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Variational Analysis For Some Frictional Contact Problems *

L. Ait kaki and M. Denche

ABSTRACT: We consider a class of evolutionary variational problems which de-
scribes the static frictional contact between a piezoelectric body and a conductive
obstacle. The formulation is in a form of coupled system involving the displacement
and electric potential fields. We provide the existence of unique weak solution of
the problems. The proof is based on the evolutionary variational inequalities and
Banach’s fixed point theorem.

Key Words: Evolutionary variational inequality, Fixed point, Frictional con-
tact, Piezoelectric material.
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1. Introduction

In this paper we study a class of abstract evolutionary variational problem mod-
elling the frictional contact of electro viscoelastic body with a conductive foun-
dation. Frictional contact phenomena appear in everyday life and play a very
important role in engineering structures and systems. The frictional contact con-
ditions are various and may be complex, a considerable effort has been made in its
modelling. An early study of a contact problem for elastic and viscoelastic mate-
rials within the framework of the variational inequalities was carried in reference
works [4,11,13]. An extension to non convex energy functionals generated by non
monotone laws was introduced in [12,15] and led to the so called hemivariational
inequalities.

The piezoelectricity lie between the coupling of the mechanical and electrical
material properties, it leads to the appearance of electric field when the mechanical
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stress is applied, and conversely in the presence of the electric potential the mechan-
ical stress is generated. Among the materials that exhibit sufficient charge very
few are those which are exploited in engineering controls equipement, it include
quartz, Rochelle salt, lead titanate zirconate ceramics and so on.

A considerable interest was presented on the problems involving piezoelectric
materials. The general model of electro elastic materials were studied in [10,21]
and for the frictional contact of electro-elastic material, they were given in [1,9]. A
few mathematical results arising in a study of a frictional contact of piezoelectric
bodies, like in [8,14,17,18,22], under the assumption that the foundation is insu-
lated, and in [2,7]. There is a need to expand the study the model for the process
of frictional contact when the foundation is electrically conductive and the behav-
ior of the piezoelectricity material are taken into account in the formulation of the
electrical and mechanical boundary conditions. In the case of an eletro viscoelas-
tic materiel the frictional contact of the body with a deformable and conductive
foundation leads to a non smooth boundary conditions on the contact surface. The
conductivity of the contact surface involves a coupling between the mechanical
and the electrical unknowns so it leads to an ill posed mathematical problem (see
[2,7]) . It is bypassed by the regularization of these electrical boundary conditions.
It is proved in in the last references that there exists a unique weak solution for
the frictional problem described by a normal compliance condition and version of
Coulomb’s law friction and a regularized electrical conditions.

This work is a continuation in this line of research and we study an abstract
weak formulation of quasistatic frictional contact problem for an electro-viscoelastic
material, in the framework of the MTCM, when the foundation is deformable and
conductive and the friction is described by the normal compliance and versions of
Coulomb’s law. Our interest is to show that the abstract problem with regularised
electric boundary conditions has a unique weak solution.

The paper is structured as follows. In section 2 we list some notations and
assumptions on the problem data and state our main existence and uniqueness
result. In section 3 we present the proof of the theorem. The arguments of the
proof are based on the evolutionary variational inequalities and Banach’s fixed
point theorem. In section 4 we give an example of application of the abstract
result.

The abstract weak formulation is given by the following problem Py .

Problem Py

Find a displacement field « : [0,7] — V and an electric potential ¢ : [0, T] = W
such that

(Aa(t),v —u(t))v + (Bu(t),v —u(t))v + (E*¢(t), v —a(t)) v+ (1.1)
J(u(t), v) = j(u(t),a(t)) = (f(t),v —ut))v, '

for allv € V and t € (0,77,

(C(p(t), C)W - (Eu(t)a C)W + (h(u(t)’ (p(t))a C)W = (q(t)a C)Wa (12)
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for all { € W and t € [0,T], and
u(0) = up. (1.3)

Here V and W are respectively spaces of admissible displacements and of elec-
tric potentiels, there are Hilbert spaces. The operators A, B, E, E*, C and are
respectively related to the electro viscoelastic constitutive law. The operators A, B
and FE are defined on V', the operators C' and E*are defined on W. The functionals
J and h are respectively determined by the machanical and electrical boundary
conditions on the contact surface. The data f is related to the traction forces and
to the body forces. The data ¢ is related to the densities of volume and surface free
electric charges. The fonction ug is the initial data of the displacement field u. Here
[0,T7] is the interval of the observation. The dot above u denotes the derivative of
the displacement u with respect to the variable ¢.

2. Preliminaries and notations

We consider a body which occupies the domain © C RY (d = 2,3) with a
smooth boundary 02 = I' and a unit outward normal v».We denote by I'c the
contact boundary, and we use the usual notation w, for the normal component
of vector u. We consider that spaces V and H are real Hilbert spaces satisfying
VcHcCV and W € H C W with continuous and dense injections, where

H=L*Q) and H = (LQ(Q))d. We define inner product on V and on W by

(u,v)v = (e(u),e(v))g¢ » (0w = (Vo, V)

where ¢ is linear map defined from V to JH.We suppose that we may apply the
Sobolev trace theorem, it means that there exists two constants ¢y and ¢y, depend-
ing only on €2, and parts of I', such that

[Clr2e) S c0lCly, VCEW, (2.1)
[l (2reye < Golvly, Yo eV. (2.2)
Let the Hilbert spaces LP(0,7; H) and W1P(0,T;V) 1 < p < +o0,
LP(0,T;H) = {u|w:]0,T[— H}, (2.3)
_ du(t)

Wir(0,T;V) = {u €LP0.TV), d=—m ¢ LP(O,T;V)}. (2.4)

The spaces C(0,7;X) and C'(0,T; X) are respectively continuous and differen-
tiable continuous functions from [0, 7] into X with a respective norms :
oo = g Wl 0 Wlewarss) = g Ul + g |

The functional h given in the equation (1.2) is defined with the Riesz represen-
tation theorem by

(h(u, ), Ow = | ¥(uy — g)dL(p — wo)( da, (2.5)

Te
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where g is the potential of the electric foundation. The function ¢y, is given by

L ifs< L,
or(s) =14 s if —L<s<L, (2.6)
L if s > L,

here L is a large positive constant, it may be arbitrarily large, higher than any
possible peak voltage in the system. The function 1 is given bellow.

We list the assumptions on the problem’s data. We assume that A is nonlinear
strongly monotone and Lipshitz continuous operator on V', and B is a nonlinear
Lipshitz continuous operator on V' such that

(a) A:V =W
(b) There exists L4 > 0 such that
|AU17A’M2|V§LA |u17u2|v, Yuy,ug € V. (27)
(¢) There exists m4 > 0 such that
(Auy — Aug,u1 —u2)y > may |U1_U2|‘2/, U1, Uz € V.
(a) B:V—=V.
(b) There exists Lp > 0 such that (2.8)
|BU1—BU2|V <Lp |U1—U2|V Yui,us €V,

for more details see [20].
The linear operators E* and F satisfy

(a) B* : W =V,
(b) there exists Cg« > 0 such that

|E*v|,, < Cg~|vly,, YueW, (2.9)
(¢c)E:V—-W

|Euly, < Cgluly,, YueV.

The operator C' is linear such that

(a) C: W — W,
(b) there exists Mc > 0 such that
CTly < Mc|rly, VTeW, (2.10)

(c) there exists Lo > 0 such that
(C1,CT)y > me |7'|$/V7 VreW.

The function ¢ satisfies

(a) ¥:To xR — Ry

(b) 3Ly > 0such that |¢(x, u1) — ¥ (x,u2)| < Ly|ur — usl
Vui,us € R, a.e. z €l'c.

(¢) 3 My > Osuch that [(z,u)| < My Yu € R, ae. z € T¢.

(e)  — ¥(x,u)is measurable onT'¢, for allu € R.

(e) x — P(z,u) =0, for allu <O0.

(2.11)
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The functional j : X x X — R satisfies:

(a) j(u,-) is convex and Ls.c. on V for all u € V,
(b) There exists m > 0 such that

Jlug,ve) — j(ur,v1) + jug, v1) — j(ua, va) (2.12)
<m fur —usly Jor —valy Vur,ug,v1,05 €V
Where
fewhr(0,T;V), (2.13)
qe WP (0,T; H), (2.14)
ug € V. (2.15)

Theorem 2.1. Assume that (2.7)-(2.15) hold. Then there exists a unique solution
of the problem Py . Moreover, the solution satisfies

uwe WP(0,T;V), e W"P(0,T;W). (2.16)
3. Proof of the main result

The proof of Theorem 2.1 is carried out in several steps and is based on the
following abstract result for evolutionary variational inequalities.

Let X be a real Hilbert space with the inner product (-, -)x and the associated
norm | - ||x, and consider the following problem, find a function z : [0,7] — X
such that

(Az (t),y — & (t)x + (Bz (t),y — & (t))x +j(x (t),y) — j(z (1), (1)) (3.1)

2(0) = . (32)

To solve problem (3.1) and (3.2) we need the following assumptions.
The operator A : X — X is strongly monotone and Lipschitz continuous, i.e.,

(a) there exists m4 > 0 such that

(Azy — Azo, 1 — 22)x > mallz1 — 22|/%, V1,22 € X,
(b) there exists L4 > 0 such that

HA:Cl — A:CQHX < LAH:L'l — :CQHX, Vi, xe € X.

(3.3)

The nonlinear operator B : X — X is Lipschitz continuous, i.e., there exists Lg > 0
such that
||BSC1 7BZL'2||X SLBHxl 7562”)( erl,xQ e X. (34)

The functional j : X x X — R satisfies

(a) j(x,-) is convex and l.s.c. on X for all z € X,
(b) There exists m > 0 such that
J(@1,y2) — g2, 1) + j(@2, y1) — j(@2, y2)
<m |z — 22l x ly1 — v2llx, Var,22,y1,92 € X.
Finally, we assume that

FeC0,T,X), weX. (3.6)
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Theorem 3.1. Let (5.3)-(53.6) hold. Then,

(1) there exists a unique solution x € C* ([0,T],X) of problem (3.1) and (3.2),

(2) if x1 and xo are two solutions of (3.1) and (3.2) corresponding to the data
f1, f2€ C([0,T); X), then there exists ¢ > 0 such that

[&1(8) =22(B)llx < e (| f1(8) = fo(O)llx +le1(t) —22(B)llx) Vi e€[0,T], (3.7)

(3) if, moreover, f € WHP(0,T; X), for some p € [1,00], then the solution satis-
fies x € W2P(0,T; X).

The proof of the existence and uniqueness of the solution is a standard result
of evolutionary variational inequalities it can be found for example in [5,16].

We turn now to the proof of Theorem 2.1. To this end we assume that (2.7)—
(2.9) and (2.12)-(2.15) hold, and with the same techniques of the fixed point the-
orem developped in [7] we prove the existence and uniqueness of the solution u of
inequality (1.1).which satisfies the three results of the Theorem 3.1.

Let n € C([0,T],V) be given, and consider the following problem .

Problem P;..

Find a dlsplacement field u, : [0,7] — V such that

(Al (1)), — ity (0))v + (Blag (1)), 0 — (D)) + ((8). 0 — (1)) +
3(ug(1).0) = Gy (D), (1) = (F(1)0 (), Vo eV, t€[0.T],  (3.8)
1, (0) = o, (3.9)

We have the following result for P, .

Lemma 3.2. (1) There exists a unique solution u, € C*([0,T];V) to the prob-
lem (3.8) and (3.9).

(2) If uy and ug are two solutions of (3.8) and (3.9) corresponding to the data
m, n2 € C([0,T); V), then there exists ¢ > 0 such that

i1 () = (t)ly < e(m(t) = n2()]y +|ua(t) —u2()ly) Vie(0,T]. (3.10)

(3) If, moreover, n € WLHP(0,T; V) for some p € [1,00], then the solution satisfies
uy € W2P(0,T; V).

Proof: We apply Theorem 3.1, we take X = V, with the inner product (-,-)y and
the associated norm |-|;,. The Riesz representation theorem allows us to define
fn:10,T] =V by

(f(t),v)v = (f(t) = n(t),v)v, (3.11)

for all u,v € V and ¢ € [0,T]. Assumptions (2.7), (2.8) and (2.12) imply that the
operators A and B and j satisfy respectively conditions (3.3), (3.4) and (3.5).
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Moreover, since the function f € W1?(0,T;V) and keeping in mind that n €
C([0,T];V), we deduce from the expression (3.11) that f, € C([0,T];V). We
note that (2.15) shows that condition (3.6) is satisfied. Hence the Lemma 3.2 is a
concequence of Theorem 3.1 . (]

In the next step we use the solution u, € C'([0,T],V) of the problem ?717,
obtained in Lemma 3.2, to construct the following variational problem for the
electrical potential.

Problem 2.
Find an electrical potential ¢, : [0,7] — W such that

(C(en®), w = (Eun(®), Ow + (hun (1), 04 (£)), Qw = (a(t). Qw5 1)
V(e W, tel0,T). '

For the well-posedness of problem TP% we have

Lemma 3.3. There exists a unique solution @, € WHP(0,T; W) which satisfies
(3.12).

Moreover, if @y, and @,, are the solutions of (3.12) corresponding to m, 12 €
C([0,T); V) then, there exists ¢ > 0, such that

[P () = e (D)l < Jug, (8) = up, (D), VE€[0,T]. (3.13)

Before giving the proof of the theorem, note that the regularity of the solution
of the electrical problem was given in [2,7] under a small condition (M, < =& ),
0

we will see through our proof that this small condition is omitted

Proof:
Let ¢ € [0,T], the problem TP% can be written in the following operaror form.
Find ¢, : [0,T] — W such that for V ¢ € [0, 7]

Gn (t)% (t> = {n (t)v

where €, (t) : W — W is a nonlinear operator given by the Riesz representation
theorem

(eﬂ(t)(p’g)w = (C((P);C)W + (h(uﬂ(t)a(p)aC)Wa (314)
(qﬂ(t)’ C)W = (E(u’fl(t))a C)W + (q(t)’ C)W’ (315)

for all p,( € W. Let ¢1,¢2 € W, then the assumptions on the coercivity of the
operator C' ((2.10)(c)), the positivity of the fonction ¢ (see (2.11)) and on the
monotonicity of the function ¢, defined by (2.6) imply that

(€)1 — Cp(t)p2, 1 — w2)w (3.16)
> me lo1 — o2l + / Dt (t) — 9) (b1 — 00) — D102 — 90)) (91 — 2) da

>me [p1 — <,02|%/V . (3.17)
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Using (2.10)(b), the bound |¢)(u; — g)| < My, the Lipshitz continuity of ¢, given
by (2.6) and the Sobolev trace theorem (2.1) we have

(en(t)wl - en(t)@% QOw

< Mclor — ool [Cly +M¢/ o1 — ] [C]da VC € W,
N

C

< (Mc + chg) lp1 — 2l [Cly
this implies that,
Ca (D)1 — Cy(B)ly < (Mo + Mycp) [p1 — @2lyy - (3.18)

This shows that the operator C,(t) is a strongly monotone Lipschitz continuous
operator on W and therefore, there exists a unique element ¢, (t) € W solution of

Cy () (t) = q(2).

The definition of the operator (3.14) means that ¢,(t) € W is the unique
solution of the nonlinear variational equation (3.12).

We show next that ¢, € WhP(0,T;W). Let t1,t2 € [0,7] and, for the sake
of simplicity, we write ¢, (t;) = @i, Un(ti) = i, qn(t;) = ¢, for i = 1,2. Using
(2.10)(a) and (2.9), we find

me |p1 — o2l +/F Y(ur — g)or(p1 — @o) — Y(uz — g)or(p2 — ¢o) (w1 — p2) da

<cplur —ualy o1 — w2l + a1 — @2l [01 — @2l - (3.19)

Adding and subtracting the same quantity ch P(u1r — g)or (w2 — ¢o) (p1 — ©2)
in the left side of the inequality (3.19) we get

me |e1 — g2l + g Y(ur — g)(dL(p1 — o) — dL(p2 — o)) (p1 — ¢2) da

+/ (P(ur — g) — Y(ug — g))dr(P2 — o) (w1 — 2) da
I'c

< g |ur —uzly lp1 — w2l + |l — g2l [01 — w2l

this yeilds to

2
me o1 — pally + / W(ur — 9) (o1 — vo) — brle2 — w0)) (91— w2) da
I'c
< cplur —usly [p1 — @2l + a1 — @2l [ — @2l

+ / (ur — g) — D(uz — g)brle — wo)l o1 — 2 da,

the positivity of ¢ and the monotonicity ¢, leads to

Y(ur — g)(dL(p1 — o) — dL(p2 — o)) (91 —p2) >0, (3.20)
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We use now the Lipshitz continuity of 1, the bound |¢r(p1 — ¢o)| < L, and
inequalities (2.2) and (2.1) to obtain

2
mc |501 - 902|W
< [(eg + LyLeoco) |ur — ualy + g1 — q2lyy | o1 — @2l - (3:21)
It follows from inequality (3.21) that

(CE + Lw LCogo)

|1 _<P2|W < mo

1
lur — uzly, + — g1 — @2lyy (3.22)
mc

since u,, € C*([0,T];H), and ¢ € WHP(0,T; W) (2.14), inequality (3.22) implies
that ¢, € WhP(0,T;W).

For all t € [0,T1, let n1,m2 € C([0,T];V) and let @, = @i, uy, = u;, i = 1,2.
We use (3.19) and the same arguments used in the proof of (3.21) we obtain

1 -
le1(t) — w2ty < m_B(CE + Ly Lcoco) |ur — uzly, .

This leads to (3.13), and this achieved the proof. O
We now consider the operator A : C([0,T]; V) — C([0,T]; V) defined by
An(t) = E*¢y(t) Ve C([0,T];V), t €[0,T]. (3.23)

For n € C([0,T]; V), ¢y is the solution of the problem P7, by definition of E*
and the regularity of ¢, ( ¢, € W2(0,T,W)) we have that E*gan € C([0,T]; V).
The operator A is then well defined. We show now that A has a unique fixed point.

Lemma 3.4. There exists a unique 7j € C([0,T); V) such that Aij = 7.
Proof: Let 01, 2 € C([0,7];V) and denote by u; and ¢; the functions u,, and

¢, obtained in Lemmas 3.2 and 3.3, for ¢ = 1,2. Let ¢t € [0, 7], using (3.23) and
(2.9) we obtain

(A (t) = Anz(8)]y, < ¢ lpr(E) = p2(t)ly
keeping in mind (3.13), we find

(A (8) = Ana(®)y < e ur(8) = us(B)] (3.24)
On the other hand (3.10) yields
jin(t) = da(t)]y < e [m() = m(b)ly + () = ua(s)]y ).

Since u; € C(0,T,V), thus

W@M+Am@w,
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then
lur(t) —ua(t)]y, < /0 |1 (s) — 12(s)]y, ds, (3.25)
and

i1 (8) = a2 ()l < e Im(t) = ma(®)]y + / [ia(s) = 2(s)] - ds).

It follows now from a Gronwall’s type lemma [3], that

/ [t (s) — 12(s)]y, ds < c/ In1(s) —n2(s)|y, ds. (3.26)
0 0

Combining (3.24)—(3.26), we deduce

A (£) — A ()] < e / 7 (s) — 7 (s)]y ds.

Reiterating this inequality n times implies that the operator A = AoAo---0A
—_—

n times
satisfies

n n cn
[A"m(t) — A 772(t)|c( o1v) S i (t) — 772(t)|c( 0,T);V) *
0, T1EV) = ) [0,7;V)

This inequality shows that for a sufficiently large n the operator A™ is a contraction
on the Banach space C([0,T]; V) and therefore, there exists a unique element 77 €
C(]0,T]; V) such that A7 = 7.

When we replace i by 77 the unique solution of the equation An = 7 in problems
P,,P; and taking into account that A7l = E*gj, then the couple (uy,¢5) becomes

the unique solution of the respective problems CP% and TP%, therefore (ug, p5) is the
unique solution of the problem Py,. The regularity (2.16) follows from Lemmas 3.2
and 3.3. The proof of the Theorem 2.1 is now complete. O

4. Application

We choose a model of the frictional contact of an electro-viscoelastic material
with deformable and conductive foundation which descibed by the problem P :

Problem P Find a displacement field w :  x [0, 7] — R?, an electric potential
©: Q2 x[0,T] = R, an electric displacement field, such that

o =Ae(t) + Ge(u) + Ve in Q x (0,T), (4.1)
D = Ee(u) — Vo in x(0,7), (4.2)
Dive+f, =0 inQx(0,7), (4.3)
divD—qy=0 inQxx(0,T), (4.4)

w =0, onTyx(0,T), (4.5)
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ov =Ff, onTyx(0,T), (4.6)
o,=—p(u,—g),onT3x(0,7T), (4.7)
||U’FH < /Lp,,—(’u,,/ - g)v on F3 X (OaT)a

lo-| < ppr(u, — g) = a, =0, (4.8)
o] = ppr(u, — g) = IX > 0 such that o, = =,

©=0 onTlyx(0,T), (4.9)

Dv=gq, onlyx(0,T), (4.10)
D-v = kip (u, — g) dr (¢ — po) on T3 x (0,T), (4.11)
u(0) = ug, in Q. (4.12)

First, Equations. (4.1) and (4.2) represent the nonlinear electro-viscoelastic
constitutive law in which o = (0;;) is the stress tensor, A and G are the viscosity
and elasticity operators, whereas e(u) = (e;;(u)) denotes the linearized strain
tensor, respectively, & = (e;;x) is the third-order piezoelectric tensor, £* is its
transpose, v = (7;;) denotes the electric permittivity tensor and D is the electric
displacement vector.

The equations (4.3) and (4.4) are the equilibrium equations, in equation (4.3)
we suppose the process is quasistatic. Here the conditions (4.5) and (4.6) are
the displacement and traction boundary conditions, respectively conditions (4.7)
and (4.8), represent frictionl contact condition on I's described by the normal
compliance function p; such that p (r) = 0 when r < 0, g is the initial gap and the
condition, uw, — g > 0 represents the penetration of body in the foundation.The
friction bound pp;,(u, — ¢) is the maximum value of the modulus of the tangential
tensor. Conditions (4.7) and (4.8) were used in several studies as in [6,19]. The
expressions (4.9) and (3.8) are boundary conditions on electric potential ¢ and
displacement field D on I', and I',. On part of the boundary I's, and during
the process of contact the normal of electric displacement field is assumed to be
proportional to the difference between the potential of foundation ¢y and the body’s
surface potential, given by condition (4.11). Finally, (4.12) is the initial condition
on displacement.

Next denote by S? the space of second order of symmetric tensors on R? (d = 1,2, 3)
and by () and |-| respectively the scalar product and the Euclidean norm in S¢
(resp in RY).

UV = Uv; |u| = (uu)% Vu,v € R i

O.T = 04Tij || = (T.T)% Vo, reS%i=1,---dj=1,---d.

Here and bellow the indices i, j run between 1 and d and the summation convention
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over repeated indices is adopted. Let Q C R?, we shall use the notation

{w=(u) | w € L2(Q)} = (L3(Q)",
€H | divD € LQ(Q)}
E |owfoﬂeL<ﬂ>},
(u;) | e(u) € H},
69’(|DWU€H}

T =R
[

with € : H — H and Div : H{ — H are respectively operators of deformation and
divergence defined by :

e (u) = (gij (u)),&ij (u) =

5 (uij + Uji) and Divo = (Uij,j) ,
The tensors &€ = (e;x) and its transpose & = (ey;;) satisfy the equality
o - v = 0o-E*v, where the index that follows a comma indicates a partial deriva-

tive with respect to the corresponding component of the independent variable. The

space H, 3, H' and H* are Hilbert spaces endowed with the inner products given
by

)
.
=

I
N
<.
B
<
IS
8

0) g+ (e (u), € (v)g
. T)gc + (Dive, Divt) ;.

For every vector v€ Hy, we use the notation v for the trace of v on I' and we
denote by v, and v, the normal and tangential components of v on I', given by
v, =v-v and v, =v—v,v. For regular stress field o (say C!), the application of
its trace to v is the Cauchy stress vector ov. We define the normal and tangential

components of o by o, = (ov)-v and o, =ov — o,v, and recall that the Green’s
formula holds

(0, (v))g + (Dive,v),; = /Fau ‘v, Yv e H. (4.13)

Let set now
={veH |v=0inT1}, W={(cH" |£=0,inT,},
for u, v € V we have (u,v),, = (e(u),e(v))g, and for p,& € W, (¢,&)y, =

(Vp,VE)y, and we have |u|, = (u,u)%//2 , lely = (e, 90)%2. We give now the
assumptions on the datas of the problem .The viscosity operator A and the elasticity
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one G satisfy the conditions

a) A: QxS — 8

b) there exists L4 > 0 such that

|.A (w,El) —A ($,€2)| < Ly |€1 — €2| V€1,€2 (S Sd,, a.e. * € Q,
¢) there exists my4 > 0 such that

(A(z,e1) — A(x,€2)) - (€1 — £2) > mua|e1 — 2],

Vei,e0 €S% ae. x €9,

d) the mapping — A (x, &) is Lebesgue measurable on (2,

e) the mapping @ — A (x,0) belongs to H.

a) G: O xSIxR— S

b) there exists Lg > 0 such that

|G (z,e1) — G (x,€2)| < Lg le1 — &2,

Vei,e0 € S%, ae. & € Q, such that

c) the mapping  — G (x,€) is Lebesgue measurable on ), Ve € S,
d) the mapping « — G («,0,0) belongs to H.

(4.14)

(4.15)
The permeability tensor 7 satisfy

a) £: QxS RY,
b) & (IB,C) = (eijk(:c)cjk), V¢ = (CU) €S%ae xe Q, (416)
C) €ijk = €ikj € L (Q)

a) v:Q xR RY

b) v (z,E) = (vij(x)E;), VE=(E;) € Rlae. x€Q,

¢) Yik = vji € L= (Q), (4.17)

d) there exists m., > 0 such that v;;(x)E;E; > m,, |E|?,

VE = (E;) € Rlae. x € Q.

We also assume that the normal compliance function p satisfies

a)p: g xR — Ry,

b) there exists L, > such that |p(x,m) — p(e,r2)| < Ly |r1 —ref,

Vri,ro € R, a.e. x €T, (4.18)
¢) the mapping « — p(x,r) is Lebesgue mesurable in I's, Vr € R,

d)r <0, p(x,r)=0,ae xecls.

As example of normal compliance functions which satisfy (4.18), we may consider
p(x,r) = cry, where ¢ > 0 and r; = max{0,r}. This condition (4.18) means
that the reaction of the obstacle is proportional to the penetration (u,) 4 The gap
function g satisfies the initial potential ¢q, the friction coefficient the volume of
forces f, and f, and the charges densities q,, g, satisfy

g € L*(T3),g>0ae onTs, o< L*T3), (4.19)
po € L¥([I3),p=0ae onls, |pufper,) < po, (4.20)
fo € L? (o,T;L2 (Q)d)  fye L? (o,T;L2 (rg)d), (4.21)
@ € W' (0,T;L%(Q),q € WP (0,T;L* (Iy)) . (4.22)
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By means of a Riesz representation theorem and the assumptions on the problem’s
data, let define the mappings

(f@), )y v =(Folt),v) g+ (F2(0); V) p2ryya, Vv EV, ae t€(0,T), (4.23)
(q(t)7§>W = (QO(t)ag)LZ(Q) - (qb(t)ag)L%Fb) ) V& S W? te (OvT)5 (424)

Jj(u,v) :/ p(uy, — g)v, da —|—/ up(uy, — g) ||[v+]| da, Vu,w €V, (4.25)
s I
(h‘(ua(p)’é—): 1" 1/’(“1/_9)¢L (QD_QDO)gda,VUEV, VE#PEVV’

The variational formulation of the problem P is given by

t
) ))ac + 3 (uld), ( (t), (t) (4.26)
Jvi v YU € VW € [0 T],

(YVe(t), V&) 3 — (Ee(u(t), V)¢ + (h (u(t), ¢(1)) , )y (4.27)
= (q(t), &)y V€ € W, Vit € [0, T, (4.28)
u(0) = uo. (4.29)

Note on one hand that the continuous imbeddings V- C H C V' resp (W C H C
W') and the Riesz representation theorem allow us to define the operators A, B :
V-V,C:W-—->W,E*:W —W and FE : V — W such that

(Ae (e (t)), e(v)ge = (Au(t), ) (S(e(u(t)), e(v))g = (Bu(t),v)v,  (4.30)
(E"Vp(t),e(v))g = (E"p(t),v)y,  (YV@(t), V)4 = (Cop(t), &)y, (4.31)
(Ee(u(t),VE)y = (E(p( ):E)w, forallveV, (e W, (4.32)

and on the other hand by assumptions (4.18), (4.20) and the Sobolev’s trace theo-
rem (2.2), the functional j given by (4.25) is convex, l.s.c. and satisfies

J(u1,v2) — j(ug,v1) + j(ug, v1) — j(ua, v2) (4.33)
<mlup —us||vy — 2|y, Yui,v; €V, i =1,2,

where m = ¢poL,. In addition to the assumptions data of the problem P, we
deduce that all the assumptions of Theorem 2.1 hold, hence we conclude that there
exists a unique weak solution of the problem P satisfing (4.26)-(4.29) with the
regularity (u, p) € W2P(0,T;V) x WHP(0,T; W).

5. Conclusion

We studied a class of abstract evolutionary variational problema modelling a
the quasistatic process of frictional contact between a deformable body made of an
electro-viscoelastic material, and a conductive deformable foundation. An example
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of a contact modeled with the normal compliance condition and the associated
Coulomb’s law of dry friction.

Our interest is to show that the abstract problem with a regularised electric
boundary conditions has a unique weak solution. The existence of the unique weak
solution for the problem was established by using arguments from the theory of evo-
lutionary variational inequalities involving nonlinear strongly monotone Lipschitz
continuous operators, and a fixed-point theorem. The novelly in this work is that
we established the result of existence of solution without a smallness assumption
given in [2,7], from now on, this will not represents a physical obstacle to study a
contact problems with a deformable and conductive foundation, under the electric
boundary condition (4.11) which combining the penetration of the body and it’s
potential drop.
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