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Properties of a Certain Class of Multivalent Functions

Mohamed K. Aouf, Adela O. Mostafa and Teodor Bulboaca

ABSTRACT: The object of this paper is to derive some properties for certain class of multivalent functions.
Also we obtain some properties of an integral operator for functions in this class.
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1. Introduction

Denote by A,(n), with p, n € N:= {1,2,...}, the class of multivalent analytic functions in the open
unit disk U := {z € C: |z] < 1} of the form

fz)=2"+ Z apz®, 2 € U.
k=p+n

ForO<a<p-—g¢ p€eN,qeNy:=NU{0}, and p > ¢, we say that the function f € A,(n) is in the
class S; ,(n, «) if it satisfies the inequality

(144q)
Re u >a, z€U.

Fz)

Also, the function f € A,(n) is in the class K, 4(n, o) if it satisfies

P f(2+q) (2)

Re <1 + 7]‘(“‘1)(,2)

> >a, z€ U.

We note that S;  (1,a) =: S;  (a) and K 4(1,a) =: K, 4(«) were studied by Aouf in [1,2,3]. Also,
the classes S o(n,a) =: S*(p,n, ) and K, o(n, ) =: K(p,n,a) are the classes of p-valent starlike and
convez functions of order «, respectively, with 0 < o < p, which were introduced and studied by Owa in
[10].

For two functions f and g, analytic in U, the function f is said to be subordinated to g, written
f(2) < g(z), if there exists a Schwarz function w, i.e. w is analytic in U, with w(0) = 0 and |w(2)| < 1,
z € U, such that f(z) = g(w(z)), z € U. Furthermore, if ¢ is univalent in U, then (see [4] and [7]).

f(z) < g(2) & f(0) = g(0) and f(U) C g(U).
Let B, 4(n, ) denote the class of functions f € A,(n) satisfying the subordination

19(2)

zP—a

< 0(p,q) +[0(p,q) — o] 2, (1.1)

2010 Mathematics Subject Classification: 30C45, 30C80.
Submitted October 10, 2018. Published April 19, 2019

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.44877

2 M. K. Aour, A. O. MOSTAFA AND T. BULBOACA

where §(p, q) = ﬁ, p>gq,and 0 < a < §(p, q). The subordination (1.1) is equivalent to
f(q)(z)
F _5(paQ) < 5(paQ) —Q, 2 € [Ua

and we note that B, o(n, @) =: Ap(n, a) (see Saitoh [17]).
For f € A,(n) we define the generalized Libera integral operator J. , by

n L c+ p—q c—1
T £ = L et

0
5(p,q)2P~9 + Z ek S(k,q)arz""1, 2 € U, (1.2)
c+k—
with
c+p—q>0.

We note that the operator J23} =: J., was introduced and studied by Saitoh in [18], and J27" =: J!',
was also studied by Saitoh [17].
In order to drive our results we have to recall the following lemmas.

Lemma 1.1. [5,6] Let w(z) = b,2" + by 12" 4 ... be analytic in U such that w(z) # 0. If zo = roe'?

(ro < 1) and ‘l’r‘l<aX |w(z)| = |w(z0)], then zow'(20) = kw(zo), where k >n > 1.
Z|STo

The following lemma is a special case of [8, Theorem 8]:

Lemma 1.2. Let f € A(p) := A,(1), and if there ezists a (p — k + 1)-valent starlike function g(z) =
PR b pa2PTRR2 L satisfying

2fP(2)

e 9(2)

>0, z €U,

then f is p-valent in U.

Lemma 1.3. [15, Theorem 2] If f € A satisfies the inequality

(&>fw >3 2€ U

Re

then f is univalent in U.

2. Properties of the class B, ,(n, «)

In the reminder of this paper we assume that 0 < o < d(p,q), 8,7 >0,p,n €N, ¢ € Ng and p > g.

Theorem 2.1. If f € A,(n) satisfies

f(q)(z) f(1+q)(z)

B T B+ =)l g)

<[0(p,q) —a][B+y(p—q+n)], z€T, (2.1)

then f € By q4(n, o).



PROPERTIES OF A CERTAIN CLASS OF MULTIVALENT FUNCTIONS 3

Proof. 1f is easy to check that the function fy(z) = 2P satisfies the inequality (2.1) and fo € B, 4(n, @).
For f € A,(n), with f(z) # 27, let define the function w by

f(q)(z)

zP—a

=4(p,q) + [0(p,q) — aJw(z), z € U. (2.2)
Then, w(z) = wpz™ + wyp12™ T + ... is analytic in U, with w(2) # 0, and differentiating (2.2) we have

749 (2)

St = = @)d(p.a) +[6(p,q) = ll(p — @)w(z) + 2 (2)], z € U. (2.3)

From (2.2) and (2.3) we obtain that

(@) (4 (+a)(,
5fz,,_(q) fzj:q_(l) —[B+vp—a)lop,q)

= (p. @) —al{[8 + 10— Qlw() + 720/ (2) }, 2 € L.

Suppose that there exists a point zgp € U such that IIIIETX | |w(z)] = |w(z0)| = 1. Then, applying Lemma
Z|S |20

1.1 we obtain that zow'(20) = mw(zo), with m > n > 1, and letting w(z) = €%, 6 € [0, 27), we have

@ (1+a)
’5‘f psio) T ,,_qEZlO) — B+~ —9)d(p,q)
25 28

= [0(p,q) — a]‘[ﬁ + (= q)le” +yme™| > [6(p,q) — (B +~(p — q) + )
=[0(p,q) — B +~(p—q+n)],

which contradicts the assumption (2.1). Therefore, |w(z)| < 1, z € U, that is

f(q)(z)

zP—a

- 5(paQ)‘ < 5(paQ) -, Z € [Ua

hence f € B, 4(n, @). O

Putting v =1 — 3, with 0 < 8 <1 in Theorem 2.1 we obtain:

Corollary 2.2. If f € A,(n) satisfies

s (m ~5.0)) + (1= 5) (u ~ina+D)|

2P—q Z2p—q—1
<[0(p,q) —o][B+ (1= B)(p—g+n), z€T,
for some B, 0 < 5 <1, then, f € B, 4(n,a).
For g = 0, Corollary 2.2 reduces to the following special case:

Example 2.3. If f € Ay(n) satisfies

FOFD ()

=t g+ 1) <[0(p.g) —al(p—gq+n), 2 €T,

then f € By 4(n, o).

Putting 8 = 1/2 in Corollary 2.2 or =+ > 0 in Theorem 2.1 we obtain the next result:
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Example 2.4. If f € A,(n) satisfies

f(q)(z) N f(1+q)(z)

2P—q 2p—q—1

—(p—q+1)0p,q)| <[0(p,q) —a](p—gqg+n+1), z€ T,

then, f € By q(n, ).
Considering =1 — (p — g+ mn)y > 0 in Theorem 2.1 we deduce the following implication:

Example 2.5. If f € Ay(n) satisfies

(a) (1+0)
[1—(p—q+n)] fz,,_(f) + szp_q_(f)

= (1 =ny)d(p,q)| <d(p,q) —, 2 €T,

1
for some v, with 0 <~ < P then f € By q4(n, o).

Remark 2.1. Puttingq=j—1, with1 <7 <p, n=1 and a =0 in Theorem 2.1 we obtain the result
of Patel and Mohanty [16, Theorem 3].

Corollary 2.6. If f € A(p) satisfies the condition (2.1) for n =1, then f is a p-valent function in U.

Proof. If f € A(p) satisfies the condition (2.1) for n = 1, from Theorem 2.1 it follows that f € B, 4(1, @),

that is W
Sz
p,(q) —0(p,q)| <d(p.g) —a, z€U. (2.4)
z
Therefore, we obtain that
(9)
ReZLPE) S0 s ew
zP*q+1

Since the function g(z) := zP~9"1 is (p — ¢ + 1)-valent starlike in U, in view of Lemma 1.2 the function
f is p-valent in U. O

Remark 2.2. If we take g = j — 1, with 2 < j < p, and o = 0 in Corollary 2.6 we obtain the result of

Patel and Mohanty [16, Corollary 5].

If we take = 8 =0 and v = n = 1 in Theorem 2.1, using from the above proof that the inequality
(2.4) implies that f is a p-valent function, we deduce the next result:

Corollary 2.7. If f € A(p) satisfies

FOa+9 ()
ﬁ—5(p,q+1)} <6é(p,q)lp—q+1), z€U,
z
then w
[ 7(z)
2P—q _5(paQ) < 5(p7 q)a KIS [Ua

that is f is a p-valent function in U.

Remark 2.3. Putting ¢ = p — 1, with p > 2, in Corollary 2.7 we obtain [16, Corollary 6] (see also [9,
Theorem 2]):

If f € A(p) satisfies
‘f(p)(z) —p!} <2(p), z €T,

then f is p-valent in U.
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Theorem 2.8. If f € A,(n) satisfies @ (2)f1+D(2) £ 0 for 0 < |z < 1, and
zf(1+‘1>(z) zf(2+‘1)(z) n
— — (p— —1+—=————=—(p— U
a ( o) P9 tman P9 <35 2El
for some a >0 and 5 > 0, then

(2.5)

Re

)\ Spg + 1)t

1 U 2.
<5(p, q)zp_q f(1+4) (Z) 67 z€ ( 6)
Proof. If is easy to check that the function fo(z) = 2P satisfies the inequalities (2.5) and (2.6). For
f e Apy(n), with f(2) # 2P, let define the function w by

_ FD®) \"6é(p,g+1)zr7a7!
w(z)=4 [(5(% Q)71 FOT0) () —1], zeU.

#:
)

(2.7)
0 for 0 < |z| < 1, it follows that w is analytic in U with
wW(z) = wp2" + wpt12" T+ ..., and w(z) # 0. Differentiating (2.7) we have
2f(+9)(2)

O‘(w—(p—q)) - <1+,sz(<12+;;>((5))_(p_q)> aw'(2)

Since f € Ay(n) and f(9(z)f0+D(z)

= Frwe) zeU. (2.8)
Suppose that there exists a point zp € U such that |ZI|I§|L§O| |w(2)| = |w(20)] = 1. Then, by using Lemma
1.1 we have 29w’ (20) = mw(zp), with m >n > 1, and letting w(z) = €'?, 0 € [0, 27) we have
1+q 24
o (e —0-0) - (v S ~0-0)
_ zow’(20) |lom | m . _n
B+ w(z0) B+ et (1+2Bcost + 5°) Ve

1+’
which contradicts the assumption (2.5). Therefore, |w(z)| < 1, z € U, that is

( ) ) op,g+ D2t
5(p, )27~ fOF0(2)

which implies (2.6).

<p71 zeU,

If we take ¢
Theorem 2] for p

d
0 in Theorem 2.8 obtain the following corollary which was obtained by Owa [12,
=1:

Corollary 2.9. If f € A,(n) satisfies f(z)f'(z) # 0 for 0 < |z| < 1, and

() (55

— < n zelU
O TR
for some a >0 and 5 > 0, then

(5 5] 1o

Putting p =1 and « = 8 = 2 in Corollary 2.9 and using Lemma 1.3 we deduce the following corollary
which improve the result obtained by Owa [12, Corollary 4]:
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Corollary 2.10. If f € Ai(n) satisfies f(2)f'(z) #0 for 0 < |z| <1, and
2f'(z) _ 2f"(2)

fz)  2f(2)

n
-1 <=, z€U,

then

that is f is univalent in U.

For o = 1 and a = 0, respectively, in Corollary 2.9 reduces to the next sufficient conditions of p-valent
starlikeness and p-valent close-to-convexity, respectively:

Corollary 2.11. If f € A,(n) satisfies f(2)f'(z) #0, 0 < |z| <1, and

BONAAD
) (” 7(2)

>’<g,z€U,

then f is p-valently starlike in U.
Corollary 2.12. If f € Ay(n) satisfies f(2)f'(z) #0, 0 < |z| <1, and

2f"(z) n
70 —p} < =, zel,

1
+ 2

then f is p-valently close-to-convez in U.

3. Some properties for the operator J¢

P
Theorem 3.1. If f € B, ;(n, ), then

Jan £(9) (5 5 —als _
<P f_ ( ) '<5(p,Q)+ [ (pvQ) a] (p+an)(C+p q)z.
zpP—4 c+p+n—gq
Proof. If is clear to check that the function fy(z) = 2P € B, 4(n,a) and (3.1) holds. Assuming that If
feB,q(n,a) and f(z) # 2P, let define the function w by

JEn @) (z) [06(p.q) — alé(p+n,q)(c+p—q)
Zi—q:d(p’q)—’— c+p+n-—gq w(z)

(3.1)

, z€U. (3.2)

Then, w is analytic in U with w(z) = w,2" + wp12" + ..., and w(z) # 0. Using (1.2) we get

f@(z) B C,]g’gf(q)(z)
z z

!
(78379() = (c+p—a)
and from (3.2) and (3.3) we obtain

f9D(2) Spaq) = 0(p,q) —aldo(p+mn,q)(c+p—q) (w(Z) + %) , z€U.

.z €, (3.3)

2P—q c+p+n—gq
Suppose that there exists a point zp € U such that IIITETX | |w(%)| = |w(z0)] = 1. Then, by using Lemma
Z|S |20

1.1 we have we have zow’(z9) = mw(2¢), with m > n > 1, hence

f9D(z0) 5p.0)| = [6(p.q) — al6(p+n,q)(c+p—q) ’w(ZO) L 20 (z0)

b4 ct+p+n—gq ctp—gq
S [0 g) —aldlp+n,q)(c+p—q) (HL)
- ctp+n—gq ctp—gq
0(p,q) —ald(p+n,q)(c+p—q) c+p—g+m
:[( ) Jo( )( ) >d(p,q) — «,
c+p+n—gq c+p—q

which contradicts that f € B, 4(n, ). Therefore, |w(z)| < 1, z € U, that is (3.1) holds. O



PROPERTIES OF A CERTAIN CLASS OF MULTIVALENT FUNCTIONS 7

Taking ¢ = 0 in Theorem 3.1 we obtain the following corollary:

Corollary 3.2. If f € B, ,(n, o), then

N0
(p q)é_q ¢ dt<5(p7q)+[5(p,q)—2]?2;4:7;&)(29—61)2.

Putting ¢ = 0 in Corollary 3.2 we obtain the result of Saitoh [17, Corollary 5].
Theorem 3.3. If f € B, 4(n, ), and

[0(p,q) —ald(p+n,q)(c+p—q)

<1
d(p,q)(c+p+n—q)

— )

then

_Jon (@)
e [ D)
6(p, q)zP—1

>>0,26U,

where

In] < g —sin™

1 <[5(p,q) —alé(p+n,q)(c+p— Q))
5(p,a)(c+p+n—q)
The bound of |n| is the best possible for the function given by
FDO%2) =6(p,q)z"~ 1+ [6(p, q) — a]d(p + n, q)zP+" 4. (3.4)

Proof. If f € By, 4(n, a), from Theorem 3.1 we have

, 2€0,

T 9 () _1| _ .9 —aldp+n.g)(c+p—aq)

§(p, q)zP—4 S(p,q)(c+p+n—q)
and from here we deduce that
T FO(2)
Re|e""——"—————-] >0, z€ U,
d(p,q)2P~1

for

In| < T _&in~?! <[5(P,Q) —ald(p+n,q)(c+p— q)) .
2 5(p,q)(c+p+n—q)
Further, the bound of || is obtained for the function f € B, 4(n, ) defined by

Jan f£(a) _ _
G [ (=) 14 0Pg) —a)dlptng)ctp—q) S ael,
6(p, q)zP1 6(p,q)(ctp+n—q)
which is equivalent to (3.4). O

Putting ¢ = 0 in Theorem 3.3 we obtain:

Corollary 3.4. If f € B, ;(n, ), and

[6(p,q) —aé(p+n,9)(p — q)

5(p,q)(p+n—q) =h
then ‘ : @)
Re {;g;’_q;"gf_nq/o ! qt(t)dt] >0, 2,
where

T [5(p,q)—a]5(p+n,q)(p—Q)>
< — —sin .
LS ( §(p,a)(p+n—q)
The bound of |n| is the best possible for the function given by (3.4).
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Remark 3.1. (i) Putting ¢ = 0 in Theorem 2.1 and Ezamples 2.4 and 2.5 we obtain the results due to
Sekine and Owa [19];

(i1) Taking ¢ = 0 in Corollary 2.2, Examples 2.3 and 2.4 we obtain the results of Saitoh [17, Theorem
1 and Corollaries 2 and 3/;

(iii) Puttingn =1 and ¢ = j, with 1 < j <p, p € N, in Corollary 2.2, Examples 2.3 and 2./ we get
the results obtained by Owa [11, Theorem 2, Corollaries 3 and 4];

(iv) For ¢ =0, Theorem 3.1 reduces to the result of Saitoh [17, Theorem 2], and corrects the result
obtained by Owa and Ma [1], Theorem 1];

(v) Taking p = 1 and g = 0 in Theorem 3.1 we obtain the result of Saitoh [17, Corollary 4], and
corrects the result obtained by Owa and Hu [13, Theorem 1J;

(vi) Putting p =1 and ¢ = 0 in Theorem 3.3 we get the result due to Saitoh [17, Corollary 6], and
corrects the result of Owa and Hu [13, Theorem 2J;

(vii) For g =0, Corollary 3.4 reduces to the result obtained by Saitoh [17, Corollary 7].
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