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On Power Integral Bases for Certain Pure Sextic Fields

Lhoussain El Fadil

ABSTRACT: In their paper [1], Shahzad Ahmad et. al. gave a characterization on any pure sextic number
field Q(ml/S) with square-free integers m # 1 satisfying m #Z +1(mod 9) to have a power integral bases or
to do not. In this paper, for these results, we give a new easier proof than that given in [1]. We further
investigate the cases m = 1(mod 4) independently to the satisfaction of m? = 1(mod 9), m = 1(mod 9), and
the number fields defined by 2273 m, where r, t are two non-negative integers with 1 < r + ¢, and m is
a square free integer are investigated. The proposed proofs are based on Dedekind’s criterion and on prime
ideal factorization.

Key Words: Power integral basis, Sextic number field, Dedekind’s criterion, Prime ideal factoriza-
tion.
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1. Introduction

Let K be a number field defined by a monic irreducible polynomial f(z) € Z[z]. We denote by Zg
its ring of integers . For any element 6 € Zg, we said that 6 generates a power integral basis of K if
(1,0,---,0" 1) is a Z-basis of Zg, where n is the degree [K : Q]; Zx = Z[f]. When a field K has a power
integral basis, the field K is said to be monogenic, and not monogenic otherwise. It is called a problem
of Hasse to characterize whether the ring of integers of an algebraic number field has a power integral
basis or does not [6,10,9]. Let K = Q(m!/%) be a pure sextic field such that m is a square-free integer.
In [12], It was proved that for m = 1(mod 4) satisfying m # +1(mod 9), K is not monogenic. In [1], if
m # 1(mod 4) and m # £1(mod 9), then based on the existence of power relative integral bases of their
quadratic and cubic subfields, it was shown that K is monogenic. In this paper, based on prime ideal
factorization, we prove that if m is a square free integer such that m = 1(mod 4) or m = 1(mod 9), then
K is not monogenic. If m # 1(mod 4) and m # +1(mod 9), then we show that K is monogenic.

2. Main results

Our below main theorem gives a precise test on any square free integer m # 1 for the integral
closedness of Z[a], where « is a complex root of f(z) = 2™ —m € Zx].

Theorem 2.1. Let K = Q(«) be a number field, where a is a root of an irreducible polynomial f(x) =
™ —m € Z[z], with m # 1 is a square free integer.

If for every rational prime integer p dividing n and not dividing m, v,(mP~1 — 1) = 1, then Z[a] is
integrally closed.

Corollary 2.2. Under the hypothesis of Theorem 2.1,

1. Let f(x) = x* —m € Z[x], where r is a natural integer. If m = 2 or 3(mod 4), then Z[a] is the
ring of integers of K.

2. Let f(x) = 2® —m € Z[x], where r is a natural integer. If m # F1(mod 9), then Z[a] is the ring
of integers of K.
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3. Let f(z) = 223 —m € Z[z], where r and t are natural integers. If m = 2 or 3(mod 4) and
m # F1(mod 9), then Z[a] is the ring of integers of K.

Proposition 2.3. Under the above hypothesis, let f(z) = 25 —m € Z[z]. If m # 1(mod 4) and
m # F1(mod 9), then K is monogenic. Especially, o generates a power integral basis of Z .

Theorem 2.4. Under the above hypothesis, let f(x) = 2°—m € Z[z]. If m = 1(mod 4) or m = 1(mod 9),
then number K is not monogenic.

Remark 2.1. 1. In [1], it was shown that if m = 1(mod 4) satisfying m % F1(mod 9), then Zy is
not monogenic. Here in Theorem 2./, we show that if m = 1(mod 4), then Zk is not monogenic
independently to the satisfaction of the condition m # F1(mod 9).

2. The investigation given in [1] does not cover the case m = F1(mod 9).

3. Proofs

Now, we tackle the proofs of our main theorem:

Proof: of Theorem 2.1.

Since the discriminant of f(x) is A(f) = Fn"m" !, thanks to the formula linking the discriminant,
the index and A(f), Z[a] is integrally closed if and only if p does not divide the index (Zx : Zla])
for every rational prime factor p dividing nm. Let p be a rational prime integer dividing m. Then

according to Dedekind’s criterion notations [14,3], f(z) = 2" (mod p) holds and M (z) = %ﬁn ===

As m is square free, Z does not divide M (z) modulo p. Thus p does not divide the index (Zg : Z[«]).
Now, let p be a rational prime integer dividing n and not dividing m. Set n = p"q, where ¢ € N
such that p does not divide ¢. Then by the little Fermat’s theorem, f(z) = (%" — m)P(mod p) and
fl@)= (2 —m)+m)P —m = Sy C’,’ﬂ’mk(x‘ﬂ’w1 —m)P~% +mP —m, where CY is the k' binomial
coefficient. As m? —m = 0(mod p), f(z) = (" —m)?. Let (z*" " —m) = [['_, G:%(z) be the
factorization of (z%"~" —m) into powers of irreducible polynomials in F,[z], where every g;(x) € Z[z]
is a monic polynomial. As p divides all coefficients except the leading one, of f(z) with respect to
(""" —m), it follows that if vp(mP~! — 1) =1, then p does not divide the index (Zg : Z[a]). O

Lemma 3.1. Under the hypothesis and notations of Theorem 2./,

1. If m = 1(mod 8), then 2Z = p1papspa is the factorization into product of prime ideals of Zx , with
fi=fo=1and f3 = f4 = 2 being the respective residue degrees.

2. If m = 5(mod 8), then 2Zx = p1p2ps is the factorization into product of prime ideals of Lk, with
f1 = fo = f3 = 2 being the respective residue degrees.

3. If m = 1(mod 9), then 3Zx = (p1p2)*pspa is the factorization into product of prime ideals of Zr,
with f1 = fo = f3 = f4 = 1 being the respective residue degrees.

In order to show Lemma 3.1, we recall some fundamental notions on Newton polygon techniques.
In 1894, K. Hensel developed a powerful approach by showing that the primes of Zx lying above a
prime p are in one-to-one correspondence with irreducible factors of f(z) in Q,[z]. For every prime ideal
corresponding to any irreducible factor in Qy[z], the ramification index and the residue degree together
are the same as those of the local field defined by the irreducible factor [8]. So, in order to describe all
prime ideals of Zy lying above p, we have to factorize the polynomial f(x) into irreducible factors in
Qp[z]. The first step of the factorization is based on Hensel’s lemma. Unfortunately, the factors provided
by Hensel’s lemma are not necessarily irreducible in Q,[z]. The Newton polygon’s techniques could refine
the factorization. Namely, the theorem of the polygon and the theorem of the residual polynomial say
that we can factorize any factor provided by Hensel’s lemma, with as many sides of the polygon and as
many irreducible factors of each residual polynomial. For more details, see [7, Th. 1.15 and Th. 1.19].

For any rational prime integer p and for any monic polynomial ¢ € Z[x] whose reduction modulo p

is irreducible in F,[z], let Fy be the field %f]. For any monic polynomial f(z) € Z[x], upon to the
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Euclidean division by successive powers of ¢, we can expand f(x) as follows : f(x) = Zi:o a;(z)p(x) 1,

called the ¢-expansion of f(x) (for every i, deg(a;(x)) < deg(¢)).

vp(ai)—vp(a;)
7

the following integers io = 0, i1 = max {j = 1,...1, po;, < pg;}, if 5 < I, then ij41 = max {i =

i+l gy, S Mji}. Repeat this process until to get 7, = [. For every j = 1,...7, let S; be
the segment joining the points A; 1 = (ij_1,v(a;,_,)) and A; = (ij,(a;,)) in the euclidean plane. The

rational number \; = 2=/ "u1) € @ s called the slope of j, I(S;) = i; — i1 s its length, and

h(Sj) = A;j1(S;) is its height. In what follows v(a;;) = v(a;,_,) + IjA;. The ¢-Newton polygon of f,
denoted by Ny (F), is the process of joining the segments Si,...,S, ordered by the increasing slopes,
which can be expressed as Ny(f) = S1+---+ 5. Notice that Ny(f) = So+---+.5; is only a notation and
not the sum in the Euclidean plane. The segments S1, ..., and S, are called the sides of Ny(f). For every
side S of the polygon Ny(f), I(S) is the length of its projection to the z-axis and h(S) is the length of its
projection to the y-axis. The principal part of Ny(f), denoted NgT(f), is the part of the polygon Ny (f),
which is determined by joining all sides of positive slopes. For instance, for p = 3, ¢ = x? +x — 1 which is
irreducible modulo 3, and f(z) = ¢ + (x — 1)¢° + 122¢* + (27 + 6)¢” + 9(x — 2)¢* + (18 + 162)¢ + 32,

For every i # j = 0,...,1, let a; = a;(x) and p,;; = € Q. Let us construct by induction

vp(aj) s
3 2
24 °

St
14 °
So
. J

0 1 2 3 4 5 6 7

Figure 1

So, ig = 0,41 = 2,14 = 6, and i3 = 7, N¢(f) = Sp+ 51+ 952 (hab 3 sides Sy, S1, and 52) with
respective slopes A\g = 0, Ay = 1/2, and Ao = 1. Thus N¢+(f) =51+ Ss.
For every side S of Ny(f), with initial point (s,us) and length [, let d = [/e, called the degree of S. For
every 0 < i <[, we attach the following residual coefficient ¢; € Fy:

0, if (s + i, usy4) lies strictly above S or usy; = 0o,
C; = <CLS+71(£C)> (mod (p7 (b(x))), if (S + i, 'U/eri) lies on S.

p“ﬂH—i

where (p, ¢(x)) is the maximal ideal of Z[x] generated by p and ¢. That means if (s + ¢, us1,) lies on S,

e
then ¢; = %&_ﬁ), where 3 is a root of ¢.

Let A = h/e be the slope of S, where h and e are positive coprime integers, and let d = /e be the
degree of S. Notice that, the points with integer coordinates lying in S are exactly (s,us), (s + €, us +
h),--+,(s 4+ de,us + dh). Thus, if i is not a multiple of e, then (s + 4, usy;) does not lie in S, and so,
c; = 0. Let fs(y) = toy? +t1y? '+ +ta_1y+ta € Fyly] be the residual polynomial of f(z) associated
to the side S, where for every i =0, ...,d, t; = Cje.

Remark 3.1. Note that if v(asti(z)) = 0 and ¢ = z, then Fy = F), and ¢; = Gy1;(mod p). Thus
this notion of residual coefficient generalizes the reduction modulo a maximal ideal. If X = 0, then for
every i = 0,...,d, (s41,ust;) lies on S if and only if v(asi(x)) = 0. Thus if A =0 and ¢ = x, then
¢i = Gsri(mod p) and fs(y) € Fply] coincides with the reduction of f(x) modulo the mazimal ideal (p).

In our example for S = S, its initial point is (2,0) with length 4 and height 2. Thus, e = 2, d = 2,
to = az(z)(mod 3,¢) = x — 1(mod 3,¢) = 2z — 1, t1 = as(x)/3(mod 3,¢) = 12/3(mod 3,¢) = 1, and
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ty = ag(x)/9(mod 3, ¢) = (18x + 162)/3%(mod 3, ¢) = 2z, where z is a root of ¢ in an algebraic closure
of F3. Thus fs, (y) = (z — 1)y + y + 2z in Fy[y].
In [4, Theorem 3.4, p: 5], we showed that:

Theorem 3.2. For any monic irreducible polynomial f(x) € Z[x| such that f(z) =[], ¢Ti“ (z)(mod p)
is the factorization in Fplz]. For every i =1,...,r, let Ny = Ny (f) = St + -+ + S,ii be the principal
part N;(f) and for every j = 1,....k;, let fs,(y) = 1=, ig.s(Y)"e0e be the factorization of fs,(y)
into irreducible polynomials of Fy [y]. Then if every fs,;(y) is square free, i.e., every n; ;s = 1, then

r ki Tij
Y/ A— Cij
pPLk = Pijss
i=1j=1s=1

where e;; = e(S;;) is the ramification index of the side S;;.

Proof: of Lemma 3.1.

1. If m = 1(mod 8), then f(z) = (z — 1)?(2® + z + 1)%(mod 2). Let F(z) = f(z +1) = 25 + 62° +
152% + 2023 + 1522 + 62 + 1 — m. As m = 1(mod 8), va(1 —m) > 3, and N (f) = Sy + Sz has
two sides with the same length 1, and so of degree 1. Thus their residual polynomials are of degree
1. Especially Fs,(y) = Fs,(y) = y+ 1 in Fa[y]. Again let f(z) = ¢® — 32¢*> + (22— 2)p+1—m
be the ¢-adic development, where ¢ = 22 + 2 + 1. As m = 1(mod 8), Ny " (f) = Sy + Sy with the
same length 1 and so their residual polynomials are fs,(y) = fs,(y) = y + 1 in Fy[y]. Hence by
Theorem 3.2, 2 = P1pPaPspy, where f1 = fg =1 and f3 = f4 = deg(qb) =2

2. If m = 5(mod 8), then f(z) = (z — 1)?(2? + z + 3)*(mod 2). Let F(z) = f(z + 1) = 25 4+ 62° +
152% + 2023 + 1522 + 62 +1 — m. m = 5(mod 8), va(1 —m) = 2 and N, (f) = S has only one side
of degree 2, with residual polynomial Fs(y) = y* + y + 1, which is irreducible in Fa[y]. Again let
f(z) = ¢> = (6+3x)¢* + (142+10)¢— (162 43+m) be the ¢-adic development, where ¢ = 22+ x+3.
As m = 5(mod 8), v2(162 + 3 +m) > 3 and so Ng" (f) = S1 + S (see Figure 2 below).

v2(ay)
Sa
1__ ‘SVI/
J
0 1 2 3
Figure 2
v3(aj)
Sa
2+ °
S
14 [ ] [ ] [ ] !
S .
0 J
0 1 2 3 4 5 6




ON POWER INTEGRAL BASES FOR CERTAIN PURE SEXTIC FIELDS 5
Figure 3

As the length of every S; is 1 and so of degree 1, the residual polynomial fg,(y) is of degree 1
and so is irreducible in Fy[y] (see Figure 1). Therefore, by Theorem 3.2, 2Zg = pipops with

fr = deg (fs(y)) =2 and fs = fa= deg(¢) =2.

3. If m = 1(mod 9), then f(z) = ((x — 1)(x + 1))3(mod 3). Let F(z) = f(z +1) = 25 + 62° + 152* +
2023 + 1522 4+ 62+ 1 —m and G(z) = f(xr — 1) = 25 — 625 + 152* — 202% + 1522 — 62 + 1 — m. Then
N} (F) =81+ 52 (see Figure 3) has two sides with respective residual polynomials Fi, (y) =y + 1
and Fs,(y) = y + ¢ (¢ € F}), with respective degrees f1 = f3 = 1. Also N (G) = S1 + Sz (see
Figure3) has two sides with respective residual polynomials Gg, (y) = —y — 1 and Fs,(y) = —y+b
(b € Fg) By Theorem 3.2, 3Zx = (p1p2)2p3p4, with f1 = f2 = f3 = f4 =1.

O

As the proof of the above lemma depends on Theorem 3.2, which could be difficult for some readers,
and following the suggestion of the referee, we give below a new proof based on Kronecker’s method
for m = 1(mod 9). We recall that the well known Dedekind’s factorization method of pZy is ap-
plicable only when p does not divide the index [Zx : Z[a]]. Thanks to Kronecker’s theory of forms
[2, Section 17.B], an alternative method can be applied even when Dedekind’s criterion conditions

failed. Namely, Let (wi,...,w,) be a Z-basis of Zx and = = Y " | t;w; be a fundamental form of
Zy, where t = (t1,...,t,), and every t; is an indeterminate. For every Q-isomorphism o of K in C,
let 27 = 3" | t;o(w;) and f(z,t) = [[I,(z — E9%), where 01,...,0, are the distinct Q-isomorphisms
of K in C. If f(z,t) = [[_, 97" (z,t)(mod p) is the factorization of f(z,t) in Fy[t1,...,t,, x], where
every g;(z,t) € Z[t1,...,tn, 2] is a monic polynomial whose reduction modulo p is irreducible of degree
fi, then p factorizes as follows : pZyx = [[%_, p§’, where every p; is a prime ideal of Zg lying above
p with residue degree f;. In our case, let m # 1 be a square free integer such that m = 1(mod 9), 6

a complex root of f(z) = 2 —m, a = 6%, w = 6%, and v = % As we saw in the proof of
Lemma 3.1, f(z) = (z — 1)3(z + 1)3(mod 3), with the associated residual polynomial of any side of any
Newton polygon of f is square free, then by Theorem of index (see for instance [5, Th. 1.9] and [13]),
inds(f) = vs((Zk : Zla])) = indy—1(f) + indyy1(f) = 1+ 1 = 2 (see Figure 2 and Figure 3), where
indg(f) is the ¢-index of f, which is defined in [5, Def. 1.3] by ind,(f) is deg(¢) times the number of
points with integer coordinates that lie below or on the polygon N;r( f), strictly above the horizontal
axis, and strictly before the vertical axis of equation = . Let By = (1,6, a,0a,~,60v) and M be the
Z-module generated by By. Then v3((M : Z[a])) = 2, and so v3((Zk : M)) = 0. Thus By is a 3-integral

basis of Zk. Let By = (1, o, v, w, wa, wy). Since the determinant of the transition matrix of By to Bs is

10 0 0 O 0

0 00 0 -1 mT*1

8 (1) 8 (1) _01 8 =1—(m—1)=—mand m = 1(mod 9), Bs is a 3-integral basis of Zx. Thus
001 0 0 0

0 00 0 3 1

E=>"", tiw; is a fundamental form of Zx, where w1, ..., ws are the elements of By. Let H = Q(w).

Then f(z,t) = Nx/o(x—E) = Ny/o(Nk/n(3—E)) = Nujo(Nk/u (z—t1—taa—tsy)—(tattsattey)w) =
NH/Q((x — 11 — taar — t37)%2 — m(ty + tsa + tey)? = NH/Q((x — 1 — toa — t37)? — (ta + tsa + tgy)? =
Nujo((x — (b1 + ta — (t2 + t5)a — (t3 + t6)7))Nujo((x — (b1 — ta — (f2 — t5)a — (t3 — t6)7)). Set
a=x— (t1 +ts1), b = —(t2 + t5), and ¢ = —(t3 + ts). Recall that Ng/g(a + ba + cv) is the deter-
minant of the matrix of the endomorphism of H defined by the multiplication by (a + ba + ¢y). As
a?=3y—a—-1=—-a—1(mod 3), ay = % =mdy % = y(mod 3) (because m = 1(mod 9),
a —b 2K
and 7% = 2L (0 +2) + 7y =2K + Ka+~v (m=1+9K), Nygla+ba+cy) =| b a—b K =
¢ ¢ a+b+c
(@a+b+c)a+b)? = (x —s1(t)(x — s2(t))?(mod 3), where s1(t) = t1 + to + t3 + ty4 + t5 + tg and
SQ(t) = t1+t2+t4+t5. Similarly, NH/Q((Z‘—(tl—t4—(t2—t5)0¢—(t3—t6)’}/)) = (x—53 (t))($—84(t))2(m0d 3),
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where Sg(t) =1t1+to+13— (t4 +1t5 —|—t6) and S4(t) =t1+1ty— (t4 —|—t5). Since for every 1% 75 7, Si(t) 7é Sj(t),
flx,t) = (x — s1(t)) (@ — s3(t))(w — s2(t))*(w — s4(t))? is the factorization of f(z,t) over F3. Finally,
3Z = p2p3pspa, where for every i, f(p;) = 1.

Proof: of Corollaries 2.2 and Proposition 2.3,

Since m is square free, by Theorem 2.1, it suffices to evaluate vo(m — 1) and v3(m? — 1). But as by
assumption, m # 1(mod 4) and m # F1(mod 9), we have m — 1 # 0(mod 4) and m? — 1 # 0(mod 9).
Hence va(m — 1) = 1 and v3(m? — 1) = 1. Finally, a generates a power integral basis of Z. O

Proof: of Theorem 2.4. In every case, we will show that K is not monogenic.

1. Assume that m = 1(mod 8). If there exists 6§ € Zg such that 2 does not divide the index (Zx : Z[0]),
then thanks to Kummer’s Theorem, the factorization of 2Z is 2-analogous to the factorization of
F(z) modulo 2, where F(z) is the minimal polynomial of § over Q. More precisely 2Zx = [[,_, p5’,
where F(z) = [[,_, 95 (2) is the factorization of F(z) into powers of monic irreducible polynomials
of Fy[x]. As there is only one monic irreducible polynomial of degree 2 in Fy[x], namely 22 +x + 1,
the factorization 2Zx = p1popspa, with f3 = f4 = 2 is impossible.

2. Assume that m = 5(mod 8). If there exists § € Zx such that 2 does not divide the index (Zg : Z[6)]),
then thanks to Kummer’s Theorem, the factorization of 2Zk is 2-analogous to the factorization of
F(z) modulo 2, where F(x) is the minimal polynomial of § over Q. More precisely, 2Zx = [[}_, pS’,
where F(z) = [[_, g7 () is the factorization of F(x) into powers of monic irreducible polynomials
of Fa[x]. As there is only one monic irreducible polynomial of degree 2 in F[z], namely x2? +x + 1,
the factorization 2Zx = pi1paps, with f1 = fo = f3 = 2 is impossible, which contradicts Lemma
3.1. Hence for every 6 € Zg, 2 divides the index (Zx : Z[f]) and Zx can not have a power integral
basis.

3. Similarly, if m = 1(mod 9) and there exists € Zg such that 3 does not divide the index (Zg : Z[0]),
then the factorization of 3Z is 3-analogous to the factorization of F'(x) modulo 3, where F(z) is the
minimal polynomial of 8 over Q. As there is only three monic irreducible polynomials of degree 1 in
F3[z], namely 2+ 1, z — 1, and z, the factorization 3Zx = (p1p2)?psps, with f1 = fo = fz3 = fa =1
is impossible, which contradicts Lemma 3.1. Hence for every 6 € Zg, 3 divides the index (Zg : Z[0)])
and Zg can not have a power integral basis.

O
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