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ABSTRACT: In this paper, we obtain necessary and sufficient conditions, under
which convergence of a double sequence in Pringsheim’s sense follows from its
weighted-Cesaro summability. These Tauberian conditions are one-sided or two-
sided if it is a sequence of real or complex numbers, respectively.
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1. Introduction

A double sequence u = (uny,) is called convergent in Pringsheim’s sense (in
short P-convergent) to s [9], if for a given € > 0 there exists a positive integer Ny
such that |u.,, — s| < ¢ for all nonnegative integers m,n > Nj.

(C,1,1) means of (ty,,) are defined by

1 m n
(11) e |
Omn (U) (m—l—l)(n—l—l);;u”

for all nonnegative integers m and n. Similarly, (C,1,0) and (C,0,1) means of
(Umn) are defined respectively by

1 & R
(10) — § ) (01) — E )
Omn (u) T m+1 . Oulna Omn (u) T n -+ 1 . OumJ
i= j=
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for all nonnegative integers m and n.
A sequence () is said to be (C, a, ) summable to s if hm a(o‘ﬁ)(u) =s,

where (a, 8) = (1,1), (1,0) and (0,1). In this case, we write umn =5 (C,a, B).
Let p := {pr}ry and ¢ := {CH}l o be sequences of nonnegative real numbers

with pg,qo > 0 such that P, := Zpk % 0 for all m > 0 and @, := qu <0
k=0

for all n > 0. The weighted means 45 of a double sequence (U ), in short, the

(N,p, q; ,6) means, are defined respectively by

tn (1) = i) (u) = Q Z Zpkqul

k=0 1=0

40 (u Zpk'ulﬁu 0 (u Z QrUmi

where m,n > 0. A sequence (umy) is said to be summable by the weighted mean

method determined by the sequences p and ¢, in short, summable (N, p, q; «, 5)

where (o, 8) = (1,1),(1,0),(0,1) if lim ¢t = 5. In this case, we write t,, —
m,n— 00

s (N,p,q;a,ﬁ).

The product of (W,p, q 1, 1) and (C,a, ) summability is defined by
(N,p, q 1, 1) (C, «, B) summability, where («, 5) = (1,1), (1,0), (0,1).

The (N,p,¢;1,1) (C,a, 3) mean of () is given by

tgn( (aﬂ)( Q Zzpkqlakl ﬁ)

k=0 1=0

A sequence () is said to be (N,p, q; 1, 1) (C,a, 8) summable to s if

lim ¢ (5@ (y)) = s. (1.1)
m,n—oo
In this case, we write Uy, — $ (N,p, q; 1, 1) (C,a, B).
The (N, D, q; 1, 1) (C, av, B) summability method is regular under boundness con-
dition that is to say if

m}rllrgoo Umn = S (1.2)
exists and (U, ) is bounded, then (u,,) is (N,p, q; 1, 1) (C, a, ) summable to s.
The product of (N,p, q; 1, 0) and (C,«, ) summability is defined by
(N,p, q 1, 0) (C, «, B) summability, where («, 5) = (1,1), (1,0), (0,1).
The (N,p,q;1,0) (C,a, 3) mean of () is given by

R = 53 el )
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A sequence () is said to be (N,p, q; 1, 0) (C,a, 8) summable to s if
lim t(lo)(a(aﬁ)( )) = s. (1.3)

m, n—oo
In this case, we write w;,, — (N,p, q;1 0) C,a, ).

The notion of summability (N,p, q;0, 1) (C,«, B) is defined analogously.

We also note that (W,p, q; 1, 0) (C,a, B) and (N,p, q; 0, 1) (C, a, B) summability
method are regular under boundness condition.

If a sequence () is convergent in Pringsheim’s sense, then it is summable
(N,p, q; 1, 1) (C,a, ), (N,p, q1, 0) (C,«, B) and (N,p, q; 0, 1) (C, «, B) to the same
number under boundedness condition. However, the converse statement is not
true in general. That the converse of this statement holds true is possible un-
der some suitable condition which is so-called a Tauberian condition. Any theorem
which states that convergence of a double sequence follows from its weighted-Cesaro
summability and some Tauberian condition is said to be a Tauberian theorem for
the weighted-Cesaro summability.

Recently, there has been an increasing interest on Tauberian theorems for
Cesaro and weighted mean methods for single and double sequences. For some
new interesting Tauberian theorems for single sequences which have been recently
published, we refer to [2] and [10]. In [3], Chen and Hsu established necessary and
sufficient conditions under which w,,,, — s follows from ., — s(N,p,q; a, ),
where (o, 8) = (1,1),(1,0) and (0,1). Mobricz [7], and Baron and Stadtmiiller
[1] and Stadtmiiller [11] have investigated several particular cases of the weighted
mean methods of double sequences. Mdricz [7] obtained necessary and sufficient
conditions under which convergence of () follows from (C, a, 5) summability of
(Umn), where (o, 8) = (1,1),(1,0) and (0,1). Baron and Stadtmiiller [1] studied
the relations between power series methods, weighted mean methods and ordinary
convergence for double sequences. In particular, they proved that analogues of
Landau’s two-sided conditions for double sequences are Tauberian conditions for
the weighted mean method (N,p,q;1,1), where P and @ are regularly varying
sequences.

In [11], Stadtmiiller established the relations between weighted mean methods
and ordinary convergence for double sequences and he obtained a Tauberian theo-
rem for (C, 1, 1) summability method which includes a classical Tauberian theorem
of Knopp [5] as a special case of his results and generalized theorems due to Méricz
[7].

In this paper, we obtain necessary and sufficient conditions, under which conver-
gence of a double sequence in Pringsheim’s sense follows from its weighted-Cesaro
summability. These Tauberian conditions are one-sided or two-sided if it is a se-
quence of real or complex numbers, respectively.

2. Tauberian theorems for (N, p,q;1,1)(C,a, 3) summability method
Theorem 2.1. Let

P, n
hmsupP— <1, 1imsupQ— <1, A>1 (2.1)

m—oo A n—oo An
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where A\, and A\, denote the integer parts of Am and An for every m,n € N, respec-
tively. Assume that (umn) 18 a sequence of real numbers which s
(N,p, q 1, 1) (C,a, B) summable to s. Then (umy) is convergent to s if and only if
the following two conditions are satisfied:

. 1 (e B)
sup lim inf Prqi (0’ — umn> >0 2.2
I (B~ Pa) @ — Q) %2 () (22
and
1
sup liminf (umn P ) >0. (2.3
0<A21 m,n—00 (Pmy — Px,,) (Qn — Qx,,) i Z Z Prq po (W) > (2.3)

A1 l=An i1
2.1. Auxiliary results

In what follows we prove some auxiliary lemmas which are needed in the sequel.
Lemma 2.2. ([8]) The following assertions are equivalent:

P
hrnsupP— <1l (A>1),

n—o00 Am
P,
limsup =2 <1 (0<A<1)
n—r oo m

Lemma 2.3. Assume that relations (2.1) are satisfied and let (umn) be a sequence
of complex numbers which is (N,p, q 1, 1) (Cya, B) summable to s. Then

A A
- 1 SN (af)
lim prqioy,(u) = s (2.4)
M, M—00 (P,\m - Pm) (Q)\n - Qn) k:;i—l l:;i—l K
for A>1 and
. 1 (e8) ()
lim DO (2.5)
m,n—00 (Pm — P)\m) (Qn - Q)\ E /\Zm+1l ;+1 kil
for0< A< 1.

Proof: For A\ > 1, we have

Am

1 An §
P P @ =G 2 2 maii” ()

k=m+1Il=n+1

- g (B (0 W) = a0 )

o (o(“m(u)) +tm n(a<“"><u>>)
P)\m Pm (t (05) u)) — tm,n(U(aﬂ)(u)))

Q)\nQn (tm an ( (045) u)) — tm,n(U(aﬁ)(u))) +tm,n(0(a’8)(u)) (2.6)
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Since
P 1 1 1
Py /\jP - PN\ P\ P (2.7)
" " inf (1— 1— lim s 1 — limsup ——
klgm < P)\k > mgnoo k;g <PAk > m—00 Am
Qx 1 1 1
= = - (2.8)
@, = Cn inf (1 — &) 1— lim sup ( @ ) 1 — limsup G
k>n Q)\k n—=o0 p>n Q)\k n— 00 An

and () is (N,p,q;1,1)(C,1,1) summable to s, (2.4) follows from (2.1), (2.6),
(2.7) and (2.8).
Proof of (2.5) can be proved in a similar way. O

Proof of Theorem 2.1 Necessity. Supppose that (1.1) and (1.2) are satisfied.
For A > 1, from Lemma 2.3, we obtain

A A
i ! g Z" (a8)
lim p W) — Uy
mn—oo (Py, — Pp) (Qx, — Qn) Z Peai(og (u) )

k=m+1l=n+1

. 1 Am An o
= m}yllgoo{ <(P)\m — Pm) (QAn B Qn) Z Z pkqlal(cl ﬁ)(u)> - Umn}

k=m-+1l=n+1
=0

and thus inequality (2.2) is satisfied. The same is true for all 0 < A < 1.
Sufficiency. Assume that conditions (2.2) and (2.3) are satisfied. From (2.2) it
follows that given any ¢ > 0, there exists A\; > 0 such that

A A
) my "
lim inf SN peaeld? W) — ) > —, (2.9)
m,n— 00 (P)‘ml — Pm) (anl - Qn) k=m-+1l=n+1
where A\, = [Aiym] and \,,, = [Ain] for m,n = 1,2, ... Taking into account that

(Umn) is summable (N, p,q;1,1) (C,a, ) to s, (2.4) and (2.9), we hence get,
lim sup t,y, < s + €. (2.10)

m,n—o0

From (2.3) it follows that given any € > 0 there exists 0 < A2 < 1 such that

) ) 1 m n o
lim inf Z Z Pt (Umn — Uz(d B)(u))

mn=o0 (P = Py, ) (Qn = Q) k=Amy+11=Any+1

Y
™

where \,,, = [Aam] and \,,, = [Aan] for m,n = 1,2, ... whence in a similar way, we
obtain

liminf w,,, > s — €. (2.11)

m,n—oo

Since £ > 0 is arbitrary, combining (2.10) and (2.11) yields limy, n— 00 Umn = S.
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Theorem 2.4. Let (2.1) be satisfied and (umn) be a sequence of complex numbers,
which is (N,p,q; 1, 1) (Cya, B) summable to s. Then (umy) is convergent to s if
and only if one of the following two conditions is satisfied:

Am

e 1 (@) (4
inf lim sup prqi(o — Umn)| =0 2.12
A>1 m,n— oo (P)\m - Pm) (Q)\n - k ;1 ! ;1 kl ) ( )
1 m n (
inf limsu Uy — o &P =0 (2.13
o<1 m, n—>£ (Pm - P)\m) (Qn - an) k:/\23+1 =X +1pkql( o M ( )) ( )

Proof: Necessity. Assume that (1.1) and (1.2) are satisfied. Then by Lemma 2.3,
we obtain (2.12) for A > 1 and (2.13) for 0 < A < 1. This part of proof can be
done easily by the similar technique as in the proof of Theorem 2.1.

Sufficiency. Suppose that (1.1), (2.1) and (2.12) are satisfied. Then for any given
€ > 0, there exists A3 > 1 such that

WL3

lim sup ! Z Z Prqi(ogy " (1) = Umn)| <€,

m,n—0o0 (P/\mz - Pm) (Q)‘"S - Qn k=m+11l=n+1

where A, = [A3m] and A\, = [A3n] for m,n = 1,2... Taking into account the fact
that (umn) is (V,p,q;1,1)(C, a, 8) summable to s, by Lemma 2.3 and (1.1), we
obtain

lim sup [s — U |

m,n— o0
! z > ok
< limsup |s — pkqul
m,n—00 (P)‘ms - Pm) (ans B Q" k=m-+11=n+1
+ limsup kal(Uk? (U) = Umn)| < e.
m,n— 00 (P)\m3 — Pm) (Q/\n3 - Qn) k=m41l=n+1

Since € > 0 is arbitrary, we have lim  w,,, = s.
m,n— o0

If we suppose that (1.1), (2.1) and (2.13) are satisfied, then we similarly recover
convergence of () as in the first part of the proof. So, we omit the proof of it.
]

3. Tauberian theorems for (N,p,q;1,0)(C, a, 3) summability method

The_(W,p, ¢;1,0)(C, @, 3) summability method is independent of g. Hence, we
write (N, p, *;1,0)(C, a, 8) in the place of (N,p,q;1,0)(C, a, ).
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Theorem 3.1. Let

1imsupPP—m <1, A>1 (3.1)

m—oo Am

Assume that (umn) is a sequence of real numbers which is (N,p,*; 1,0) (Cya, B)
summable to s. Then (umn) is convergent to s if and only if the following two
conditions are satisfied:

A
. 1 - (aB)
1 f ——— — Umn) >0 3.2
D e @
and
L 1 - (B)
sup liminf —— Pk (Umn — 0y, > 0. 3.3
,Sup fiminf p—p HZH ( ) (3.3)

P, . .
Lemma 3.2. Assume that limsup P < 1 for X\ > 1 is satisfied and let (wmn)

m— o0 Am .
be a sequence of complex numbers which is (N,p7 *; 1,0) (C,a, B) summable to s.
Then

A
: 1 - (aB)
lim ———— [¥ea s 3.4
R R o
for A\>1 and
lim PP Z pka (u) =s (3.5)
m,n— o0 Aom s
for0 <A< 1.
‘We note that we have
_ (aB) _ (0)(_(aB)
]3/\77L P k%:+1pko- ( ) - tmyn(o- (U))
Py, (10) (_(aB)(, \y _ (10) ()
b (e W) — (0 w))
for all A > 1 and
1 = a a
P — Pr prol(w) = a0 (0P (u))
m A a1
P;
+ Am

P (1 (0™ (w) = 1), (07 (w)
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forall0 < A < 1.

By using above equalities, Lemma 3.2 can be proved as in the proof of the corre-
sponding Lemma for single sequences in [6].

Proof of Theorem 3.1 Necessity. Supppose that (1.1) and (1.3) are satisfied. For
A > 1, from Lemma 3.2, we obtain

A
: 1 . (aB)
1 - - mn
m,'rlzIEoo PAm - Pm k:;rlpk(o—kn ( ) ‘ )
= lim { ( Z pko(aﬁ) ) umn} =0
m,n—oo k m - iy

and thus inequality (3.2) is satisfied. The same is true for all 0 < A < 1.
Sufficiency. Assume that conditions (3.2) and (3.3) are satisfied. From (3.2) it
follows that given any ¢ > 0, there exists A\; > 0 such that

A
1 2 o
Jim inf b P, > Pi(ofe’ (1) = tmn) > —¢ (3.6)
mi k=m+1
where \,,, = [\ym] and for m = 1,2, .... Taking into consideration that () is

summable (N,p,;1,0) (C,a,B) to s, (3.2) and (3.6), we hence get,

lim sup uyn < s+ €. (3.7)

m,n— oo

From (3.3) it follows that given any ¢ > 0 there exists 0 < Ay < 1 such that
1 - o
liminf ———— Z Pk (Umn — Uz(mB)( ) = —¢

m,n— oo — P
m Ao k=Amy+1

whence in a similar way, we obtain

liminf w,;,, > s —¢. (3.8)

m,n—oo
Since € > 0 is arbitrary, combining (3.7) and (3.8) yields limy, n— o0 Umn = S.

Theorem 3.3. Let

P
limsup — <1, A>1 (3.9)

m—oo Am
Assume that (umy) is a sequence of complex numbers which is (N,p, *: 1, O) (Cya, B)

summable to s. Then (umy) is convergent to s if and only if one the following two
conditions is satisfied:

1 i

sup liminf | ——— K olh) — Umn)| =0 3.10
sup liminf | 55~ k%lp (o3 () ) (3.10)
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L 1 S (aB)
sup liminf | —— Umn — Oy, (u))| = 0. 3.11
JSup liminf | MZﬂm( ) (3.11)

Proof: Necessity. Assume that (1.2) and (1.3) are satisfied. Then by Lemma 3.2,
we obtain condition (3.10) for A > 1 and condition (3.11) for 0 < A < 1. This part
of proof can be done easily by the similar technique as in the proof of Theorem 3.1.
Sufficiency. Suppose that (1.3), (3.9) and (3.10) are satisfied. Then for any given
€ > 0, there exists A3 > 1 such that

Am;
1 ~ (a)
lim sup pk(U,m (1) = Upmn)| < €,
myn—3o0 (P)‘ms - Pm) k:;rl
where A,,; = [A\3m] for m = 1,2... Taking into account the fact that (u,,) is

(N,p,*;1,0)(C, a, B) summable to s, by Lemma 3.2 and (1.3), we obtain

Ame
1 3
limsup |s — Uy < limsup|s — ———— Z pkol(jf)(u)
m,n— oo m,n— oo (]D)\mS — Pm) it 1
1 ATVLB
+ limsup |———— pk(ol(ciﬁ)(u) — Umn)| < €.
m,n— oo (]D)\mS — Pm) kit 1
Since € > 0 is arbitrary, we have lim  ,,, = s. O

m,n— oo

4. Tauberian theorems for (N,p,¢;0,1)(C, a, 3) summability method
The (N, p,q;0,1)(C, o, 3) summability method is independent of p. Hence, we

write (N, *,¢;0,1)(C, a, B) in the place of (N, p, q;0,1)(C, a, B).

Theorem 4.1. Let

1imsup& <1, A>1

n—oo An

Assume that (Umn) is a real sequence and Uy, — S (N, %, q; 0, 1) (C,a,B). Then
(Wmn) is convergent to s if and only if the following two conditions are satisfied:

An
. (aB)
sup lim inf (o, (U) —Umn) >0
sup I il l;ﬂ (o8 () = )

and

n

ST @t — o (w) >0

"= g1

sup liminf
0<A<1mn=00 Qn — Q)
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Lemma 4.2. Assume that limsup & < 1 for A\ > 1 is satisfied and let (wmn)

m—0o0 An -
be a sequence of complex numbers which is (N, *,q; 0, 1) (C, v, B) summable to s.
Then

o T, O, Qn Z aoyy”

l=n+1
for A\>1 and
(ﬁ)
R
nl A n+1
for0 <A< 1.

The proof of Theorem 4.1 can be done by the similar techniques as in the proof
of Theorem 3.1 and by using Lemma 4.2.

Theorem 4.3. Let

1imsup& <1, A>1

m—o0 An

Assume  that (Umn) is a sequence of complex numbers which is and
(N, *,q;0, 1) (C,«, B) summable to s. Then (upmy) is convergent to s if and only if
one the following two conditions is satisfied:

A
o 1 = (o £)
sup liminf | —— 1 — Umn)| =0
/\>I; m.n—o0 | Qy, — Qn l:zn—:i-lq( (W) )

and

n

Z ql(umn - Uf,stlﬁ) (U)) =0.

" =Ant

sup liminf
0<A<1mn=o0 | Qn — Qx
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