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Some Remarks on Multivalent Functions of Higher-order Derivatives

M. K. Aouf and A. Y. Lashin

ABSTRACT: In this paper we give necessary conditions for a suitably normalized multivalent function f(z) to
be in the class Gp q(B8) of p-valently starlike functions of higher-order derivatives. Also we drive some prop-
erties of functions belonging to the class Jp ¢(c, 3, f(2)) which consisting of multivalent a—convex functions
of higher-order derivatives in the unit disc.
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1. Introduction

Let U = {z : |z| < 1} be the open unit disc of the complex plane C and let A, denote the class of
analytic and p—valent functions in U of the form:

fa)=2"+ > apst (peN={1,2,...}) (1.1)

Also let A; := A. For two functions f , g, we say that the function f is subordinate to ¢ in U, written
as f(z) < g(z), (or simply f < g) if there exists a Schwarz function w analytic U with w (0) = 0 and
|w (2)] < 1, such that f(z) = g(w(z)). If the function g is univalent in U, the subordination is equivalent
to f(0) = ¢(0) and f(U) C g(U) (see [8]). For 0 < 8 <p—¢q,p>q,p € Nand ¢ € Ny = NU{0},we say
that f(2) € A is in the class S ,(3) if it satisfies the following inequality

zf(q+1)(z)}

RS —rv—20 > eU). 1.2
(Lot} >s wev (1.2
Also, for 0 < 8 < p—g¢,p > ¢q,p € N and ¢ € Ny,we say that f(z) € A, is in the class K, ,(3) if it
satisfies the following inequality

zfat2)(z) B
%{1+7f@+1)(z) }>B (z€U). (1.3)

It follows from (1.2) and (1.3) that
f(Z) € Kp,q(ﬁ) — F(Z) € S;,g(ﬁ)a

where F € A, such that F(@(z) = % (2 € U). The classes Sy (8) and K, 4(8) were introduced
and studied by Aouf [2,3,4]. We note that S, 1(8) = S, (8) and K, o(8) = K,(5) are, respectively, the
class of p—valently starlike functions of order 8 and the class of p—valently convex functions of order 5(
0 < B < p) see Owa [12] and Aouf [1].
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Let Gp,4(5) denote the subclass of A, consisting of functions f(z) which satisfy

(g+1)
ZJ;:IT(Z()Z)MP—Q)HP—q—ﬁ)Z (0<B<p—q,p>q). (1.4)
It is clear that (1.4) is equivalent to
(q+1)
L —w-a|<w-a-p) <) w5)

Therefore G, 4(3) is a subclass of the class S (5).
A function f(z) € A, is said to be p—valently a—convex functions of higher order derivatives of order
[ if it satisfies

w{a-afe R van s Tl >0 o
for some a(a > 0), 5(0 < 5 < d(p,q)) and for all (z € U), where
5(p,q) = v pi!q)! (p>q).

Denoting by Jpq( ,B, f(%)) the subclass of A, consisting of all such functions. ~We note that

Ipq(0, 8, f(2)) = S5 ,(B) and Jp4(1, B, f(2)) = Kpq(8). Also we note that Jp1-p(a,0, f(2)) = A(p, @)
(pe N a > 1) was mtroduced and studied by Nunokawa [9], Saitoh et al. [14] and Nishimoto and Owa

[11] and Jp (e, B, f(2)) = M(p,1, o, B) was introduced and studied by Owa [13].
2. Main Results
In order to prove our results we need the following lemmas.

Lemma 2.1. [6/Let w(z) be regular in U with w(0) = 0. Then if |w(2)| attains its mazimum value on
the circle |z| =r at a point zo € U, we have zow(zo) = mw(zo), where m > 1.

Lemma 2.2. [7]Let ¢(z2) be a complex valued function
¢:D—C,DCCxC (C is the complex plane).
and let u = uy + iug, v = v1 + tva. Suppose that the function ¢(u,v) satisfies

) ¢(u,v) is continuous in D;

(i
(i) (1, O) € D and R{¢(1, O)} > 0;
2
(iii) for all (iug,v1) € D such that v; < (Hu? s R{p(iuz,v1)} <O0.
Let p(z) = 1+ p1z +p2z2 + ... be regular in the unit disc U, such that (p(z),zp (z)) € D for all z € U.

If
R{¢(p(2),2p (2))} >0 (2 € D),
then ®{p(2)} >0 (z €U).

Theorem 2.3. If f(z) € A, satisfies

}A<%E)Z()Z)—(p—®)+(l—k) (%—@—Q)@—q—l))’

< P-q-BA+1A=-Np-g+B)] (z€l), (2.1)

for some (0<B<p—q,p>qpeN,geNyand 0 <\ < 1), then f(2) € Gp4(B).
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Proof: Define the function w(z) by

2 fla+1)(,
J;%(z()) =(-a)+{-q-Pw(2) (2.2)

Then, w(z) is regular in U and w(0) = 0.Differentiating (2.2) logarithmically with respect to z, we obtain

G e (p—q—B)aw'(2)
SO M ek R ) R 6 2
From (2.2) and (2.3), we have
22 fat2)(z)
NOOEE P-—alp-q-1) = (p-q-Bw(z)2(p-q) -1
- Bt + 25 (2.4
From (2.2) and (2.4), we have
2 fatD(z) 22 fa2) (2)
A( TG (p—(J)) +(1=X (T(z) - (p—Q)(p—q—l))
= (p—q-B(2)
x {A FA- VRO =) 1+ (g Be(z) + Z:j(ij)]} | (25)
Suppose that there exists a point zg € U such that
e foz)| = (o) = 1.
Then by using Lemma 2.1, and letting w(zp) = €, we get
2T z0) (B ) o e
Mgt -0 0) 0 (S - -a6-a- 1))
= |(p—q— Bw(zo)
{A+ R e e DRCERV (R ﬁ)w(zO}
= (—a=BP+1-N20—q) —1+k+1=N)p—q— e’
> (p=q=-BA+A=Np-q+5)]
This contradicts the condition (2.1). Therefore |w(z)| < 1 for all z € U. This implies that
o flatl) (4
J;T(Z())—(p—w <p-q—-B (2€0),
that is f(z) € Gp 4(8).This completes the proof of Theorem 2.3 O

Taking ¢ = 0 in Theorem 2.3 | we have
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Corollary 2.4. If f(z) € A, satisfies

2f (2) B 2
’A < ) p) +(1=X (1 + ) p(p 1))}

< =P +1-Np+p] (€0),

then f(z) € Gp(B) = {f(z) cA,:

ZJ’I(S) —p‘ <p—-8 (z EU)}.
Putting p = 1 in Corollary 2.4, we have

Corollary 2.5. If f(z) € A satisfies

1"

}A (zf’<z> - 1) FPNES MO

f(2) | <A-AR+A-N0+H] (z€),

then f(z) € G(B) := {f(z) €A%

Zf(z)—1‘<1—ﬁ (zeU)}.

This corollary is an improvement of the results obtained by Fukui [5, Theorem1] and Nunokawa and
Hoshino [10, Theorem 1].
Putting A = 0 in Theorem 2.3, we have

Corollary 2.6. If f(z) € A, satisfies

fo(‘H‘Q)(z) , ,
W—(p—@(p—q— W<@—q-B)p-q+p) (2€0),

for some (0 < B <p—q,p>¢q,p €N and g € Ny) , then f(z) € Gpq(B).
Putting ¢ = 0 in Corollary 2.6, we obtain the following corollary

Corollary 2.7. if f(z) € A, satisfies

21 (2)
f(2)

for some (0 < 8 < p, then f(z) € G,(B).

< (p2_62) (ZE[U)a

-plp—1)

Remark 2.8. Our result in Corollary 2.7 when p = 1 is an improvement of the results obtained by Fukui
[5, Corollaryl] and Nunokawa and Hoshino [10, Corollary 2J.

Putting A =  in Corollary 2.4, we obtain

Corollary 2.9. If f(z) € A, satisfies

2f (2)+ 22 (2)
f(2)

for some (0 < B < p, then f(z) € Gp(f).

-’ <(p-8) (p+1+p) (z€U),

Remark 2.10. Our result in Corollary 2.9 when p = 1 is an improvement of the results obtained by
Fukui [5, Corollary2] and Nunokawa and Hoshino [10, Corollary 3].
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Theorem  2.11. Let the function f(z) defined by (1.1) belongs to the class
Ip.qla, f(2)) withp > q,p € N,q € Ng and a > 1, then

2 flatD) (4 —a a(o + 80(p,
{ ff(‘”(z() )} S g= 27 (4+ (. 9) (2.6)
Proof: Define the function g(z) by
2 (2)
TG =B+ [0(p.q) — Blg(z), 0<B<6(p,q) (2.7)
for f(z) € Jp4(e, f(2)), where
5= —a+ a(a+85(p,q)). (2.8)

4

It follows from (2.7) that g(z) is regular in U and that g(z) = 1+ g12 + g222 + ... . Differentiating (2.7)
logarithmically with respect to z, we obtain

1+ Zf(fj%)((;)) =B+ [6(p,q) — Blg(2) + ﬁ[ff%?;,;)ﬁlzgjé’z). (2.9)
From (2.7) and (2.9), we have
3?{(1—0[)%2;()2)4-&(14-% }
" {5 Ia) — Blg(e) + 520 P () } >0, @10
Letting u = w1 + iug, v = v; + ivg and
1,0 = 5+ B 0) = Blu+ 2D = 2.11)

we know that
(i) ¢(u,v) is continuous in D = (C 76—6(1741)) x C

(i) (1,0) € D and R{S(1,0)} = 6(p,q) > 0
2
(iii) for all (fug,v1) € D such that v; < —%,

04[5(]97 Q) - ﬁ]vl
8%+ [0(p, q) — BIu3
apBlo(p,q) — B](1 + u3)
2 (8% +[6(p, q) — B)?u3)

Therefore, the function ¢(u,v) defined by (2.11) satisfies the conditions of Lemma 2.2. Tt follows from
this fact that #{g(z)} > 0, that is that

zflat1) () _ —a+y/ala+80(p,q))
S i

This completes the proof of Theorem 2.11. O

R{o(iug,v1)} = B+

< B- <.

Putting ¢ =1 — 1(p € N) in Theorem 2.11, we obtain the following corollary
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Corollary 2.12. Let the function f(z) defined by (1.1) belongs to the class

Ip1-p(a, f(2)) = Jp(e, f(2))

with p € N and o > 1, then

2f(P)(2) _ —a+/a(a+8p!)
w{ ) - i

From the definition of the class J,(«, f(2)) and Theorem 2.11, we have

Corollary 2.13. Let the function f(z) defined by (1.1) belongs to the class Jp q4(cx, f(2)) with p > ¢q,p €
N,qg € Ny and a > 1, then

2f 2 (2) (@ = D(=a+ va(a+85(p,q))
éR{ + f(q+1)(z)}>6: 4o '

Putting g = p — 1(p € N) in Corollary 2.13, we obtain the following corollary

Corollary  2.14. Let the function f(z) defined by (1.1) ‘belongs to the class
Ip(e, f(2)) withp € N and o > 1, then

§R{1—|— zf(p+1)(2’)} S f= (a—1)+ ala+ 8p!)

F®)(2) 4o

Remark 2.15. Our result in Corollary 2.1/ is an improvement of the result obtained by Saitoh et al.
[14, Corollary 1].

Putting @ = 1 in Corollary 2.12, we have
Corollary 2.16. Let the function f(z) defined by (1.1) be in the class K, , then

2fP)(2) —1+/1+38p!
e

Remark 2.17. Putting p =1 in Corollary 2.16, then if the function f(z) € A is convex in U, then f(2)
is starlike of order & in U (see also Saitoh et al. [1/, Corollary 2]).
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