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Elliptic Curve Over a Finite Ring Generated by 1 and an Idempotent Element e with
Coefficients in the Finite Field Fz« *

A. Boulbot, A. Chillali and A. Mouhib

ABSTRACT: An elliptic curve over a ring R is a curve in the projective plane P?(R) given by a specific equation
named the Weierstrass equation of the form f(X,Y,Z) = 0, where:

XY, 2)=Y?Z4+ a1 XY Z +a3YZ? — X — a2 X?Z — ay X Z? — a6 23,

such that the coefficients a1, a2,as,as and ag are in the ring R and with an invertible discriminant in R. In
this paper, we consider an elliptic curve over a finite ring of characteristic 3 given by the Weierstrass equation:
Y2Z = X +aX?Z + bZ3, such that the coefficients a and b are in the quotient ring R := F54[X]/(X? — X),
where d is a positive integer and F4q[X] is the polynomial ring with coefficients in the finite field F34 and such
that —a3b is invertible in R.
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1. Introduction

Faa[X]
(X>—X)
the quotient ring of the polynomial ring Fsa[X] by the ideal generated by (X 2-X ) This ring can be
identified to the finite ring Fsa[e] where e = e. Over this ring, we consider the elliptic curve denoted
by E,p(Fsafe]) and given by all points [X : Y : Z] € P? (Fsale]) which verify the Weierstrass equation
Y27 = X3 4+ aX2Z + bZ?, where (a,b) € (Fza[e])? such that —a3b is invertible in the ring Fsa|e].

We started this work by studying the arithmetic of the ring Fsa[e], e* = e where we show a useful
formulae to compute the product law. By this efficient formulae we characterize the set of invertible
elements in the ring Fsale], €? = e and we show that the set of non invertible elements is the union of
the two distinct ideals (e) and (1 — e), which proves that Fsa[e] is not a local ring.

In the third section, the study of the discriminant and the Weierstrass equation of the elliptic curve
Eq5(Fsale]), allows us to define two elliptic curves over the finite field Fga denoted by Er (4, xob) (F34)
and E | (4),x, b)(F32), where 7o and 7; are two morphisms of rings defined by:

Let F34 be a finite field of characteristic 3 and order 3¢ where d is a positive integer and let

o * ng[e] — ng and T : ng[e] — ng
To+ 16— T To+ 16 —> X9+ X1
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The morphisms 7y and 71 gives a bijection between the elliptic curves E, 5 (IFgale]) and Er () xo ) (Faa) X
Ex. (a),m (b)(F3a), which help us to define the group law of the elliptic curve E, ;(Fza[e]).

In the forth section, we classify the points of the elliptic curve E, ;(Fz4[e]) on the fact that the third
projective coordinate of an element in E, ;(Fza[e]) is invertible or not. This classification, help us in the
last section to give the explicit formulae of the group law of E, j(Fsa[e]).

In the last section, we use the isomorphism between the elliptic curves FE,(Fsa[e]) and
Ero(a)mov)F3a) X Ex (a),x ) (F3a), the classification points in the elliptic curve E, ;(Fsa[e]) and the
explicit formulae of addition law for an elliptic curve given by W. Bosma and H. W. Lenstra in [1] to
give the explicit formulae of addition law for the elliptic curve Eq ;(Fsale]).

2. Arithmetic over the ring Fsule],e? = ¢

The ring Fya[e], €2 = e where d is a positive integer can be constructed as an extension of the finite field
44 by using the quotient ring of the polynomial ring Fg4[X] by the polynomial X? — X. The arithmetic
operations in Fsa[e] can be decomposed into operations in Fsa and they are computed as follows:

X +Y = (20 +yo) + (1 +y1)e and X.Y = (zoyo) + (Toy1 + T1y0 + T1Y1)e,

where X and Y are two elements in Fga[e] represented by X = z¢+x1e and Y = yo+yie with coefficients
Zo,T1,Yo and y; are in the field Fza. One can readily verify the following Lemmas:

Lemma 2.1. (Fsale], +,.) is a finite unitary commutative ring.
Lemma 2.2. Fsale] is a vector space over Fza of dimension 2 and {1,e} is its basis.

The next Lemma give an efficient formulae of the product law, which is very used in the next of this
work.

Lemma 2.3. Lets X = xo+x1e and Y = yo + y1e two elements in the ring Faale]. The product law X.Y
can be written as:

X.Y = (zoyo) + (o + 21)(yo + y1) — @oyo) €.
By the Lemma 2.3, we deduce immediately that:
Corollary 2.4. The X? and X3 power of X = x¢ + x1e are given by:
X? =25+ ((xo + 21)* — 25) e and X* = z{ + 2ie.
Corollary 2.5. An element X = xg + x1e is invertible in the ring Fsale] if and only if 9 Z 0 mod 3
and xg + x1 £ 0 mod 3. In this case we have:
X '=ag'+ ((wo+z1) =25 e

Proof. Let xo + x1e € Fsale]. If zg + x1e is invertible in Fza[e], then there exist yo + y1e € Faa[e] such
that:
(o + z1€) . (Yo + y1€) = oyo + ((zo + 1) (Yo + y1) — Toyo) € = 1,

hence we have:
(zo +x1€) . (Yo +y16) = 1 <= 200 = 1 and (o + 1) (yo +y1) =1

xo9 Z 03] andy():xal
wo+x1 Z0[3] and (yo +y1) = (wo + 1)
{xo £0[3] and yo = x;"

zo+a1 Z0[3] and y1 = (w0 +a1) " — "

Reciprocally, if g £ 0 mod 3 and z¢ + 21 Z 0 mod 3, then from the Lemma 2.3, we have immediately
that:
(zo + z1€). (75" + ((xo +21) "' — 27") e) =1.
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Corollary 2.6. An element X = xo+x1e is not invertible in the ring Fsale] if and only if xo =0 mod 3
or o +x1 =0 mod 3.

Lemma 2.7. Fsale] is a non local ring.

Proof. Using the Corollary 2.6, we show that the set of non invertible elements in the ring Fsale] is the
union of the two distinct ideals {e) and (1 — e), hence () U(1 — ¢) is not an ideal, which prove the lemma.
0

Remark 2.8. To give a relationship between the elliptic curve defined over the finite ring Fsale] and the
same one defined over the finite field Fsa, we use the two mappings mo and w1 given in the introduction.
This mappings verify the following Lemmas:

Lemma 2.9. For all X € Faale], we have:
X =m(X)+ (m(X) —m(X))e, Xe=m(X)e and X(1—e)=mp(X)(1—e).
Proof. If X = xg + x1e, then:
o o(X) 4+ (m(X) —mo(X))e =20+ (o + 21 —20) € =29 + x16 = X.
e Xe=(zg+x1e)e=xpe+x16 = (10 +21)e =m1(X)e.

e X(1—e)=(zo+me)(l—e)=x0—xz06 =20 (1 —€) =mo(X)(1 —e).

Lemma 2.10. my and 7 are two surjective morphisms of rings.

Proof. From the Lemmas 2.3 and 2.9, we have:
X+4Y=m0(X)+m0(Y)+ (1 (X) =7 (X)+m (Y)—m(Y))e

" XY =mo (X)mo (V) e+ (m1 (X) w1 (V) =m0 (X) w0 (Y)) e,
hence:

o To(X +Y) =m0 (X) + 70 (Y) and mo(X.Y) = mo0(X).mo(Y)

o M(X+Y) = m(X) +m(Y) and 1 (X.Y) = 71 (X).m(Y)

e For all € Fga, we have x € Faale] and mo(z) = 71 (x) = x,

so mg and 71 are two surjective morphisms of rings. O

3. Elliptic curve over the ring Fsule], e? = ¢

In this section a and b are two elements of the ring Fsale] fixed by a = ag + aje and b = by + bye.
We denoted by Ay and A; the images of the discriminant A = —a®b by the 7 and 7; morphisms
respectively. The important result that we will show in this section is the bijection between the elliptic
curves Eq p(Fsale]) and Erj(a),rov)(F3a) X Ex, (a),x, (5)(Fsa). Firstly, we have the followings corollaries:

Corollary 3.1. The discriminant A is invertible in the ring Fsale] if and only if Ag and Ay are not zero
in the field Faa.

Proof. From the Lemma 2.9, we have A = Ay + (A1 — Ap)e and from the Corollary 2.5 we deduce the
result. O
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Corollary 3.2. If A is invertible in the ring Fga[e], then the set of all points [z : y : z] in P?(Fga) solution
of y?z = 2% + mi(a)x®z + m;(b)2> where i € {0,1} is an elliptic curve over the finite field Fga, which is
denoted by Er,(q),x, ) (F34) and we write:

Erya)mi) (F3a) = {[z 1y : 2] € P?(F3a) | y?2 = 2% + mi(a)2?z + m;(b) 2%} .

Proposition 3.3. Lets (XY, Z) € (F3.[e])®, then:
[X:Y : Z] € P? (Fsale]) if and only if [m;(X) : mi(Y) : mi(Z)] € P? (F3a) for all i € {0,1}.

Proof. Suppose that [X : Y : Z] € P2 (Fza[e]), then there exist (U,V,W) € (Fza[e])® such that UX +
VY +WZ = 1. Hence for all i € {0,1}, we have:

WZ(U)TQ(X) + WZ(V)Wl(Y) + 7T1‘(W)7T1‘(Z) = 1,
so (mi(X),m;(Y),mi(Z)) # (0,0,0), which implies that:
[7:(X) : mi(Y) : mi(Z)] € P (Fsa) for alli € {0,1}.

Reciprocally, suppose that [m;(X) : mi(Y) : mi(Z)] € P? (F3a) for all i € {0,1}. If mo(X) is not zero in the
field Fya, then we have two cases of 71 (X):

(i) If 71(X) is not zero in the field Fz4, then X is invertible in the ring Fzale], hence [X : Y : Z] €
P2 (Fga[e]).

(ii) If 71(X) = 0 mod 3, then [11(X) : m(Y): 71(Z)] € P?(F34) implies that 71(Y) # 0 mod 3 or
m1(Z) #0 mod 3.

(a) Ifm1(Y) £ 0 mod 3, then mo(X) + (m1(Y) — mo(X)) e = X +eY is invertible in Fza[e], so there
exist U € Fga[e] such that UX +eUY =1, hence [X : Y : Z] € P? (Fsa[e]).

(b) If m1(Z) # 0 mod 3, then similarly X + eZ is invertible in Fga[e], hence [X :Y : Z] €
PQ (ng [e])

In the other cases, if mo(Y) 0 mod 3 or mo(Z) # 0 mod 3, we follow the same proof. O

Proposition 3.4. Lets (X,Y, Z) € (Fsale])®, then Y2Z = X3 +aX2Z+bZ% if and only if 72(Y)m;(Z) =
73(X) + mi(a)m?(X)mi(Z) + mi(b)7d (Z) for all i € {0,1}.

K3

Proof. By the Lemma 2.9, we have that:
Y?Z =mo(Y?Z) + (m(Y?Z) — mo(Y?Z)) e, and
X3+ aX?Z +b2% =79 (X3 + aX?Z + bZ°)
+ (m (XP 4+ aX?Z 4+ b2%) — 7o (XP + aX?Z + bZ°%)) .
As {1,e} is a basis of the Fga vector space Fza[e], then:
Y?Z =X+ aX?Z +b2°

if and only if
To(Y?Z) =mo (X + aX?Z +bZ°%)

and
m(Y?Z) =1 (X +aX?Z +b2%).

The result is deduced by using that 7o and 71 are two morphisms of rings. O

From the Corollary 3.1, the Proposition 3.3 and the Proposition 3.4, we deduce the theorem:
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Theorem 3.5. Lets (X,Y, Z) € (Fzale])®, then:
(XY : Z] € Eyp (Fsale]) if and only if [7:(X) : m(Y) : mi(Z)] € Er,(0),m,0) (F3a) for all i € {0,1}.
Corollary 3.6. Leti € {0,1}. The correspondence T given by:

Eup(Fsalel) =5 Er(a)m ) (F3a)
(X:Y:Z] +— [m(X):m(Y):m(2)]

1S a mapping.

Proof. From the previous theorem, it is clear that 7; is a correspondence.

Lets [X : Y : Z] and [X' : Y’ : Z’] two points in the elliptic curve E, ,(Fsale]) such that [X : Y :
Z]=[X':Y':Z'], then there exist an invertible element U € Fsa[e] such that X' =UX, Y’ = UY and
7' = UZ, hence:

i (XY Z) = [m(X") s mi(Y!) = mi(2))]
= [m(U)mi(X) : mi(U)mi(Y) : 7i(U)7i(2))]
7T,;(U)€]F;d

=[mi(X) :m(Y):mi(2)] =7 (X:Y:2)),

so 7; is well defined. O

Corollary 3.7. 7 is a surjective mapping.

Proof. For all [z 1y : 2] € Er(q),xep)(F34), we have:

[x:y:z]=m ([z—ze:y+(1—y)e: z— ze]).

O
Corollary 3.8. 7 is a surjective mapping.
Proof. For all [z :y: 2] € Er (4),x, ) (F34), we have:
[z:y:z]=m (Jze: 14+ (y—1)e: ze]).
O

Theorem 3.9. The T mapping defined by:

Ea7b(F3d [6]) l> Ewo(a),m)(b) (FSd) X E7r1(a),7r1(b) (FSd)
(X:Y:Z] — ([ro(X):mo(Y):7m0(2)],[m1(X): m(Y):71(2)])
s a bijection and its inverse is given by:
~—1
T ([xo:yo: 2ol [r1:y1:21]) = [xo+ (x1 —mo)e: yo+ (y1 — Yo)e : zo + (21 — 20)e).
Proof. We show to prove that 7 is well defined, surjective and injective.

() AsT ([X:Y : Z]) = (7r~0 (X:Y:2Z]),m ([X:Y: Z])) and 7y and 7, are well defined, then 7 is
well defined.

(b) Let ([0 : yo: 20]s [1 191 2 21]) € Erg(a),mov) (F3a) X Ery(a),m () (F3a), then [zo + (1 — 20) e : yo +
(y1 —yo)e: 20+ (21 — 20) €] € Eqp (Fsale]) is an antecedent of ([zo : yo : 2o], [21 : y1 : 21]) , hence T
is a surjective mapping.
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(c) Lets [zo+x1e: Yo +yie: 20+ z1e] and [xy+zhe : yy+yie : 2, + 21e] be two elements of E, ;(Fsale])

such that:
T ([zo + z1e: yo + y1e : 20 + z1€]) =7 ([zh + zhe: yh +vhe : 2+ Zie]),
then:
70+ 90 < 20] = [z 4 : 24
and

[To+ @1 :yo+y1: 20+ 21 = [+ 27t yo + Y4 20+ 21,
so there exists a non zero elements («, 3) € (F34)? such that:
(1) z(, = axg, y, = ayo and z{ = az
(i) zp + a7y = B(vo+ 1), Yo+ ¥ = B (Yo +y1) and 24+ 21 = B (20 + 21)
hence: z} = (8 — ) xo + a1, y; = (8 — @) yo+ Py1 and 2] = (B — @) z0 + Bz1, so we deduce that:

xy +xie=axo+ (8 —a)zo + fr1)e = (a+ (B —a)e) (xo + x1€)
Yo +yie = ayo + ((B—a)yo + By1) e = (a+ (B —a)e) (yo + y1e€)
2y +zie=az0+ ((B—a)zo+ Bz1)e=(a+ (8—a)e) (20 + 21€)

As a+ (8 — a) e is invertible in the ring Fsa[e], then:
[To + z1€ : Yo + y1e: 20 + 21€] = [x( + The Yy, + yie : 2, + el
which show that 7 is an injective mapping.

~—1
For the proof of the 7 formulae, we can show easily that:

-1

~ o~ , ol o~
MOM =B, (1) o) Foa) X By ),y 0y (Fga) 8D T 0 T=1idp, (5 y[e])-

O
Corollary 3.10. The cardinal of the elliptic curve Eg,(Fszale]) is equal to the cardinal of
Ero(a).mo(v)(F3¢) X Er, (a),m1 (5) (F3e)-
Corollary 3.11. Lets P and Q) two points in the elliptic curve Eq (Fzale]), then:

P =Q+=7 (P) =7 (Q) <= (P) =m0 (Q) and m (P) =71 (Q).

4. Classification of elements of the elliptic curve E, ,(Fsa[e])

We classify the elements of the elliptic curve E, ;(Fzale]) into two types, depending on whether the
third projective coordinate Z is invertible or not. The result is in the following theorem.

Theorem 4.1. Every point of the elliptic curve Eq, ,(Fsale]) has one of the forms:

X Y : 1], where X,Y € Fzale].

xe:1: ze], where z,z € Fza.

x—ze:1l:z—ze], where x,z € Faa.

O = W N

.
.
Jxe:1—e: ze], where (x,2) € Fza x Fi,.
8
.

r—xe:e:z—zel, where (x,2) € Fza x Fi,.

Proof. Lets X = xg + x1e,Y = yo + y1e and Z = zp + z1e such that [X : Y : Z] is in the elliptic curve
E, »(Fsale]). We have three cases of the third projective coordinate Z:
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(¢) if Z is invertible, then [X : Y : Z] ~ [X : YV : 1].

(i) if Z = ze, then my ([X : Y : Z]) = [0 : yo : 0] implies that 2o = 0 mod 3 and yo Z 0 mod 3, hence
[X:Y :Z]=[ze:1+ye: ze] and there are two sub-cases of y € Fsa :

(a) if y+1%#0 mod 3, then 1+ ye is invertible in Fsa[e], hence:
[X:Y:Z]~[ze:1: ze] where z,z € Faa.
(b) if y+1=0 mod 3, then 1 — e is not invertible in Fsa[e], hence:
[X:Y:Z]=[re:1—e: ze] where (z,z) € Fza X Faa.
Ormi ([xre:1—e:ze]) =[v:0:2] € Ex,(a).ny(5)(F3a), then necessary z # 0 mod 3.

(iti) if Z = 2 — ze, then m (X :Y :Z])=[xo+x1:yo+y1: 0] implies that 29 + 21 =0 mod 3 and
Yo +y1 Z0 mod 3, hence:

(X:Y:Z]=[x—ze:yo+yie:z— ze,
and there are two sub-cases of yo € F3a :
(a) if yo £ 0 mod 3, then yo + y1e is invertible in the ring Fsa[e], hence:
[X:Y:Z]|~[zr—xe:1:z— ze] where x,z € Faa.
(b) if yo =0 mod 3, then Y = ye where y Z 0 mod 3, hence:
(X:Y:Z]=[r—we:e:z— ze| where (z,2) € Fga x Fsa.

Ormg ([xr—ze:e:z—ze])=[z:0:2] € Ery(a),mo(v)(F3a), then necessary z # 0 mod 3.

5. The group law of the elliptic curve E, ;(Fza[e])
The explicit formulae of the group law for an elliptic curve over is given by W. Bosma and H. W.

Lenstra in [1]. The following theorem can be proved by using these explicit formulae.

Theorem 5.1. The set Er,(q),x,)(F3a) is an abelian group, which is written additively, and which has
[0:1:0] as its zero element, and for all P = [x1 :y1 : z1] and Q = [x2 : Y2 : 22] i Er,(0),x ) (Fsa) we
have P+ Q = [x3 : ys3 : 23], where:

(1) if P =Q, then:
r3 = (2mi(a)z172 + Y1y2) (T1y2 + T2y1) + 2mi(ab)z122 (Y122 + y221) ,

ys =yiys + 2} (a)xial + mF (a)mi(b)z1 22 (2122 + w221)

z3 = (mi(@)z122 + 11y2) (Y122 + y221) + mi(a) (T1y2 + T2y1) (X122 + T221) -
(ii) if P # Q, then:

xg = (2mi(a)r1T2 + Yy1y2) (X122 + 22221) + (212 + 22291) (Y122 + Y221) ,
Ys =y1y2 (2y122 + y221) + mia) (x1y2 + 2y1) (22122 + T221),

23 =2yi 75 + Y321 + mila)aizd + 2mi(a)adad.
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Remark 5.2. As 7 is a bijection mapping between the two sets Eqp(Fsale]) and Erj(a),row)(Fza) x
Ex (a),mv)(Fsa), then for all points P and Q in E,(Fsale]), we define the additive law P 4 Q in

o1 ~
E,p(Fsale]) by P+ Q =m <7r (P)+m (Q)) . The following corollaries can be proved immediately:
Corollary 5.3. The set (Eqp(Fsale]), +) is a commutative group, which has [0 : 1 : 0] as its zero element.

Corollary 5.4. The © mapping is an isomorphism of groups.

Remark 5.5. By using the Theorem 5.1, the Theorem 4.1 and the Theorem 5.9, we give the explicit
formulae of the additive law of the elliptic curve Eq p(Fzale]). All the results are in the following lemmas:

Lemma 5.6. We have:
[re:1:ze]+[2e:1:2'e]=[rze: 1+ (y3—1)e: 23€],
where:
(1) If 2/ =2 mod 3 and 2z’ = z mod 3, then:

x5 =2z + 71 (a) (2® + m1(b)2?)
ys =1+ 23 (a)x (2° + m1(b)2°

23 =22.

(i¢) If 2’ £ 2 mod 3 or 2/ # z mod 3, then:

3 = (2mi(a)zx’ + 1) (w2’ +22'2) + (v + 22) (2 + 2),
y3 =2 (2" +22) + 2m1(a) (x + 2') (2" + 22'2) ,

23 =227 + 22 + m1(a) (222 + 227227) .

Proof. In this case we have:
7w ([ze:1:2e])=([0:1:0],[x:1:2])

and N
T ([re:1:2'e])=([0:1:0],[z":1:2]),
hence:
[we:1:ze|+ [2/e:1: 2] 5 (0:1:0],[z5:y3:23]) =[z3e: 1+ (y3—1)e: z3€],
where: [xg:ys: 23] =[z:1:2]+ 2/ :1:2].
(i) If 2’ =2 mod 3 and 2/ =z mod 3, then [¢/:1: 2] =[x :1: 2], so:

x5 =2z + 71 (a) (2° + m1(b)2°),
ys =1+ 23 (a)z (2 + m1(b)2?) ,

z3 =2z.

(16) 2’ Z2x mod 3 or 2’ # 2z mod 3, then [¢/ : 1:2'] # [x:1: 2], so:

x3 = (271 (a)zx’ +1) (22" +22'2) + (x +22") (2 + 2),
ys =2 (2" +22) + 2mi(a) (x + 2') (2" + 22'2) ,

z3 =22"2 + 22 + m(a) (222 + 227227) .
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Lemma 5.7. We have:
[re:1:ze]+[re:1—e:z2e]=[vze: 1+ (y3—1)e: 23€],
where:

x3 =2m(a)xa’ (v + 22'2) + 24/,
ys3 =2m1(a)z’ (x + 22'2) ,
z3 =2+ 11 (a) (2% + 22%2%) .

Proof. In this case we have:

[ze:1:ze]+[d'e:1—e:2'e] = 7?71([0:1:0],[x3:y3:z3])
= Jxze: 14 (y3—1)e: z3€],

where:
[w3:ys:2s]=[x:1:2]4+[2":0:2|=[z:1:2]+[2' :0:1]

is given by:

x3 =271 (a)xz’ (v + 22'2) + 22/,
ys =2m1(a)z’ (x + 22'2),
z3 =2+ 71 (a) (2% + 227%2%) .

Lemma 5.8. We have:
[re:1:ze]+ 2 —adle:1:2 —Ze]=["+(x—2)e:1:2"+ (2 -2 )e].
Proof. In this case we have:
T (ze:1:ze])+7 (¢ —ale:1:2" —2e])=([a':1:2],[x:1:2]),
hence:

[re:1:ze]+ |2 —a'e:1:2 —7Z¢] 5 ([ :1: 2], [w:1:2])

=@’ +(@—2a)e:1:2' +(2—2)e].

Lemma 5.9. We have:
[re:1:ze]+ 2 —dleie: 2/ —Ze|=[2"+(@x—a")e:e: 2 +(z—2)€].
Proof. In this case we have:
T (ze:1:ze])+ 7 (¢ —2lere: 2/ —2e])=([2/:0:2],[x:1:2]),
hence:

[re:1:ze]+ 2 —d'e:e:2' — 7€ 5 ([ :0:2),[z:1:2])

="'+ (x—2)e:e: 2" +(z—2")e].
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Lemma 5.10. We have:
[ke:1l:ze]+ [ X :Y:1] = [m(X)+ (3 —mo(X))e:
mo(Y) + (ys —mo(Y))e: 1+ (23— 1)el,
where:
(i) If z is not zero in Fga, m(Y) = 271 and m(X) = 2~ 'a, then:
x3 =2z + 71 (a) (x3 + Wl(b)z3) ,
ys =1+ 23 (a)z (2 + m1(b)2?) ,
23 =22.

1) z=0 mod 3 or m Z7 ormy z 'z, then:
If d Y 1 X 1 h

z3 = (2mi(a)em (X) + 1 (Y)) (z + 2m1(X)z)

+ (21 (V) +2m (X)) 1+ m(Y)z),
ys =2m1(Y) (1 + 271 (Y)2) 4+ 271 (a) (271 (V) + (X)) (x + 271 (X)2) ,
23 =2+ 11(Y)2* + mi(a) (2 + 277 (X)2?) .

Proof. As o ([ze:1: ze]) = [0:1:0], then:

F(we:1:ze])+ 7 (X Y :1]) = (7?0 (IX Y 1)), 71 ([we : 1: ze]) + 71 ([X:Y:l])),

hence:
[xe:1:ze]+ [X:Y : 1] 7 ([mo(X) s mo(Y) : 1], [23 : y3 ¢ 23])
= [WQ(X) + (333 — 7T()(X))€ :
mo(Y) + (y3 —mo(Y))e: 1+ (23 — 1) e,
where:

[£3:ys:23) =m ([we:1:ze])+m ((X:Y: 1)) =[z:1: 2]+ [m(X): 7 (V) 1].
(1) If 220 mod 3, m (V) = 27! and m1(X) = 27!z, then:
(X)) :m(Y): 1=tz 27 i =[z:1:2],
hence:

x5 =2z + 71 (a) (2® + m1(b)2?),
ys =1+ 273 (a)x (x3 +m (b)zB) ,

z3 =2z.

(it) If z=0 mod 3 or m1(Y) # 2~ ! or m1(X) # 2z~ ta, then:
[m(X):m (V) : 1] # [x:1: 2],
hence:

z3 = (2mi(a)em (X) + 1 (Y)) (z + 2m1(X)z)

+ (2mi(Y) + 2m (X)) (T + i (Y)2)
ys =2m1(Y) (1 + 271 (Y)2) 4+ 2m1(a) (271 (V) + 1 (X)) (x + 271 (X)2) ,
z3 =2+ 11(Y)2? + mi(a) (2 + 277 (X)2?).



ELLipTiC CURVE OVER A FINITE RING GENERATED BY 1 AND € WHERE €2 = ¢ 11

U
Lemma 5.11. We have:
[t —xe:1:2z—ze|+ [0/ —a'e:1:2 —2'e]=[x3 —m3e:y3 + (1 —y3)e: 23 — 23€],
where:
(1) If 2’ =2 mod 3 and 2/ = z mod 3, then:
x3 =2z + mo(a) (x3 + Wo(b)z3) ,
ys =1+ 2mg(a)z (2 + mo(b)2?) ,
23 =22.
it) If 2’ Zx mod 3 or 2’ # z mod 3, then:
i) If o % d3 orz # 43, th
x3 = (2mo(a)zx’ + 1) (w2’ +22'2) + (v + 22) (2 + 2),
ys =2 (2" +22) + 2mo(a) (x + 2') (2" + 22'2) ,
23 =227 + 2% + mo(a) (22 + 227%27) .
Proof. As 7y ([x —xe:1:2z—ze]) =m (2’ —a’e:1:2" —2'€]) =[0:1:0], then:
[t—xe:l:2z—ze|+ [/ —a'e:1:2" — 7€
=7 ([xs:y3:23],[0:1:0])
=[xz —z3e:ys+ (1 —y3)e: z3 — z3e€],
where:
[3:y3:23) = mo([x—we:1:2—ze])+mp ([2' —2'e:1:2" —7'e])
[w:1:2]+ 2 :1:2"].
(i) If 2’ =2 mod 3 and 2/ =z mod 3, then [¢/: 1: 2] =[x :1: 2], hence:
x5 =2z + mo(a) (2° + mo(b)2?)
ys =1+ 2mg(a)x (2° + mo(b)2°)
23 =22.
(i7) If ' Z2 mod 3 or 2’ # 2z mod 3, then [z/ : 1: 2] # [z :1: 2], hence:
x3 = (2mo(a)za’ +1) (22" +22'2) + (x +22") (2 + 2),
yz =2 (2' +22) + 2mo(a) (z + ') (z2" + 22'2),
z3 =22"2 + 2% + mo(a) (222" + 227227) .
U

Lemma 5.12. We have:

[r—ze:l:z—ze]+[dle:l—e:Ze]=[x+ (' —x)e:l—e:2+ (2 —2)e].
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Proof. In this case we have:
T(x—ze:l:z—ze))+7([rle:1—e:2e])=([x:1:2],[z':0:2]),

hence:

[t—xe:1:2—ze]+[2/e:1—e:2¢ 5 ([z:1:2],[2":0:2"])

=lz+ @' —2)e:l—e:z2+ (2 —2)e].

Lemma 5.13. We have:
[t —ze:1:z—ze]+ [0 —2'e:e: 2 —2'e]=[rs —x3e:ys + (1 —y3)e: z3 — z3€],
where:

x3 =2mo(a)xa’ (v + 22'2) + 24,

ys =2mo(a)z’ (x + 22'2),

z3 =2+ mo(a) (2% + 22%2%) .
Proof. In this case we have:

1
[t—xe:l:z—ze]+ [0/ —adle:e: 2/ —2'e]=n  ([wg:ys:23],[0:1:0])
=[xs —xse:ys+ (1 —ys)e: z3 — z3€,

where:

[23:ys: 23] =m0 ([t —ze:1:2—ze])+mp ([2' —2/e:e: 2 —2e])
=[z:1l:2]+[2:0:2]=[x:1:2]+[2':0:1],

hence:

x3 =2mo(a)xa’ (v + 22'2) + 24/,
ys =2mo(a)z’ (x + 22'2) ,
z3 =2 + mo(a) (2% + 22722%) .

Lemma 5.14. We have:
[t—ze:1l:2z—ze]+[X:Y:1] = [z3+ (m(X)—xz3)e:
ys + (m(Y) —ys)e: 23+ (1 — 23) €],
where:
(i) If 220 mod 3, mo(Y) = 27! and 7o(X) = 2z~ 'a, then:

r3 =2x + ag (x3 + bozg) ,
ys =1+ 2a(2)x (;r,3 + 2b023) ,

z3 =2z.
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(it) If z=0 mod 3 or mo(Y) # 271 or mo(X) # 2~ 1a, then:

x3 = (2apzm1(X) + m1(Y)) (x + 271 (X)2)

+ (2mi(Y) 4 2m (X)) (L+ i (Y)2)
yz =2m1(Y) (1 + 271'1(Y) )+ 2ap (271 (V) + m (X)) (x + 271 (X)2)
23 =2+ 12(Y)2% + apz? + 2a0m3(X) 22

Proof. As 7y ([x —xe:1:2z— ze]) =[0:1:0], then:

[t —ze:1:2z—ze]+ [X:Y :1] 7 ([ws s ys @ 23], [m1(X) : m1(Y) : 1))

=[zs + (m(X) —x3)e:ys + (m(Y) —ys)e: z3+ (1 — 23) €],

where:

(25 :ys: 23] =m0 ([x —ze:1:2—ze])+m (X :Y : 1))
=[z:1:z2]4 [mo(X) :me(Y) : 1].

(1) If 220 mod 3, m(Y) = 271 and m(X) = 2~ 'z, then:
[zl 27t 1) =[z:1: 2],
hence:
x3 =2z + mo(a) (2° + mo(b)2?),
ys =1+ 2mg(a)z (2° + 2mo(b)2%)
23 =22.
(ii) If z=0 mod 3 or mo(Y) # 271 or mo(X) # 2~ 'z, then:
[mo(X) :mo(Y) : 1] # [x:1: 2],
hence:

z3 = (2mo(a)zm1(X) + m1(Y)) (z + 2m1(X)z)

+ (zm1(Y) + 2m1(X)) (1 + m1(Y)2),
ys =21 (V) (1 4 211 (Y)2) + 270(a) (271 (V) + 11.(X) (2 + 271 (X)) |
z3 =2+ 71(Y)2? + mo(a) (27 + 277 (X)2?).

Lemma 5.15. We have:
[re:1—e:ze]+[xe:1—e:2e]=[rze: 1+ (y3—1)e: z3¢€],
where:
(i) If 2’ =z mod 3, then:

x3 =23 =0,
ys =271 (a)z (z° + 71 (b)) .

13
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(13) If ' £ x mod 3, then:
x3 =2m1(a) (v + 22") x2’,
Y3 :Oa
23 =m1(a) (2% + 22%) .
Proof. In this case we have:
~—1
[re:1—e:ze]+[x'e:1—e:2eJ=m ([0:1:0],[z3:ys3:23])
=[zze: 14+ (y3 —1)e: z3¢],

where:

[3:ys:23) = ([ze:1—e:ze))+m (['e:1—e: 2¢])
=[z:0:z]+[2":0:2].
Or z and 2’ are not zero in the field Fsa, then:
[:0:2]=[z:0:1]and [2': 0:2"]=[2":0:1],
so we have two cases:
(i) If &’ =2 mod 3, then [z/ : 0: 1] = [z : 0 : 1], hence:
x3 =23 = 0,
ys =273 (a)z (2° + 71 (b)) .
(i7) If ' # = mod 3, then [z/: 0: 1] # [z : 0 : 1], hence:
x3 =2m1(a) (v + 22") x2’,
y3 =0,

z3 =mi(a) (2 + 227%).

Lemma 5.16. We have:
[we:l—e:ze]+ [/ —a'e:e: 2 —2e]=[" +(x—2")e:0:2" + (2 —2)e].

Proof. In this case we have:

~

T (re:l—e:ze])+7 (2 —ale:e:2 —2e])=([x':0:2],[x:0:2]),

hence:

[xe:1—e:ze]—i—[x’—x’e:e:z’—z'e]:7~r71 ([ :0:2",[z:0:2])

=+ @—-2)e:0:2"+(z—-2)e].

Lemma 5.17. We have:

[ze:l—e:ze]+[X:Y:1] = [mo(X)+ (x3—mo(X))e:
To(Y) + (y3 —mo(Y))e: 1+ (23 — 1) e,

where:
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(1) If m11(Y) =0 mod 3 and m1(X) =2 mod 3, then:

Tr3 =23 = 0,
ys =272 (a)x (x3 + wl(b)) .

(1) If 11 (Y) 20 mod 3 or m1(X) £ x mod 3, then:

x3 =211 (a)zm (X) (z + 271 (X)) + zn3(Y),
ys =2m1(a)m1 (V) (z + 2m (X)) x,
zg =m1 (Y)2% + m1(a) (2% + 277 (X)) .

o~ o~

Proof. As o ([xre:1—e:ze]) =[0:1:0], then:

[ze:1—e:ze]+[X :Y : 1] = ([Wo( )
=[mo(X) + ($3—7T0(X))
mo(Y) + (ys —mo(Y)) e:

(Y) : 1], [LC3 LYs 23])

: 1—|—( 23 — 1) e],
where:

[5:ys:23) = m ([we:1—e:ze])4+m ([X:Y :1])

= [z:0: 1]+ [m(X):m (V) : 1],
hence we have two cases:

(1) Hm(Y)=0 mod 3 and m1(X) =z mod 3, then:

[m(X) :m(Y) 1] =[x:0:1],
hence:

Tr3 =23 = 0,
n :27r%(a)x (x3 + wl(b)) .

(1) If 71(Y) Z0 mod 3 or m1(X) Z x mod 3, then:

[m(X) i1 (Y): 1] # [2:0: 1],

hence:

x3 =271 (a)zm (X) (z + 271 (X)) 4+ 271 (Y),
ys =2m1(a)m (V) (z 4 2m1 (X)) 7,
z3 =m1(Y)z2? + mi(a) (2% + 277 (X)) .

Lemma 5.18. We have:

[t —ze:e:z—ze|+ 2 —a'e:e: 2 —2e] =[r3—x3e:ys + (1 —y3)e: 23 — z3€],
where:

(1) If 2’ = x mod 3, then:

x3 =23 = 0,

Y3 :271'(2)(a)x (x3 + ﬂo(b)) .

15
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(13) If ' £ x mod 3, then:

x3 =2mg(a) (z + 22') xa’
Y3 :05
z3 =mo(a) (2 + 22%).

Proof. In this case we have:

T 1([x3:y3:z3],[0:1:0])

=[xz —x3e:ys+ (1 —y3)e: z3 — z3e],

[t—ze:e:z—ze|+ 2 —2'e:e: 2 —2e]=

where:

[23:ys3: 23] =m0 ([x —ze:e:z—ze])+ 7o ([2 —a'e:e: 2 — 7€)
=[z:0:2]+[2:0:2]=[x:0:1]+[z':0:1],

so we have two cases:
(i) If 2’ =2 mod 3, then [/ : 0: 1] = [z : 0 : 1], hence:
x3 =23 =0,
ys =2mg(a)z (2° + mo(b)) .
(i7) If 2/ £ 2 mod 3, then [2/: 0: 1] # [x : 0 : 1], hence:

x3 =2m¢(a) (z + 22") x2’
Y3 :05
23 =mo(a) (2* + 22%).

Lemma 5.19. We have:

[x—xe:e:z—ze] + [X:YV:1]
= [es+ (m(X) —zs)erys + (m(Y) —ys)e:zs+ (1 - 23) €],

where:
(1) If 1o(Y) =0 mod 3 and mo(X) =« mod 3, then:
Tr3 =23 = 0,
ys =274 (a)x (x3 +mo(b)) -
(1) If mo(Y) £ 0 mod 3 or mo(X) £« mod 3, then:

xg =2mo(a)xmo(X) (z + 2mo(X)) + amo(Y)m1(Y),
Y3 —271’0(@)7‘(0 Y) (£C+27T()( )) x,
23 =ma(Y) 4 mo(a) (x + 27TO(X))
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Proof. As T, ([x —ze:e:z—ze]) =[0:1:0], then:

[t—ze:e:z—ze]+[X Y : 1] =5 ([ws = ys = 23], [m(X) : w1 (V) : 1))
= [LC3 + (71'1(X) —{173)61
ys+ (m(Y) —ys)e:z3+ (1 — z3) €],
where:

[z :ys:z3]=[z:0: 2]+ [mo(X) :mo(Y) : 1] = [z : 0: 1] + [mo(X) : mo(Y) = 1],

hence we have two cases:

(1) H7mo(Y)=0 mod 3 and mp(X) =z mod 3, then:

[mo(X) :mo(Y) : 1] =[x :0:1],

hence:

T3 =23 — 0,

ys =2mg(a)z (2 + mo(b)) .
(17) oY) # 0 mod 3 or mo(X) # 2 mod 3, then:

[mo(X) 1 mo(Y) : 1] # [#:0: 1],

hence:

€3 :27TQ(CL)£C7T()(X)(£C+27T0( ))—l—;mro( )7T1(Y),
Y3 :27T0(CL)7TQ(Y) (LC + 271'()( ))x
23 =m(Y) +mo(a) (2% + 2m3(X)) .

Lemma 5.20. We have:

(X :Y 1)+ [X Y 1] =[zo+ (x1 —z0)e:yo+ (y1 —yo)e: 20+ (21 — 20) €],

where:

Vie{0,1}: [xi:yi:zi) = [mi(X) : mi(Y) 2 1] + [m(X") : mi(Y7) 2 1]
is such that:

(1) If my(X') = 7(X) mod 3 and m;(Y') = m;(Y) mod 3, then:

z; = (mi(a)m(X) 4+ 27 (V) m(XY) + 73 (ab)m (Y),
yi =i (V) + 21 (@) (X) + 27 (a)m; (0)mi (X)),
2 =2 (r} (V) + mi(a)m} (X)) mi(Y) + mi(a)mi(X?Y).

(13) If mi(X') £ mi(X) mod 3 or m;(Y') £ m;(Y) mod 3, then:

21 = 2ma(@)m (X X7) + m(YY")) (ma(X) + 2m(X7))

+ (m(XY') 4 2m(X'Y)) (mi(Y) + mi(Y'))
yi =mi(YY') (2m(Y) + mi(Y"))

+2mi(a) (my(XY') + 7 (X'Y)) (mi(X) + 2mi (X)) ,
2 =2m2(Y) + 72(Y') + 1 (a)m3(X) + 2m(a) w2 (X).

17
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Proof. In this case we have:
~—1
(X:Y: 1)+ [ XY =1 ([wo:y0: 20],[71:91:2])
= [zo + (z1 — o) e 1 Yo + (y1 — yo) € : z0 + (21 — 20) €],

where:
Vie {0,1}: @ity 2] = [m(X) :m(Y) : 1] + [m(X) : m(Y) : 1].

(i) If m;(X") = mi(X) mod 3 and m;(Y') = m;(Y) mod 3, then:
[r:(X) 7 (V) 1] = [m (X)) (Y7 2 1],
hence:
i = (mi(a)m}(X) + 272(Y)) mi(XY) + mi(ab)mi(Y),
yi =i (Y) + 273 (a)73 (X)) + 277 (a) i (b)mi (X)),
2 =2 (}(Y) + mi(a)m? (X)) m(Y) + mi(a)mi (X?Y).
(13) If m;(X') £ 7;(X) mod 3 or 7;(Y’) # 7;(Y) mod 3, then:
[ (X)  ma(Y) 1] £ [ (X) £ (Y - 1,
hence:

21 = 2m(@)m (X X)) + m (YY) (12 (X) + 27 (X))

+ (mi(XY") + 27, (X'Y)) (i (V) + mi(Y))
yi =mi(YY') 2m(Y) + mi(Y7))

+2m(a) (1 (XY') + 7 (X'Y)) (m:(X) + 2mi (X)) ,
2 =212 (V) + 72(Y") 4+ i (a)72 (X) 4 27 (a) w2 (X7).

O

Remark 5.21. The Lemmas from 5.6 to 5.20 can be regrouped in the mext theorem which given the
additive law of the elliptic curve Eq p(Fsale]).

Theorem 5.22. Lets P = [Xo: Yy : Zo) and Q = [X1: Y1 : Z1] in By (Faale]) and let [z; : y; : 2] =
(P)+ 7; (Q) the additive law in the group B (a),miv)(Fsa), where i € {0,1}. The set (Eqp(Fsale]), +)

=1 ~
where P+ Q =7 <7T (P)+ 7 (Q)) is a commutative group which has [0 :1: 0] as its zero element, and
which its law group P+ Q = [X2 : Ya : Z3] is given by:
(i) If o (P)=1[0:1:0], then:

Xy =mg (X1) +
Yy =mo (Y1) + (y1 — mo (Y1)) e,
Z —7T0(Zl)—|—(21—7'r0 (Zl))e.

(i3) If 7 (P)=1[0:1:0], then:
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(i33) If To (P) #[0:1:0] and my (P) #[0:1:0], then:

Xo =x¢ + (1 — x0) €,
Y2 =yo + (y1 — yo) €,
Zo =20 + (21 — Z()) e.

Proof. For the proof, we can show easily that the Lemmas 5.6, 5.7, 5.8, 5.9, 5.10, 5.15, 5.16 and 5.17
verify the first case of the theorem, the Lemmas 5.11, 5.12, 5.13, 5.14, 5.18 and 5.19 verify the second
case and the Lemma 5.20 verify the last case of the theorem. O

6. Conclusion

In this work we have studying in characteristic 3 the elliptic curve E, ,(Fsa[e]) defined over the non
local ring F3a[e] by the Wieirstrass equation:

Y?Z = X%+ aX?Z +b2°,
where we have given explicitly its addition law.
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