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Boundary Behaviour of Holomorphic Functions on the Cardioid
Domain with some Applications
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ABSTRACT: The objective of this research paper is to show how the Brennan’s
conjecture becomes a useful tool to construct a holomorphic function on the cardioid
domain €, where ¢/(0) = 0, for 0 < p= -2 < 1, n € N and another belongs to

n2
2nmw—0

Hardy space H™ n7 (D), n € N, on the boundary of unit disk. Moreover, we have

addressed some applications on the existance of cusp on the boundary of arising from

integrability of conformal maps through one of the polar functions in the general

solution of Laplace equation.
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1. Introduction

Let ¢ be a conformal mapping defined on the unit disk D onto non-empty open
subset of C(simply connected domain ). It is obvious and known that we may
suppose condition in order to constract a conformal map ¢, but sometime we have
to be aware when the boundary 09 of Q is deformated (irregular) with expecting
to have rough behaviour even if ¢ can be extended continously to 0D.

The radial limit is a good tool to study of the function behaviour on the bound-
ary of given domain that is why P. L. Duren [6] shown that the radial limit in
Hardy spaces theory

lim ¢(re’?) = p(e?).
r—1

of any function ¢ € S ! exists finitely almost everywhere in 6. G. Piranian A. J.
Lohwater and W. Rudin [8], proved that the radial limit of a meromorphic function
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and bounded in D exists and is finite, for almost all points on JD, but the radial
limit of the derivative of a meromorphic function and bounded in D fails to exist
and be finite.

On the other hand, the conformal image of a ( measurable) subset A has the
area

area o(4) = [ [ 16/(2) Pz

so, it is natural to address also the integral means of |¢/|P along circles |z| = r,
where ¢ is the conformal mapping and p is a real parameter to obtain measure of
the overall size of |¢|, as follows:

1
o

L(r &) /| _WErw <<, (L1)

where df is the angular measure @.
i0

The growth of the integral means of the derivative ¢'(re®), where z = re®, is
related with Hardy spaces in case ¢(z) is an holomorphic function in the unit disc
{z =re? : |z| < 1}, univalent or not.

Now, it has become necessary to address Brennan’s conjecture in our work which
is formulated as an estimate for conformal maps ¢ : Q — D,

//Q|1p’|pdxdy < 0. (1.2)

for % < p < 4. Changing the variables will offer us the possibility to write (1.2) in

terms of ™1 = ¢ :
// || Pdady < oo. (1.3)
D

Brennan [2], introduces an interesting result about increasing of upper bound to
3+ 7 by using a harmonic measure argument of Carleson. Pommerenke [13] shows
that (1.3) holds for 2 < p < 3.399. In this aspect, we refer to read [12],[4], [5] .

Our work, is in part an elaboration of P. Hajlasz’s idea,when he constructed a
bounded domain 2 C R? with the cone property and proved that u(z) = J(z~1/2 4
1) is a harmonic function in Q and belong to WyP(Q) forall 1 < p < 2, and shown
that the Dirichlet problem for the Laplace equation cannot be in general solved
with the boundary data in WH?(Q), for all p < 4.

Therefore, we consider Laplace’s equation with Dirichlet conditions to exist of
cusp on the boundary of cardioid domain arising from integrability of conformal
maps through one of the polar functions in the general solution of Laplace equation.
Moreover, we proved that there is an holomorphic function defined on the boundary
of cardioid domain when ¢'(0) = 0, for 0 < p = # <1, n € N and another belongs

to Hardy space H 55" (D), n € N, on the boundary of unit disk, which is largely
related to some results obtained by D. Khavinson [3,7].

In this stage, we must refer reference [17], [18],and [10],[11], which cover basic
concept about this topic.
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2. Main Results on the Existence of a cusp on the boundary of
cardioid domain

Here are some specific concepts and techniques would be uesful in the following:

Definition 2.1. [1], /9] Let @ C R™ be a simply connected domain. Fizx point z =0
in Q and let 9Q be the boundary of Q, let v in Q be defined as a simple Jordan arc
which divides ) into two subdomains.

Let K = (V) , @ sequence of v, in the given domain Q, be called a chain, if
it satisfies all the following conditions :

i) The diameter of vy, tends to zero as n — oo.
it) for each n the intersection v, N yp+1 is empty.

iit) any path connecting z = 0 in Q with arc ~y, for all n > 1 intersects with arc
Tn—1-

Moreover, any two chains K = (v,) and K' = (v,)) in Q are equivalent if the arc
Yn separates the point z = 0 from all arcs v, except for a finite number of them.
An equivalence class of chains in € is called a prime end.

Remark 2.2. [1/] Let ¢ map unit disk D conformally onto simply connected do-
main Q C C with locally connected boundary 0. Let ¢ = ¢ € OD. Then 0Q has
a corner of opening Ta(0 < a < 2) at ¢(¢) # oo if

arglp(e™) — ¢(e?)] - {” ast = O, (2.1)

y+7ma ast— 0_.

Hence, if ¢ maps the unit disk onto the domain €2, this will induce a one-to-one
mapping between the points on the unit circle and the prime ends of Q). That is,
there may exist another point ¢! € D with ¢(¢') = ¢(() where there may be a
corner of opening wo! or mone at all. Also, if « = 1 then we obtain a tangent of
direction angle v. If o = 0, then we will obtain an outward-pointing cusp, and if
a = 2, we will get an inward-pointing cusp.

Theorem 2.3. [1/]
Let ¢ maps D conformally onto the bounded domain Q@ C C. Then the following
four conditions are equivalent:

i) ¢ has a continuous extension to D;
ii) O is a curve, that is 90={¢(C) : ¢ € ID};
i) O is locally connected;

iv) C\Q is locally connected.
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2.1. The main result reads as follows:

Consider the two-dimentional Laplace equation in polar coordinates (r, 6)
1 1
Urr + _Ur + _2U00 = 05 (22)
r r
in the circular sector {(r,0): 0 <0 <a, 0 <7 <a} =K.

Let us start with the general solution of the Laplace equation under polar co-
ordinates (r,6) [15] as follows:

U(r,0) = AyrvVFcos /i + AarVF sin /i + Azr~VFcos\ /b + Agr™ V¥ sin /6 .

T1 T2 T3 T4
(2.3)

Choose u(r,0) = r~VFsin /110, a harmonic function on (2, such that
u(r,0) = r~VFsin /uf — 1 (2.4)

to be zero on the boundary of €2, where r» = (sin \/ﬁﬁ)ﬁ, then the integrability
[ Jo IVulPdzdy depends on the local behaviour at a point e € 9€) as follows:

ou 10u
vu = (e + (50
\Vul? = pr?CVE—Dsin?, /1 4 pur?CViE—Y cos?, /b,
|VulP = M%T(—\/ﬁ—l)p_

Then,
/ [Vu|Pdedy = // p? rCVESDPHLgrdg (2.5)
Q Q
z /mr de[ r(=vE=Dp+2 ¢ (26)
= 2 . .

such that (—/t—1)p+2>0=p< ﬁ

Hence,

2
NS

It is clear that all the values of p depend on p, which in turn depend on the
condition

// |[Vu|Pdzdy < oo for p < (2.7)
Q

1

r = ¢(0) = (sin/ub) Ve, (2.8)

such that if 0 < § <7 then ¢(f) = 0 when 0 = \/Lﬁ
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Calculate the tangent vector for the function r = ¢(f) in equation (2.8), by
using the formula below:
dy _ $(0)cosf +sin ¢’ (0)
dr  —¢(0)sind + cos ¢/ (0)

such that when 6 = f this implies that ¢(0 = f) =0
Hence we will get

dy _ sinf¢’(0) T

= = =tanf at 6 = —.

dz ~cosOg(0) TR
Suppose, tanf = 0 at 6 = %, then % =0,m,2m,... =nw ,n € N, and it gives
that

1
p= n € N. (2.9)

Consequently, we deduce that

n € N.

// |[Vu|Pdzdy < oo for p < , where p =
Q

n2’

2
Vit 1
Hence, we can classify this result, depending on n as follows:-

i) In case, n = 2 then [Vu| € L,(Q) for all p < 3 and u(r,d) vanishes on 0
except the discontinuity point z = 0.

ii) In case, n > 3 then |Vu| € L,(Q) for all p < f+1’ and u vanishes on 02

except some inward cusps at the neighborhoods of z = 0.

iii) According to the above, the harmonic function u = r~VFsin \/_ f—1in Q,
belongs to WP(Q) for all p < ﬁ, where = -5, n € N, that is, u = 0 on

o0 for r = (sin \//79)% and we deduce that when we approach the vertex of
the cusp z = 0 along the boundary of 2 we will have zero limit, whereas if
we properly approach the vertex of the cusp z = 0 from the interior of 2 we
will have

nza

limwu=r1r" fsm\/_t?flffoo

z—0

For this we can say that u = 0 on the boundary of a given domain except at
discontinuity point z = 0.

Likewise, it can be carried out along the same lines for another harmonic func-
tion in the general solution of Laplace equation which is:

u(r,0) = r~V¥cos \/ub — 1, where r = (cos \/ﬁﬁ)ﬁ, and p is an eigenvalue.
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In order to derive more information about the existence of inward-pointing cusp
on the boundary of  at the point z = 0 and its neighborhoods, see figure (2.1)
and table (1) below.
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Figure 1:
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Table 1: Self intersection points for the polar function r = ¢(6) = (sin \/ﬁe)\%ﬁ

n p=-5 r=(sin/u e 1,02 inward-pointing cusp
) i 0 01,0 d
at the neighborhood of z = (r,0) =0
3 3 sin®Z (3.%) (0.125,%)
(0.125,2% )
4 = sin*g (m,3m) (0.2500,7)
(0.2500,37)
5 o= sin® ¢ (3,5 (0.0028,%)
(5. %) (0.0028,5F)
6 " sin®2 (27 ,47) (0.0156,7)
(m, 5m) (0.0156,57)
T A sin"¢ (%, 9?”) (0.4819,592—”
(3, 5F) (0.4819,5F
(5, 55)
20 2

At this stage, we consider n ¢ N for example, then

2 1
Yul? - W [
//Q| u dxdyyfooforp<\/ﬁ+17 here p n?’

However there is no inward-pointing cusp on the boundary of €2, that is, we have
outward-pointing cusp on the boundary of 2.
For instance, let n = /2 ¢ N, then u = % = = %, such that

=1 0
u(r,0) = (rﬁ sinﬁ) —1,0<6<+V2n.

and u = 0 on 02 where r = ¢(6) = (sin \%)‘/5
Calculating the tangent vector for the function r = ¢(0) as follows:

dy  ¢(0)cosf +sin ¢’ (0)

dr  —¢(0)sind + cos ¢/ (0)
such that in case, § = 0 = ¢(6 = 0) = 0, which implies to

dy sinf¢'(0)
dr  cosf¢'(6) tan
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and % =0, however in case 6 = Vor = f(o= \/§7r) =0, then

d
Y tan(v2r) = 3.6202
dz

is a straight-line equation
y = 3.6202 z + ¢, c is a constant.

Some figures in (2) which plotted in Matlab program help to locate more infor-
mation about the existence of outward-pointing cusp on the boundary of €2 at the

L

point z = 0 and its neighborhoods for the function r = ¢(0) = (sin/uf) V7.
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xxxxxx

(e) Figure for r = (sin 0/\/7)\/7

Figure 2: Existence of outward cusp on the boundary Q where r = (sm\/ﬁO)\/Lﬁ

3. Generating an holomorphic function on cardioid domain, unit disk

In this part in our work we are so keen to show how can be generated a holo-
morphic function on the cardioid domain 2 by a harmonic function defined on €2,
and vanishes on the boundary of €2, and another on the unit disk by holomorphic
function belongs to Smirnov domain (cardioid type), which is settled in Theorems
3.1 and 3.4.

Theorem 3.1. Letu(r,0) = (r=V#cos /) —1 be a harmonic function on cardioid
domain Q0 and u(r,0) =0 on OQ where r = (cos \//79)%, where 1 is an eigenvalue.

Then the polar function r = (cos \/ﬁe)ﬁ generates holomorphic function on Q for
all0 < n<1.

Proof. Let

2= () = 1+ Q)" (3.1)

be a conformal mapping defined on the simply conneected domain {2 onto unit
disk {¢ : |¢| < 1}cf. [16] To derive polar function we shall define ¢ = e'® on the
boundary of the unit circle such that

z=9(¢) = (14 €)™ = ¢(1 + cosa + isina)™. (3.2)

0

Since z = 7€ is a point on the curve C in the interior of Q then equation (3.2)
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becomes
z=c(l+cosa+isina)"
. n
re’? = ¢ [2 cos? & + 27 sin ad cos g}
2 2 2

n
=c [2(‘,osg(cosg +ising)}

2 2 2
re'? = ¢ [2" cos" %} et
2
Therefore 6§ = %+ and
r=c [2 cos %} . (3.3)

Substituting o = 271—9 into equation (3.3) we obtain

n
r=cy [COS 5] where ¢; = 2"¢ is a constant. (3.4)

This polar function will generate a cardioid domain when n = 2. Apply Fouier
expanson to the function

0
F(0) = cos? =, (~L <9 < L) where L = —-. (3.5)
n
We obtain that
1 > ko
f(@) = 5(10 + 2 akCOST.

cardioid domain produced by r=(costi2)’

-03
-04
-04

02 0 02 04 06 08 1 12
x-axis

Figure 3: Cardioid domain, r = [cos 2]2.

We know that f(#) being even implies by, = 0. Substituting equation (3.5) and

L = 2 into a-Formula, aj, = %fOL f(@)cos%d@, we obtain

4 [ 0 2k0
ay = " cos? Leos 22 46, (3.6)
nr Jo n n
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Assuming % = 61 in equation (3.6), for convenince, gives

4 2
ap = —/ cos*™0; cos(2k6, )do. (3.7)

™ Jo

Now, we need to apply Cauchy’s formula which is related to Gmma function 2
Put p = 2n and g = 2k, to obtain

n T'(2n)
22 =2DP(14+n+kI(1+n—k)

for k=0,1,2,... (3.8)

ap —

Substituting equation (3.8) into the Fourier series expansion as follows

1 oo
f(0) = =ap + akcosk%e.

2
k=1
I'(2n) 2k6
2n —— -
8 a0+222” 2T(1+n+ k)T (1+nfk)cos n

0 nl'(2n) g 2k0
= = 2 - : 3.9
o8 T gt [H2F2 * Z Fl+n+kEI1+n—k) (3.9)
2n 6

We notice that cos?£ = r? by equation (3.4) and

n

o 2k0
2 n
l 2T2(n + Z 1+n+k (1+nk)]

Re

1 ezka
— +2
w22 © ; Tl +nt A tn_ k;)]

where a = %‘9. And hence, there exists function defined on the boundary of unit
disk 0D in (-plane, which is

_ al(2n) > gike
Q) = Sm= i 2F2 kz T(1+n+k)C(1+n—k) | (8.10)

such that e'® = cos(a) + isin(a) = n + i€ = (., that is

~ nI'(2n) - %
20 = 22n—1 n21"2 kz F(l+n+kDT(1+n—k) (3.11)

2 we refer to Cauchy’s formula which is related with Gammaa function

(14 p)2—r,~1
(14 3o+ 38T+ 30— 38)

/5 (cost)Pcos(Bt)dt =
0
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By equation (3.1) we obtain ¢ = (%)% —1.
Consequently, we deduce

¢(Z) = d)l(xvy) + Z¢2(zay)
= ¢(z) = 0(¥(C)) = ¢1(n,€) + id2(n,§) = B(C), where z = (()

such that,

~ nl(2n) 1 = (2)w —1
¢z) = 22n=1 | n212(p) 2 ; Frl+n+kI(1+n-k)

(3.12)

It is clear that ¢ is holomorphic function at z = 0 whose derivative exists and is
continuous at z = 0, such that ¢’(0) = 0 for 0 < n < 1. However on the other hand,
¢(z) is not holomorphic at z = 0 for 1 < n < 2, because ¢'(z) at z = 0 does not
exist. 0

Before moving on to a new theorem, we need just a little more background
about Smirnov classes and M.Keldysh, M. Lavrentyev Theorem.

Definition 3.2. (Smirnov classes) [6]

Any holomorphic function defined on € is said to be of class EP(2) for 0 < p < o0
if there exists a sequence of rectifiable Jordan curves vy1,7z,... in S, approaching
the boundary Q (in the sense of ) such that

|f(2)|P|dz| < const < .
Vi

Theorem 3.3. (M.Keldysh, M. Lavrentyev)
f(2) € EP(Q) if and only if F(w) = f(é(w))[¢' (w)]*/P € HP(D) for some confor-
mal mapping ¢(w) of the unit disk onto Q.

Theorem 3.4. Let ) be a domain bounded by a curve that is real holomorphic
except at the point zg where it has a corner with interior angle 0. If nm < 0 <
(n+ )7, n € N, then for allp > 2 — %, n € N every f(z) € EP(Q)), generates
an holomorphic function on unit disk D does not have poles on 0D = T such that
H*="(D) C EP(Q).
Proof. Consider a simply connected domain 2 C C, bounded by a Jordan rectifiable
curve 7, let ¢p(w) = (1 —w)? : D — Q be a conformal mapping of the unit disk D
onto  ( cardioid type). Assume that there is a function F(w) = zi;—jﬁ which maps
unit disk onto the upper- half plane H .

So, there is a function f(¢(w)) = F(¢~1(z)) which maps Q( cardioid type) onto
upper- half plane H*, where ¢~ (z) = w.

Given nm < 0 < (n+ 1), that is, 1 < 2 <1+ L where n € N.

We will start to show that in such € there exists a function f(z) € EP() with
real boundary values for some values of p.
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For this purpose, consider F'(w) = z%jr—;'j :D — H* and acording to M. Keldysh,
M. Lavrentyev Theorem 3.3 and ( cf. [14], Theorem 3.9 pp.52 ), we obtain

= F(w) [(1 - w) 75 3 g(w)|; since f(g(w)) = F(w).

(1 —w)

1
=i———g(w)>.
(14 w) 9(w)
So, f(¢(w))[¢' (w)]7 € HP(D) for 1 < p < 1+% since p(1+-L—1) = p+.&—1> 1,
which follows from the fact that, % < p+ % —-1< %+ %, and in addition; % >1

impliespEani;, n € N.

Hence, there exists a function such f(z) € EP(Q2), for p > 2 — L.
Here, we shall apply Theorem 3.3 and ([14],Theorem 3.9, pp.52) once again
to prove that, there exists an holomorphic function with pole at w = 1 of order

greater than 1 on dD = T as follows:

2]

FO) @] 775 = fow)) [(1 - )& g(w)]
= f(6(w)) [(1 = w)F7 g(w) 7557 | € B (D).

nm
2nmT—60

(3.13)

(3.14)
Let
Glw) = f($(w))[¢/ (w)] 7+,
= Gw) = f((w))(1 — w)' = F=7 g(w) e (3.15)
such that
o G o) - w) € B (D)
g(w) ===
Set,

g(w)z==o
The last equation can be written as follows:

G (w)(1 —w) = f(p(w))(1 —w)(1 — ).
= G (w)(1 - @) = f(¢(w))[1 —wl*.
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Set again,
K(w) = G*(w)(1 - m)
such that
K(w) = f(p(w))[1 —wf? € H" (D), neN. (3.16)

As we obtained f(z) € EP(Q), for p > 2 — %, it can be set,

f(z) = u(z,y) +iv(z,y).

Now, we need to rewrite equation (3.16) as follows:

(1 —qw)(w — ag), where ay € D =T & s € D.
(3.17)

Hence, =% € R on dD =T.

1—w
Let us assume w = x + iy, oy = a+ b and (1 —aqw)(w — ag) = t, where t € R,
since it gives real values. Then

K(w) = f(¢(w)) T (1 —a7w)(w - az)

=t [u(z,y) + iv(z,y)] (x—a)+ily—b)

(I-=)—iy
_ : (z—a)(d—2) —yly = b +illy —b)(1 —z) +y(z — a)]
=t [U(ZE7 y) + Z’U(l’, y)] (1 _ $)2 + y2 )
Since 4=¢1 is a real value on 0D = T when a = 1,b = 0, then a; = 1, so that

K(w) =t [u(z,y) + iv(e, )| 2 = tf(o(w)), (3.18)

1—w

that is, K (w) does not have poles on 9D = T.
Hence, by equations (3.16), (3.18) we obtain that, H %= (D) C EP(S). O
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