a(c +
8)% —828a*(c+a+8) +174a® + || a+8)*—300a*(c+a+8)+26a>+
2240(c+ a + 8)% — 3936a(c+a+ || 1376(c+a + 8)* — 1568a(c+ a +
8) + 1323a® — 6400(c + a + 8) + || 8) + 25102 — 2816(c + a + 8) +
4614a + 6144 1066a + 1680
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