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Design and Analysis of a Faster King-Werner-type Derivative Free Method

Janak Raj Sharma , Ioannis K. Argyros and Deepak Kumar

ABSTRACT: We introduce a new faster King-Werner-type derivative-free method for solving nonlinear equa-
tions. The local as well as semi-local convergence analysis is presented under weak center Lipschitz and
Lipschitz conditions. The convergence order as well as the convergence radii are also provided. The radii are
compared to the corresponding ones from similar methods. Numerical examples further validate the theoretical
results.
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1. Introduction

The study of many physical phenomena often leads to finding a locally unique solution z* of the
equation
F(z)=0, (1.1)

where F' : D C X — Y is Fréchet differentiable operator, X and Y are Banach spaces, and D is a
nonempty subset of X. One prefers the solutions to be found in closed form but this can be achieved
only in special cases. That is why most solution methods for such equations are iterative. There is a
plethora of iterative methods for generating a sequence {z,,} approximating z*, see, for example [1,2,3,4,
5,6,7,8,9,10,11,12,13,14,15,16,17,18] and references therein. High convergence order methods that do not
involve the usage of the Fréchet derivative are of particular importance, since many equations contain a
non differentiable term.

In the present study, based on the King-Werner-type method (KWTM) defined for eachn =0, 1,2, ...

by

Tptl =Tp — A;lF(xn)

Ynt1 =Tnt1 — A, F(2nga), (1.2)
where zg, yo € D are initial points and A,, = [T, yn; F)] is a divided difference of order one on D [1],

we shall derive a modified King-Werner-type method. The order of convergence of KWTM is 1 4 v/2.
KWTM has been studied extensively in [19,20,21,22,23]. We shall show that modified method is of
convergence order 3 > 1 + /2 under the same hypotheses of convergence. Then, we compare the radius
of convergence with the corresponding ones of Secant and Newton’s method under common hypotheses.

The study of convergence of iterative methods is usually centered into two categories: semi-local and
local convergence analysis. The semi-local convergence is based on the information around an initial
point, to obtain conditions ensuring the convergence of these algorithms, while the local convergence is
based on the information around a solution to find estimates of the computed radii of the convergence

2010 Mathematics Subject Classification: 65H10, 65J10, 65G99, 41A25, 49M15.
Submitted August 15, 2018. Published February 16, 2019

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.44132
https://orcid.org/0000-0002-4627-2795

2 J. R. SHARMA, I. K. ARGYROS AND D. KUMAR

balls. Local results are important since they provide the degree of difficulty in choosing initial points.
Moreover, we present the largest radius of convergence among these methods. Furthermore, the semi-local
convergence of method (2.10) is presented. Finally, the paper is concluded with numerical examples.

2. Derivation and local convergence
The motivation for new modified method is taken from the real case X =Y = R and then rewritten
in Banach space form as it is usually the case. Consider the method defined on R for each n =0,1,2,...
by
Tni1 =T — [T, Yns [17 f (@)
Ynt1 = Tn1 — P (@ni1) " f(@n1), (2.1)

where polynomial P is defined by P(t) = at? + bt + ¢ for solving the equation f(t) = 0. We shall impose
the conditions

P(xn) = f(xn), Plyn) = f(yn) and P(zpi1) = f(@nt1). (2.2)
Then, we have that

az? + bz, +c = f(z,)
ayy + byn + ¢ = f(yn)

axiﬂ +brpi1 +c=f(Tnt1),

SO
a(xi - 3/121) +b(@n —yn) = f(@n) — f(Yyn)
a(x?wrl - xi) +0(Tpi1 — n) = f(@ng1) — fzn),
or
a(Tn + Yn) + b= [Ty, Yn; f]
a(Tpy1 + Tpn) + b =[Tny1, Tn; f] (2.3)

and

A(Trt1 = Yn) = [Tnt1, Tn; ] = [Tn, Yn; £l (2.4)

Estimate (2.4) motivates us to choose
a= [Tnt1, T, Yn; f]- (2.5)
Then, by substituting (2.5) in (2.3), we get
b= [2n,yn; f1 = [Zns1, ns Yns fl(@n + yn) (2.6)
s0
P(xpy1) =2axp41 + b

- [xnaynaf] + [anrlayn; f] - [xnayn; f]
+ [anrl,:I,‘n;f] - [ynaxn;f]~ (27)

Therefore, in view of (2.7) method (2.1) can be written as
Tn4+l = Ty — [xnayn; f]_lf(xn) (28)

and
Yn+1 = Tn4+1 — ([xn—i-lyyn; f] + [xn—i-laxn; f] - [yn,xn, f])ilf(xn-i-l)' (29)
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In a Banach space setting the method (2.9) can be expressed as
Tpy1 =T, — A, F(2y)
Yn+1l =Tp+1 — B;ilF(anrl)’ (2'10)

where Byi1 = [Tpi1,Yn; F]+ [Tat1, o F] — [Yn, Tn; F]. Here onwards we denote this method by
MKWTM. The local convergence analysis that follows uses some parameters and scalars functions. Let
lo, I and [y be given parameters. Define parameters ry and r4 by

1 o 1
= — 1 = .
lo+1+20, "o T

To
Notice that 19 < r4 for Iy <. Define functions ¢ and + on the interval [0, rg) by

l
(ll + 2+ 1—(l20t+1)t)t
1—(lo+1+20)t

and

P(t) = o(t) — 1.
We have ¢(0) = —1 < 0 and ¢(t) = +o0 as t — 1 . It follows from the intermediate value theorem that
equation 1 (t) = 0 has solution in the interval (0,79). Denote by r the smallest such solution. Then, we
have that for each ¢ € [0,7)

(lo+14+20)t<1

and
0<o(t) <1.

Notice that the convergence radius r can be given in closed form by the positive solution of the quadratic
equation

where
q(t) = Xot? + A1t + 1,

since ¢(t) = 0 is equivalent to ¢(t) = 0 provided that (lo + )t # 1 and (lp + + 211)t # 1. Here,
A= (lo+)(lo+ 143l +12) —lo and N\ = —(2lp + 21 + 311 + 12).

Let B(x, 0) and B(x, o) stand, respectively for the open and closed balls in X with center x € X and
of radius ¢ > 0.

Next, we present the local convergence analysis of method (2.10) using the preceding notation and
conditions whereas and X, Y are Banach spaces until otherwise specified.

Theorem 2.1. Let F: D C X — Y be a Fréchet differentiable operator and [-,-; F| : D* — L(X,Y) be
a divided difference of order one. Suppose : there erists x* € D such that F(z*) = 0 and F'(z*)"! €
L(Y, X), there exist ly,l > 0 such that for each x,y € D

1F () ([, y; F] = F' (@) < lollz — ™| + |y — . (2.11)
Let Dy = DN B(x*, lolﬂ). There exist l1,la > 0 such that for each x,y,u,v € Dy
1F ()~ ([, y; F] = [u, 0 FY)|| < bl = ull + la[ly — o] (2.12)
and -
B(xz*,r) C D, (2.13)

where the radius of convergence is defined previously. Then, sequences {x,}, {yn} generated by method
(2.10) for xo,yo € B(a*,r)—{a*} are well defined in B(z*,r), remain in B(z*,r) for eachn =0,1,2,...
and converge to x*. Moreover, the following estimates hold for each n =0,1,2,...

bollyn — " |[l|zn — ==
(ollzn — z*[| + Ulyn — 2*])

lzns — 2™ < 7= <llyn —a™|| <, (2.14)
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(i + ) llyn — ¥l + Lllwass — &) lenss — 2%
1— (o + 1)l|zngr — 2| + (0 + 1) lyn — 2*|])
<lzngr —2*| <r (2.15)

[Ynt1 — 27 <

and

enta < C’lei+3en+gen+1 + Cgei+3€i+2 + CgeiJrB, (216)
where e, = ||z, —2*|], C1 >0, C2 > 0, and C3 > 0. Furthermore, for R € [r, %) the vector x* is the
only solution of equation F(x) =0 in D1 = DN B(z*, R).

Proof: We shall show estimates (2.14) and (2.15) using induction on k. By hypotheses z¢, yo € B(z*,r)—
{z*}, the definition of r and (2.11), we have in turn that

1" (@)~ ([, yis F) = F/ (@) < (ollaw — 2| + Ul — 2*[1) < (lo + Dr < 1. (2.17)

It follows from (2.17) and the Banach lemma on invertible operators [2] that
[z, y; F]71 € £(Y, X) and

1
—1 oy %
T, Y '] F (7)) < " "
e (I F=F ] B aeral)
1
_—. 2.18
ST- Ut 0r (2.18)
Then, xk41 is well defined by the first substep of method (2.10) and we can write
Tpp1 — & = @y — & = [z, g F) 7 o, 25 F (2, — o)
= [k, yis FI 7 ([, yas F] = [ow, @75 F]) (2 — o). (2.19)
In view of (2.12), (2.18) and (2.19), we get in turn that
" Lallys — " |lllzx — 27|
T —x || <
et =2 ST e =2+ U — 1)
<llye — ™[ <1, (2.20)

which shows (2.14) for n = k and z41 € B(x*,r) — {«*}. By the second sub-step of method (2.10) we
can write

Yk+1 — x* = Tk+1 — x* — Bk_ilF(xk‘H)
= Bk_jl (Bk+1 — [xk_,_l,x*;F])(x;H_l — ). (2.21)
Using (2.11), (2.12) and (2.21), we obtain in turn that
1" (2) 7 (Brar = F' (@) <IF' (%) 7 (27, 2" F] = [wnsr, yas F)) |
+1F (@) vk, s F] = [wnsr, @ F)|

<lol|zk+1 — || + U[yx — 2"
+h|xgsr — 2 + 2" — gl

<(lo +I)l|lzpgr — 2" + T+ 1) lyr — ||
S(lo + 1+ 211)7" <1, (222)
so Bl € £(Y,X) and
1B F () < !
b 1= ((lo + 1) |ergr — 2| + (U4 W) |lyr — 2*])
1

(2.23)

< .
“1—(lo+1+20)r
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In view of (2.12), (2.21), (2.23) and the definition of 7, we get in turn that

(Illye — «*[] + lallzry s — yelDl|ze — 2|

= ((lo + Wl|ktr — 2*|| + (U + 1) |lyx — 2*])

<+ B)llyr = || + blleers — 2" )] zk4r — ||

- 1—(o+1+20)r

<o(r)|rprr — 27| < flagr — 27| <, (2.24)

It — a7l <

which shows (2.15) for n = k and yi+1 € B(2*,r). The induction for (2.14) and (2.15) is completed. By
(2.20) and (2.24), we get the estimate

lygs1r — ™| < cllyp — 2| <7,

where
la||wo — 2*|]
L= (lollzo — a*| + Uyo — =*|)

S0 klim yr = «* and consequently by (2.20) klim xp = x*. We can write by (2.14) and (2.15) in turn that
—00 —00

€10,1),

C =

lollyk+1 — 2*[|lzgs1 — o

ekt — 27| <

1-— (l() + l)’/’ ’
o = Lllykre — 2" |[|lzkee — 27|
— <
||xk+3 T || = 1 — (ZO Z)’/’

o 4 b)llyesy — 2| + loflzte — 2| 2are — 27|
- (1 —(lo+Dr)(1 = (lo + 1+ 211)r) ’

SO
(eS|
< b (1 + ) llyrr2 — || + L2llwprs — 2 |]) lzky s — @
- (1= (o +Dr)(1 = (lo + 1+ 2l1)r)

(t1+12) () |2y —2* [ Hzllepro—a*[]) gy —a" ||
i e T lolloigs — 2 1) loags —

(I =(lo+1+201)r)(1 = (lo +1)r)

*“2

*“2
<

)

which shows (2.16) for

i = 4@1&3 >0
CQ = 2&1&% >0

and
Cs = ajay,

where a; = #ZOQ and as = m To show the uniqueness part, let Q = [z*,y*; F], where y* € D
with F(y*) = 0. By the definition of R and (2.11), we obtain that

IF"(@)~H(@Q = F'(a"))Il <lofla” —y*[| < bR <1,
so Q71 € L(Y, X). Then, from the identity
0=F(z") = F(y") = [¢",y" Fl(=z" —y") = Q(z" —y"),
we conclude that x* = y*. O
Next, we shall present the local convergence for Secant methods

Tp+1 = Tp — [xn; Tn—1; F]ilF(xn) (225)
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and
Tn+l = Tp — [xnflaxn; F]ilF(xn)a (226)
under conditions (2.11) and (2.12), so we can compare the radii with r. Using the approximations
Tpi1 — T = [xn,xn,l;F]*l([xn,xn,l;F] — [xn,x*,F])(xn —z¥) (2.27)
and
Tpi1 — " = [xn,l,xn;F]*l([xn,l,xn;F] — [xn,x*,F])(xn — ), (2.28)

respectively as in the proof of Theorem 2.1, we arrive at:

Proposition 2.2. Suppose that the hypotheses of Theorem 2.1 until (2.12) and

B(z*,r*) C D (2.29)
hold, where
i1 2.30)
D T lhtiti @
hold. Then, sequence {z,,} generated by Secant method (2.25) for x_1,x¢ € B(z*,r*)-{z*} is well defined
in B(x*,r*), remains in B(z*,r*) for each n = 0,1,2,... and converges to x*. Moreover, the following

estimates hold for each n =0,1,2,...
Lllzn—1 — z*|| |z — 2*||

(lollzn — 2* | + Ulwn — (1)

lznt1 = 2™ < 7= (2.31)

Furthermore, for R € [r*, %) the vector x* is the only solution of equation F(x) = 0 in D; = DNB(z*, R).
Remark 2.3. Condition (2.12) can be replaced for Secant method (2.25) by

IF ()~ (2,93 F] = [, 2 FD|| < sly — 2], (2.32)
for some l3 > 0. Then, r*, la, (2.31) can be replaced by 73, ls, (2.34), respectively in Proposition (2.1)
1
* , 2.33
" lo+ 1413 ( )

lallzn—1 — z*|[[|lzn — 2]

Tpe1 — 27| < ) 2.34
Ienet =S T e — 2T 4+ e — 1) (234
Notice that
ls <o, (2.35)
s0
r* <} (2.36)
and (2.35) is a more precise estimate than (2.31).
Proposition 2.4. Suppose that the hypotheses of Theorem 2.1 and
B(x*,r**) C D (2.37)
hold, where
1
e — (2.38)

lo+14+20 +1y

Then, sequence {x,} generated by Secant method (2.26) for x_i,x¢ € B(x*,r**) — {a*} is well defined
in B(z*,r**), remains in B(z*,r**) for eachn =0,1,2,... and converges to x*. Moreover, the following
estimates hold for each n =0,1,2,...

hllzn1 — ™| + (b + b) ||z — "
L= (lollen—1 = @*|| + ll|lzn — 2*|)

[#n1 — 27| < l[#n — z]. (2.39)
1

Furthermore, for R € [r**, Ic

B(z*, R).

) the vector x* is the only solution of equation F(x) = 0 in D1 = DN
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Proposition 2.5. It was shown in [1,2] that under conditions (2.11) and (2.12) the radius of convergence
for Newton’s method

Tpi1 = 2n — F'(2,)  F(zy) (2.40)

s given by
1

(L T{ Py )y

(2.41)

Then, it follows from the preceding definitions of the convergence radii that ri is the largest convergence
radius among methods (2.10), (2.25), (2.26), and (2.40).

We present the local convergence analysis of KWTM based on scalar parameters and functions. Let
a >0, >0and b >0 with a+ 8 # 0. Define parameters gy, ¢; and functions f and hy on interval

[0, 00) by

1 !

QT TR T ar gt
abt

f(t)_(b+m+5)t

and
hi(t) = f(5) — 1.

We have that hf(0) = —1 and hy(t) = +00 as t = g, . The intermediate value theorem assures that
equation hf(t) = 0 has solutions on the interval (0, g5). Denote by o* the smallest such solution. Notice
that hy(0;) =0, so 0* < p;. Then, we have for each ¢ € [0, o*)

bt
0<— < 1.
T 1-(a+p)t
and
0< f(t) <1

The local convergence analysis of KWTM is based on the hypotheses (H):

(h1) F: D C X — Y is a continuously Fréchet-differentiable operator and [-,-; F]: D x D — L(X,Y)
is a divided difference operator of order one.

(h2) There exists parameters « > 0, 8 > 0 with o« + 8 # 0, 2* € D such that F(z*) = 0 and
F'(z*)~1 € £L(Y, X) and for each z,y € D

1F" (&%)~ ([, 95 F) = F'(@")]| < afla — 2™ + Blly — 27
Set: Do = D NU(z*, 0y), where g, is defined previously.
(h3) There exists b > 0 such that for each z,y € Dy

1F" (2*) 7 ([, 93 F] = [, 2™ FD)| < blly — 7).

(h4) U(x*,0*) C D, where o* is defined previously.

(h5) There exists R* > p* such that
1
R*< -, B#0.
B
Set Dy = DN U(z*, R*).
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Theorem 2.6. Suppose that the hypotheses (H) hold. Then, sequences {xy}, {yn} starting from zg,
yo € U(z*, 0*) — {z*} and generated by KWTM are well defined in U(x*, 0*) for each n =0,1,2,... and
remain in U(z*, 0*) converge to x*. Moreover, the following estimates hold for eachn=0,1,2,...

Tpi1 — x| < Tp — x| < ||z, — 2| < 0° 2.42
i bll “ll
Yn — T *
— || < x —z”|. 2.43
||y’ﬂ+1 || =71_ (04||xn+1 — x*H i b”yn — J?*”) || n+1 || ( )

Furthermore, the limit point x* is the only solution of equation F(x) = 0 in Dy, where Dy is defined in

(hs).
Proof: Let z,y € U(z*, 0*). Using (hg), we have in turn that
1" (@)~ ([, 93 F) = F'(27)]| < allz — 2| + Blly — 27|
<(a+pB)o" < 1. (2.44)
In view of (2.44) and the Banach lemma on invertible operators [24] [x,y; F]~! € £(Y, X) and

1
1= (allz = z*[| + Blly — 2*[)”

[z, y; F1~1F' (2%)|| < (2.45)

In particular [z, yo; F]™! € L£(Y, X), since xg,yo € U(z*,0*). We can write by the first substep of
method KWTM

x —a* =z — 2" — [0, y0; F] "' F(x0)
= [z0,y0; F]~" ([z0, yo; F] — [0, z*; F]) (w0 — =) (2.46)
By (h3), (2.45) for x = ¢, y = yo and (2.46), we get in turn

e — &l = o, yoi F) ™ F' (@) [I1F* (@)~ ([0, y0; F] — o, " F]) (o — 27)|

bllyo — 2|
< lzo — 2"
1= (aflwo = 2*[| + Bllyo — =)
<[lwo — 2™ < ¢, (2.47)

$0 (2.42) holds for n = 0 and z; € U(x*, 0*) and [z1,y0; F]~* € L(Y, X). We also have by (2.45) that
1

z1,y0; F]7LF (2%)]| < . 2.48
Wlessvor ETE O < T e =TT Bl — =) (248)
Moreover, we can write by the second substep of KWTM that
y1—a* =a1 — 3" — [z1,y0; F] ' F(1)
=[z1,y0; F]" ' ([z1,y0; F] — [21, 2% F]) (21 — %), (2.49)

SO
bllyo — ™ [[|1 — 2]
allzy = 2*[| + Bllyo — =)

L —" Py

ST o o LT X 0,

1 — (o + Bo*)o

which shows (2.43) for n = 0 and y; € U(z*, 0*). The induction for (2.42) and (2.43) is completed
analysis if xg, yg, x1, y1 are replaced by Ty, Ym, Tm+1, Ym+1 in the preceding estimates, respectively.
Then, from the estimates

_ | <
I =l < 7=
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[Emi1 = 2| < plJem — 27 < o

and
lym+1 — 2" || < pollwmsr — 27| < o,

€ 10,1), and py = f(0*) € [0,1), we deduce that lim z,, = lim y, = z*,

bo”*
1—(a+p)e* m— 00 m—oo
Tmy1 € U(z*, 0*) and ymi1 € U(x*, 0*). The uniqueness part is shown by letting T' = [z*,y*; F] for
some y* € Dy with F(y*) = 0. Using (h2) and (hs), we obtain in turn that

1F" (@) ([, y*s F] = F'(@")| < Blly” — ™| < BR <1,
so T71 € L(Y, X). Finally, from the identity

0=F(z") - F(y") = [z",y"; Fl(=" — y"),

where p; =

we conclude that z* = y*. O
Remark 2.7. Define the computational order of convergence (COC) [25] by

l ’LUn_H X
*

and the approximate computational order of convergence (ACOC) [26], by

ACOC = lo ‘ Wnt2 — Wn+1 H/l ‘ Wny1 — Wy

Wn41 — Wn Wy — Wnp—1

*

coC=lo ’ D2 7% . for eachn=1,2, ... (2.50)

Wpy1 — TF

, foreachn=1,2, ... (2.51)

This way we obtain a practical order of convergence.

3. Semi-local convergence analysis

The semi-local convergence analysis of method (2.10) is based on some scalars sequences and pa-

rameters. Let Lo > 0, L > 0, L; > 0, Ly > 0, ny > 0 and n > 0 be given parameters. Define
sequences {t, }, {sn} for each n =0,1,2,... by to =0, s =1y, t1 =10, 81 = (1 + 17((L§8rti$%fihs()))t1,

- Lot1+Ls¢
to = (1 + lf(LotorlFL(;loJrSO)))tl,

(Li(tnt1 — tn) + La(sn — tn)) (tng1 — tn)
1 — (Lotnt1 + L(sn + s0) + L1i((tng1 — tn) + (50 — tn)))’

Sp+1 = tpg1 + (31)

(Ll(tn+1 - tn) + LQ(Sn - tn)) (tn—i-l - tn)
1 — (Lotnt1 + L(snt1 + 50)) '

tn+2 - tn+1 +

Moreover, define polynomials g and h by
g(t) = (Lo + L+ 2L1)t* 4+ (La — L1)t — (L1 + Lo)
and
h(t) = Lt® + Lot? 4+ (L1 + Lo)t — (L1 + Lo).

We have that ¢g(0) = h(0) = —(L1 + L2) < 0 and ¢g(1) = h(1) = Ly + L1 > 0. Denote by a, and «y, the
unique solutions (by Descartes rule of sign) of equations ¢(t) = 0 and h(t) = 0, respectively.
We have that
h(ay) = Lag + Loa§ + (L1 + La)ag — (L1 + L2) — g(ay),

since g(agy) = 0.

Case(I) : Layg > 2L1 = h(ay) < 0= oy < ap,
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Case(II) : Lag < 2L1 = h(ag) > 0= ap < ag.

Then, define parameters a by
a_{ an, Lag > 2L,

og, Lag <2L;. (3.2)

Next, we present a convergence result for sequences {t¢,}, {s,} using the preceding notation.

Lemma 3.1. Let parameter o be defined as in (3.2) if to < so, Lon+L(s1+ny) < 1, (Lo+L)n+Lin, < 1,

1 1
Loty + Ls max{ , }Sa 3.3
ol L0 M T Lo+ Liow + o)’ T (Lo + Lo & o) 33
and
L
a<l— M7
1— Ln,
then the sequences {t,}, {sn} are non-decreasing, bounded from above by t** = - and converge to
the unique least upper bound t* satisfying t1 < t* < t**. Moreover, for each n = 1,2,..., we have the
estimates
0 < Sn4+1 — tn+1 < a(thrl - tn)v (34)
0 < tn+2 - tn+1 < a(thrl - tn)
and

0<1t, <sp.

Proof: Estimates (3.4) shall be shown using mathematical induction. If t; = 0, t;, = s = 0 follows from
(3.1) and (3.4) holds for each k = 1,2,.... For other values of t; = n > 0, (3.4) is satisfied for each k
provided that

Li(tk1 — te) + La(sk — ty)
<a, (3.5)
(Lotk41 + L(sk + s0) + Li(tee1 — tr) + Li(sk — ti))
Ly(tryr — yr) + La(sk — tg)

0< < 3.6
~ 1 — (Lotky1 + L(sky1 + 50)) — (3:6)

<
071_

and
0<tp <sp. (3.7)
By (3.1), (3.5)—(3.7), we have that
0 < s —tp < a¥(ty —to), (3.8)
0 < tppr —tr < ¥ty —to), (3.9)

SO

sk <tp +af(ty —to) <tp_1 + "ty —to) + ¥ (t1 — to)
1— O[k+1

<ty +a(ty —to) +---+af(t; —to) = (t; —to) < t** (3.10)

1—«

and analogously
k+1

1—
Lt —to) < t*. (3.11)

1—
Evidently (3.5)—(3.7) hold by the definition of g, so, to < s¢ and the left hand side inequality in (3.3).
In view of (3.8)—(3.11), estimate (3.5) holds, if

lr1 <

1— k+1 1— k+1
(Ly + Lo)a*t + alo——t, + aL—2>
1—« 11—«

t1+ 2ali0"t; — a+ asy < 0. (3.12)
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Estimate (3.12) motivates us to define recurrent functions on the interval [0, 1) by

b () = ((Ll L)t (Lo + L) (Lt 4 -+ 17) + 2L1tk)t1 + Lsg— 1.

A relationship is needed between two consecutive function ¢, and ¢, ;. We have in turn by (3.3)

Gp1(t) =(L1 + La)tFty + (Lo + L) (L 4+t + - -+ + ¥ty + 201"y + Lsg — 1
— (L1 + Lo)t* Yy — (Lo + L) (1 4t + - - - + tF)ty — 201171

— Lso + 1+ ¢ (t)
= ¢ (t) + g(O)t* .
In particular by (3.13), estimate (3.12) holds, if
¢p(a) <0  foreach k=0,1,2,....
Define function ¢, on [0,1) by

L L
¢m(t) = lim ¢k(t) = ot t1 + Los — 1.
k—o0 1—¢

Using (3.2), (3.14) and (3.16) we get that

o (3.15) holds, if
Poo(a) <0,

11

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

which is true by right hand-side inequality in condition (3.3). Hence, the induction for (3.5) is completed.

Similarly, to show (3.6), it suffices to have

k+1 k+2

(L1 =+ Lg)aktl + alg 11—

Then, again define recurrent functions v, on [0,1) by

Yy (t) = ((L1 + Lo)t* P Lo(l+t+ -+ t*) + L(1 +t+---+t’“+1))t1 + Lso — 1.

Then, we get in turn that

b1 (t) = (L1 + Lo)tity + Lo(L 4+t + -« + ")ty + L1+t +

—1—(Ly + Lo)t* My — Lo(L+t+ -+ M)ty

— L1 +t+--+tFhy

— Lso + 1+ 9,(t)

=1 (t) + h(t)t" 1.
Then, (3.19) is satisfied, if
Yi(a) <0, foreach k=1,2,....

Define function ¢, on [0,1) by

Lo+ L
1—t

boolt) = lim () = (
Using (3.2), (3.20) and (3.22) we obtain that

V() <Ypp(a) <. P (a),

)tl + Lsg — 1.

o 11—«
—thh +al—t; + alLsg — a < 0.
a 11—«

o R 4 Lsg

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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so (3.21) holds, if

boole) <0, (3.24)
which is true by the right hand side inequality in condition (3.3). Hence, the induction for (3.6) is
completed. Then, the induction for (3.7) is completed by (3.1), (3.5) and (3.6). Moreover, estimates (3.4)
hold. Hence, sequences {tx}, {sr} are nondecreasing, bounded above by t** and such they converge to
their unique least upper bound t*. O

The following definition is useful for the semi-local convergence analysis of method (3.3) that follows.

Definition 3.2. Let Ly >0, L >0, L1 >0, Ly >0, 5 > 0 and n > 0 be given parameters. The triplet
(Fa Zo, Z/O) belongs to the T(L(]v L7 le L27 Mo 7])7 Zf

At € L(Y, X) for some 20,y € D, (3.25)
|45 F(zo)|| < n, llwo —yoll < mg for some > 0,19 >0, (3.26)
for each x,y € D

145 " ([, y; F] = [zo, yo: F])I| < Lolla — ol + Lly — yol- (3.27)

Set Dy = D N B(xo, ﬁ) For each x,y, z,w, € Dy
145 " ([, y; F] = [z, w; F])|| < La|lz — 2| + La|ly — wll, (3.28)
Lot* + L(r+mny) <1, for some R>1t", (3.29)
B(zo,t*) C D (3.30)

and conditions of Lemma 3.1 hold, where t* is given in Lemma 3.1.
Next, we present the semi-local convergence analysis of method (2.10).

Theorem 3.3. Let F € 7. Then, sequences {x,}, {yn} starting from some xo,yo € D and generated by
method (2.10) are well defined in B(xo,t*), remain in B(xg,t*) for each n =0,1,2,... and converge to
a unique solution x* of equation F(x) = 0 in B(xg,t*). Moreover, the following estimates holds for each
n=20,1,2,...

[Yn+1 = Tns1ll < Snt1 — tng1, (3.31)
lTns1 — znll < tnpr —tn (3.32)

and
[|zn — ™| < t° —t,. (3.33)

Furthermore, x* is the only solution of equation F(x) =0 in D1 = D NU(zo, R).

Proof: The result is shown using mathematical induction. If k = 0, estimates (3.31) and (3.32) hold by
the definition of 7 and yo, x1 € B(zo,t*). For k = 1, using (2.10), (3.1), (3.3), (3.27) and (3.28) we have
in turn that
lys = 1]l = 45 F (1) = |45 ([e1, zo; F)(21 — 20) = [20, 03 Fl(z1 — @0)) |
= || A5 " ([z1, wo; F] — [z0, yo; F]) (1 — )|
< (Lollzr — zoll + Lllzo — yoll) [l21 — ol
<(Lon + Lng)n = s1 — t (3.34)

and

145" (A1 — Ao) || <(Lollzr — zoll + Lllyx — woll)
< Lollz1 — zol| + L([lyr — 21| + [lz1 — 2o + [lzo — yol|)
SL()?]-i-L(Sl —t1+1t1 —to+ so —to)
= Lon+ L(s1 +ny) < 1. (3.35)
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It follows from (3.34) that (3.31) holds for ¥ = 1 and by (3.35) and the Banach lemma on invertible
operators A; ' € £(Y, X) and

1
(Lotl + L(81 + 50))

147 A < — (3.:6)

By first substep of method (2.10) for £ =1, (3.1), (3.27) and (3.36), we get in turn that

w2 — 21| <A} Aolll| Ag  (F (1) — F(x0) + F(zo))]|
< 145" (1, w0; F1 = [0, yoi F) (@1 — 20)|
- 1-— (L()tl + L(81 =+ 80))
< Lot1 + Lsgp
-1 (Lotl + L(Sl + 80))

t1 =t2 — t1,

which shows (3.32) for & = 1. Similarly for k = 2,3, ...

1
(Lotk + L(Sk + 50))

145" Ao < —

and

[@rr1 — znll = || AL F (k)|
A Aol | AgH (F (k) — F(mk—1) + F(zx-1)) ||

- Ay ([zn, 2h—15 F] = [2h—1, yk—1; F))(z) — 25-1)]|
- 1 — (Lotr + L(sk + s0))

- Ly(ty — ti—1) + Lo(Sk—1 — tp—1)
- 1-— (Lotk + L(Sk + S()))

IN

(tk —th—1) = ths1 — tk,

which shows (3.32) for n = k. Similarly, we have

451 (B1 = Ao)|l = 145" (([1, yo; F] = [0, yo; F1) + ([x1, 20; F] = [yo, z0; F))) |
< Lol|z1 — ol| + Lllyo — voll + Lalz1 — yoll
<Lo|lz1 — zo|| + L1(|lz1 — 2ol + [lzo — voll)
< (Lo + Ly)||lw1 — o] + Li|lwo — yol|
< (Lo+ Li)ty + Liso < 1,

then, B;' € £(Y, X) and
1
— ((LO + Ll)tl + LlSQ)7

B3 ol < 5
SO

lyr — 1| = || By F ()|
<[ By Aoll|Ag  F (1) |
| Ag ' (F(x1) = F(x0) 4+ F(x0)||
— 1—((Lo+ L1)t1 + L1so)
A5 " ({21, w03 F] = [0, y0; F1) (21 — 20)|
- 1 — (Lo + L1)t1 + Liso)
<L1(t1 —to) + La(so — to)
"1 —((Lo+ Li)t1 + L1so)

(t1 —to) = 51 — 1,
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which shows (3.31) for n = 1. Similarly, we have for k =1,2,...

[ A5 (Brs1 — Ao)|

<A (([#rr1, wws F) = [z, yo; FI) | + 140 (([#kes1s s F] = [yg, 2x; F)) |
< Lollzk+1 — woll + Lllyx — yoll + Lillzx+1 — y |l

< Lo(tk+1 —to) + L(llyx — 2ol + llzo — woll) + Li(lzkt1 — 2kl + [lyr — 2xll)
<Lotiy1 + L(sg +ng) + L1(tey1 —te + 55 — tr) < 1,

so By, € £(Y,X) and

1
1 — (Lotgs1 + L(sk +ng) + L1(tky1 — te + sp — i)

1By Aoll <
and

g1 — Tl <IB Aollll A ([@hsrs s F] = [, Y F1) (@rs1 — ) |
(L1(tes1r — te) + Lo(sk — tr)) (b1 — ti)
1= (Lotks1 + L(sk + o) + Li(te+1 — tk + sk — tr))

= Sk+1 — tkt1,

which shows (3.31), where we have also used xy, yr € U(xo,t*). Then,

k1 = 2ol <lzrra — il +- - + 21 — ol
Stpyr —tg+ -+t —to
= tk+1 < t*

and

lye+1 — zoll <llyr+1 — Teall + [[Thg1 — 2l + - + 21 — 20|
< Skt — k1 Fter1 —te+ -+t — 1o
= tpp1 <17,

80 Tk41,Yk+1 € Ulzo,t*).
We have

[AG " F(zpa1)l| < (L1 (tesr — tr) + La(sk — tr)) (tear — tr),

so by the continuity of F', we get F(z*) = 0.
Finally, to show the uniqueness part, let y* € D; such that F(y*). Set H = [z*,y*; F]. Then, using
(3.27) and (3.29), we obtain in turn

|45 (H — Ao)|| < Lolla™ — ol + Llly* — yo
< Lolla™ — zo + L(|ly" — zoll + llzo — woll)
<Lot*+ LR+ Lsg <1,

so H=' € £(Y, X). In view of the identity

so x* = y*.
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4. Numerical examples

We present some numerical examples in this section.
Example 1. Let X =Y =R, D = (—1,1) and define F' on D by

F(z)=¢€"—1.

Then, * = 0 is a solution of (1.1) and F'(z*) = 1. Note that for any z,y,u,v € D, we have

[F'(x

)

i
</

and

IN

IN

*)_1([x’y;F] - [U,U;F])|

= /1 (F'(tx+ (1 —t)y) — F'(tu+ (1 — t)v))dt)‘

/ (F"(@(tz + (1 — t)y) + (1 — O)(tu+ (1 — t)v))
w (tz + (1= t)y — (tu + (1 — t)) dedt‘
/ O+ 1=V +HA=0) 1k (1=00) (1 1 (1 — ¢y — (tu + (1 — t)v)dOdt

elt(x —u)+ (1 —t)(y —v)|dt

[F' (")~ ([, y; F] = F'(27))]|

/01 F'(te + (1 — t)y)dt — F’(x*))‘

1
/ (e tr+(1—t)y dt‘
0

tr+ (1 —t)y N (tz + (1 — t)y)?

/O (tz + (1 —t)y) (1 + o 5 +...)dt‘
1

/O (tx+(1—t)y)(1+%—i—%—i—---)dt’

Lo — o+ ly — ")),

2

15

That is to say, the center Lipschitz condition (2.11) and Lipschitz condition (2.12) are true for lp =1 =

651 and l; = Iy =

e
2

r = 0.135239, r* = rj = 0.324948, r** = 0.172542 and 77 = 0.0630374.
Example 2. Let X =Y = C[0,1], the space of continuous functions defined on the interval [0, 1],
equipped with the max norm and D = U(0,1). Define function F' on D, given by

F(z)(s) = z(s) — 5/0 stad(t)dt.

and divided difference of F' is defined by

Then, we have

[z, y; F /th—i—l—t) )dt.

1
[F'(z)y](s) = y(s) — 15/O stx?(t)y(t)dt, for each y € D.

respectively. The parameter values are given as ro = 0.2254, r4 = 0.387985,
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We have z* = 0 for all s € [0,1], lp =1 = 3.75 and Iy = I = 7.5. The parameter values are given as
ro = 0.04444, r, = 0.08888, r = 0.026491, r* = r7 = 0.06666, r** = 0.03333 and % = 0.00296296.
Example 3. Let X =Y = C[0, 1] equipped with max norm and D = U(0,r) for some r > 1. Define F’
on D by

1
F(x)(s) = 2(s) —y(s) — M/ G(s,t)a*(t)dt, =,y €C[0,1], se[0,1],
0
where 4 is a real parameter and the kernel G is the Green’s function defined on the interval [0, 1] x [0, 1]

by
1—s)t, t <s,

_J(
G(s’t)_{ (1—1)s, s <t.

Then, the Fréchet derivative of F' is defined by
1
(F'(z)(w))(s) = w(s) — SM/ G(s, )z (H)w(t)dt, w € C[0,1], s € [0,1].
0
Let us choose 2o(s) = yo(s) = y(s) = 1 and |u| < §. Then, we have that

3 _
11 Aol < Zp 47" € £(Y, X),

. 8 u 3(L+ 1)l
1 < _— = = = =
o= g =00 = g = E T e s
3rlul
Li=Ly= —7—.
(8= 3lu)

Let us choose r =3 and p = % Then, we have that

t1 = 0.07692307, Lo = L = 0.461538462, L; = Lo = 0.692307692.

and
(Lot + Lso) max] L L } & 0.038961
o 1— (Lon+ L(s1 +n9)) 1= (Lo + L)+ Ling) * — ’
Lo+ L
o~ 0711345730, 1— LOFDM 6 998004,
L — Ly

That is, condition (3.3) is satisfied and Theorem 3.1 applies.
Example 4. This example is intended to verify the third order of convergence of the MKWTM. Consider
a system of two equations

r1 +e"? —cosxo =0,

3x1 —sinx; — 29 =0.
With the initial approximations zo = {1, 2}7 and yo = {,1}”, we obtain the zero 2* = {0,0}”. The
number of iterations (n) needed to converge to the solution using the stopping criterion (||z,11 — zn|| +
| F(zn)|]) < 107290 is 6. Then, using the last three approximations 41, Tn, Tn—1 in (2.51), we get
ACOC = 3.0000.

Example 5. Here also we confirm order of convergence by considering a system of three equations [16]:

2x1 + 22 + x3 =4,
2z0 + 23 + 1 =4,

L1X2I3 =1.

The zero z* = {1,1,1}7 is obtained by assuming the initial approximations o = {1,2,3}7 and yo =
{i5.4,3}", The number of iterations (n) needed to converge to the solution applying the stopping
criterion (||zp11 — 20| + [|[F(z,)]]) < 10729 is 10. Then, using the last three approximations 1, on,
ZTp—1 in (2.51), we get ACOC = 3.0000.
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