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Fixed Point Theorems for Modified Generalized F-Contraction in G-Metric Spaces

Manoj Kumar* and Sahil Arora

ABSTRACT: In this paper, we introduce new notions of generalized F-contractions of type (S) and type (M)
in G-metric spaces. Some fixed point theorems are established using these new notions. A suitable example
is also provided to support our results.
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1. Introduction

A metric space is a nonempty set X equipped with a map d of two variables which helps us to measure
the distance between two points. In higher mathematics, we need to find the distance not only between
numbers and vectors, but also between sequences and functions. In order to find an appropriate concept
of a metric space, numerous approaches exist in this sphere. A number of generalizations of a metric
space have been discussed by many eminent mathematicians. In 2006, Sims and Mustafa introduced the
perception of G-metric space and gave an important generalization of a metric space as follows:

Definition 1.1. [3] Let X be a non empty set and G : X3 — [0, 00) be a map which satisfies the following
properties:

(i) Gz, y, z) =0 ifx =y = z;

(i) 0 < G(x, x, y) whenever x # y;

(iti) Gz, x, y) < G(z, y, 2), y # 2

(iv) G(z, y, 2) = Gz, z,y) = Gy, z, 2) = G(z, z, y) = Gy, z, ) = G(z, y, ©);

(v) Gz, y, 2) < G(z, a, a) + G(a, y, 2), Yz, y, 2, a € X.

Then, the function G is said to be G-metric on X and the pair (X, G) is known as G-metric space.

In 1922, Banach established a useful result in fixed point theory regarding a contraction mapping,
known as the Banach contraction principle.

Definition 1.2. [I1] Let (X,d) be a complete metric space and let f : X — X be a self-mapping. Let
d(fz, fy) < d(z,y) holds for all v,y € X with v # y. Then, f is called a contraction known as Banach
contraction.

In 2012, Wardowski [6] gave a new contraction known as F-contraction and proved fixed point theorem
concerning F-contractions. In this manner, Wardowski conclude the Banach contraction principle in a
different way from the eminent results from the literature. Piri and Kumam [5] also established Wardowski
type fixed point theorems in complete metric spaces. Motivated by the perception of Dung and Hang
[2], recently Piri and Kumam [5] generalized the concept of generalized F-contraction and established
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some fixed point theorems for such kind of functions in complete metric spaces, by addition of four terms

d(f?x,x),d(f?z, fz),d(f*z,y), d(f*z, fy).
Wardowski [6] defined the F-contraction as follows:

Definition 1.3. [6] Let (X,d) be a metric space and let f : X — X be a self-mapping. Then, f is called
an F-contraction on (X,d), if there exist F € S such that

d(fz, fy) > 0=~ + F(d(fz, fy)) < F(d(fz, fy)) for all z,y € X,

where S is class of all mappings F : (0,00) — R such that

(F'1) F is strictly increasing function, that is, for all a,b € (0, 00),

if a < b, then F(a) < F(b).

(F2) For every sequence {a,} of natural numbers,

lim,, o0 @, = 0 if and only if lim,_, F(a,) = —o0.

(F3) There exists g € (0,1) such that lim,_,o+(a?F(a)) = 0.

Wardowski [6] gave some examples of S as follows:

1.F(¢) =InC.
2.F(¢) = —C—lg.
3.F(¢) =In(¢) +¢.
4.F(¢) = In(¢* + ).

Remark 1.4. Let f : Ry — R be defined as F = In(f), then F € . Now, F-contraction changes to
a Banach contraction. Consequently, the Banach contractions are special case of F-contractions. There
are F-contractions which are not Banach contractions(see [6]).

F-weak contraction was established by Wardowski and Dung in 2014, which is defined as follows:

Definition 1.5. [7] Let (X,d) be a metric space and T : X — X be a function. T is known as F-weak
contraction on (X,d), if there exist F € S and v > 0 such that for all x,y € X,

d(Tz,Ty) > 0 implies that

v+ F(d(T2,Ty) < Fmaw{d(z, y), d(Tz, ), d(y, Ty), LAY,

Theorem 1.6. [7] Let (X,d) be a complete metric space and let T : X — X be an F-weak contraction.

If F or T is continuous, then T has a unique fived point * € X and the sequence {T"x} converges to x*
for every x € X, where n varies from 1 to co.

Dung and Hang [2] investigated the concept of generalized F-contraction and proved useful fixed point
results for such kind of functions.

Definition 1.7. [2] Let (X, d) be a metric space and f : X — X be a self-mapping. Then, f is called a
generalized F-contraction on (X, d), if there exist F € & and 6 > 0 such that for all z,y € X,
d(fz, fy) > 0 implies that

6+ F(d(fx, fy)) < F(maz{d(z,y), d(x, fx),d(y, fy),

(e, fy) +d(y. /) d(f*2.x) + d(f*x. fy)
L, ; (. f2), (2, y),d( 2, f9)).

Subsequently, Piri and Kumam [4] replace the condition (F3) with (F3) in the definition of F-
contraction given by Wardowski [6].

(F3'): F is continuous on (0, c0).

They gave the notation § to denote the class of all maps F' : Ry — R which fulfil the conditions
(F1),(F2) and (F3'). Piri and Kumam also proved some useful fixed point results for metric spaces. Now,
the conditions (F3) and (F3') are not associated with each other. For example, for ¢ > 1, F(f) = E—ql,
then F meet the conditions (F1) and (F2) but it does not fulfil (F3), while it fulfils the condition (F3).
In view of this, it is significant to observe the sequel of Wardowski [6] with the functions F' € < rather
than F € §.

The goal of our paper is to propose new notions of modified generalized F-contraction of type (S) and
type (M) in G-metric spaces and prove fixed point theorems for such functions.
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2. Main Results

Throughout the paper, we use the following notations.
S¢ is the class of all functions F': (0,00) — R such that
(S1) F is strictly increasing, that means = < y implies that Fo < F'y, where x, y are positive reals.
(S2) limy, 00 @y, = 0 if and only if lim, o F(a,) = —o0, for every sequence {a,} of positive numbers.
(S3) F is continuous on(0,00).
My is the class of all maps F : (0,00) — R such that
(M1) F is strictly increasing, that means = < y implies that Fx < Fy, where x, y are positive reals.
(M2) lim;, 00 @, = 0 if and only if lim, o F(a,) = —oo, for every sequence {a,,} of positive numbers.
(M3) I3m € (0,1) such that lim, o+ a™F(a) = 0.

Definition 2.1. Let (X,G) be a G-metric space and f : X — X be a mapping. Then, f is known as
modified generalized F-contraction of type (S), if IF € Sg and X\ > 0 such that G(fz, fy, fz) > 0, then

A+ F(G(fﬂl‘, fyvfz)) < F(Sf(xvya Z))a (21)

where

Sp(x,y,2) = max{G(x, fy, fy), Gy, fz, fx), Gy, [ 2, [2), Gz, [y, fy), G(z, fx, fz), Gz, [z f2)}.

Definition 2.2. Let (X,G) be a G-metric space and f : X — X be a mapping. Then, f is known as
modified generalized F-contraction of type (M), if 3F € Mg and X > 0 such that G(fz, fy, fz) > 0, then

A+ F(G(fz, fy, fz)) < F(S¢(x,y, 2)),

where

Sp(x,y, 2) = max{G(x, fy, fy), Gy, fz, fx), Gy, [ 2, [2), G(z, [y, fy), G(z, fx, fz), Gz, [z f2)}.

Example 2.3. Let X = [0, 2].

We define G on X by G(z,y,2)=|lz—y|+|y—z|+]z—x2].
Let f: X — X be defined as

fr =3, when z €0,2) and fz =3, ifx=>5.

Now, (X,G) is complete metric space. By choosing Fx = Inx and A = In 2

5, we get that f is modified
generalized F-contraction of type (S) and type (M).

Theorem 2.4. Let (X,G) be a complete G-metric space and f : X — X be a modified generalized F-
contraction of type (S). Then, f has a unique fized point u € X and the sequence {f™(xo)}, where n €
N, converges to u for each u € X.

Proof. Let zy € X and {x,} be the Picard sequence, that is, 2,, = fx,_1, where n € N. If 3n € N such
that x,411 = z,, then, fz, = x,. So, x, is fixed point of f. Let us suppose that x,, # x,11Vn € V.
Then, G(p41,Zn, Tn) > 0 Vn € N. From equation (2.1), we have

G(fxn—la fa:nv fxn) > 07
which implies that,

A+ F(G(fan-1, fan, frn) < F(max{G(zp—1, fTn, f2n), G(@n, fTn_1, [Tn-1),
G(Tn, fon, fzn), G(Tn, fTn, frn), G(Tn, fTn—1, fTn1), G(Tn_1, fTn, fTn})

= F(max{G(Tn-1,Tnt1,Tn+1), G(@n, Tn, Tn),

G(Tny Trt1, Tnt1), G(Tn, Tng1, Tong1), G(@n, Tny Tn)y G(Tn—1, Tnt1, Tni1})

= F(max{G(Tn-1,Tns1,Tn+1), G(@Tn, Tni1, Tni1)})-
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Therefore,
A+ F(G(fan—1, fan, frn) < F(max{G(rn_1, Tnt1, Tnt1), G(Tn, Tni1, Tnt1)})- (2.2)
If there exists n € N such that

maX{G(xn—la Tn+1, xn+1); G(xn; Tn+1, xn—i—l)} = G(xn; Tn+1, xn+1)-

From (2.2), we get
A+ F(G(wn, g1, Tng1) < F(G(@n, Trgts Tngt),

we get a contradiction, because A\ > 0. Therefore,
max{G(Tn—1,Tn+1, Tnt1), G(Tn, Tni1, Tnt1)} = G(Tp—1, Tp, 2n)Vn € N.

From (2.2), we obtain
A+ F(G(fxn—la fxn, fxn) < F(G(xn—laxna xn))v

which implies that
F(G(fxn—la fxna fxn) < F(G(xn—laxna xn)) - A

Therefore,
F(G(xn, vpi1,Tnt1) < F(G(Tp—1,%n,xy)) — A (2.3)

Since, A > 0. Thus,
F(G(@n, Tny1, Tng1) < F(G(Tn—1,Tn, 0)).

Using the condition of (S1), F is strictly increasing. Therefore,
G(xn, Tni1, Tnt1) < G(xp—1,Tp,Tn)Vn € N.

So, {G(Zn41,%n,Tn)} is non negative decreasing sequence of real numbers, where n € N. Thus, we
conclude that lim, e G(Znt1,Tn, xn) = p > 0. Now, we claim that g = 0. Let us suppose that p > 0.
Also, {G(xp41,Tn,xs)} is non negative decreasing sequence of real numbers, where n € N. Therefore,

1 S G(xﬂ-i-lv Tn, Z‘n)

Again, by using the assumption (S1), F is is strictly increasing. Therefore, Fu < H(G(Zp+t1,Tn,Tn)).
Using equation (2.3), we obtain

F(/J“) < F(G(xnflaxnyxn)) - A
S G(xn—Q; Tn—1, xn—l)) - 2)\
S G(xn—l}; Tn—2, xn—Q)) - 3)\
< G(zo,z1,21)) — nA.
Therefore,
F(u) < F(G(xo,z1,21)) —nA Y n € N. (2.4)
Also, F(p) is a real number and lim,_,o [F (G (o, 21, %1)) — nA)] = —oo. Therefore, 3m € Nsuch that
[F(G(zo,x1,21)) —nA)] < Fu Vn > m. (2.5)

Combining (2.4) and (2.5), we get

F(p) < [F(G(xg,z1,21)) = nA\)] < Fu¥Vn >m.
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This contradiction establishes that . = 0. Now, we have

hﬁm G(xn, fxn, fr,) = hm G(zpn, Tpt1,Tny1) = 0.

Further, we claim that {z,}5°; is a Cauchy sequence. Arguing by contradiction, let us suppose that
there exist 6 > 0 and sequences {a(n)}>2,, {b(n)}52, such that for each n € N,

a(n) >b(n) >n,  G(@am)s Tom) Ton)) =206,  G(@am)—1, T(n)s To(n)) < 6. (2.6)
Therefore,
0 < G(xa(n)y xb(n)axb(n))
< G(xa (n)s Ta(n)—1)La(n)—1 ) + G(xa(n)flv Th(n), xb(n))
< G(xa (n)s Ta(n)—1)La(n)—1 )+ €
= G(xa(n) 15 fxa(n) 15 fxa(n) 1)

Since, p = 0, we obtain

1i_{n G(xy, fxn, fr,) =0. (2.7)
So, the above inequality becomes
Jim G(za(n)s Zo(n)> To(n)) = 0 (2.8)

From (2.7), 3 p € N such that

) 0
G(Za(n), fTatn)s fTam)) < 3 and G(Zp(n), fTon), [Tom)) < 3 Vn >p. (2.9)
Now, we claim that
G(fTatn)s fTomn), [Ton)) = G(Ta(n)+15 Ton)+15 Tomy+1) > 0V n > p. (2.10)

Again by contradiction, let us suppose that 3 ¢ > N, such that

G(Za(q)+1> fTo(q)+1, fTo(g)4+1) = 0. (2.11)

Combining (2.6),(2.9),(2.11), we get

0 < G(a(q), To(g)» To(q))
< G(Za(q)> Ta(g)+15 Ta(q)+1) T G(Ta(g)+15 Tu(q) To(q))
< G(Ta(g)s Ta(g)+1> Ta(g)+1) T G(Ta(g)+1> To(g)+1: To(q)+1) + G(T(g)+15 Tb(g)> To(q))
= G(Ta(q): [Ta(q)s [Ta(a)) + G(Ta(q)+1> To(q)+15 Tu(q)+1) + G(Tu(q), [To(g), [Tr(g))
Bigsilt
) 8 4

which is contradiction and hence our supposition is wrong.
Thus, we get

G(fTan), fTomn)s fTom)) = G(Tam)+1> Tom)+1, Ton)+1) > 0¥ n > p.
From (2.10) and assumption of the theorem, we obtain

A+ F(G(fzam), from)s [Tom))) < F(G(Zan), Ton), fTom))) V1 > N. (2.12)
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From (S3), (2.8) and (2.12), we get
A+ H(S) < H(d),
which is contradiction. Hence,{z,}5%; is a cauchy sequence. By completeness property of (X,G),
{xn}52; converges to a point u in X. Therefore,
lim G(zp,u,u)=0. (2.13)

n—oo

Finally, we show that fu = u. Two cases arise,

(i)Vne N Ik, €N, ky >kp_1,ko=1 and zy,11 = fu.

(ii) I3ms € N,VYn > m3, G(fz,, fu, fu) > 0.
In the first case

w= lim z3,,, = lim fu= fu.
n—oo n—oo
In the second case, using the assumption of the Theorem 2.4, we get
/\—|—F(G(xn+1,fu, fu)) )‘+F(G(fxnvfua fu))

F(maz{G(xy, fu, fu), G(u, frn, fr,),G(u, fu, fu),
G(u, fu, fu), G(u, fy, f,), G(@n, fu, fu)},

IN

for each n > mas.
From (S3), (2.13) and taking limit when n — oo, the above inequality becomes A + H(G(u, fu, fu)) <
H(G(u, fu, fu)), which is contradiction. So our supposition is wrong. Therefore, fu = u. Next, we show
that f has atmost one fixed point. On the contrary, we suppose that u and v are two fixed points of f,
such that fu=u # v = fv. Now, G(fu, fv, fv) = G(u,v,v) > 0. From (2.1), we get
F(G(u,v,v)) < A+ F(G(u,v,v))
= A F(G(fu, fu, fv))
< F(max{G(u, fv, fv), G(v, fu, fu), G(v, fv, fv),G(v, fv, fv), (2.14)
G(v, fu, fu),G(u, fv, fo)})

= F(max{G(u’ /l}’ /l})’ G(U7 u) u)7 G(U) /l}) /l})) G(U7 U? U)? G(U) u? u)) G(u) /l]) /l})})

= F(G(u,v,v).
It is a contradiction. Therefore, G(u,v,v) = 0, that means u = v. This establishes that the fixed point
of f is unique. O

Theorem 2.5. Let (X,G) be a complete G-metric space and f : X — X be a continuous modified
generalized F-contraction of type (M). Then, f has a unique fixed point uw € X and the sequence f™(xo),
where n € N converges to u, for each u € X.

Proof. By using identical procedure which is used in Theorem 2.4, we get

H(G(zn, Tni1,Tnt1)) = H(G(fon—1, fon, fon))
< H(G(xp—1,Tn,xn)) — A
< H(G(xp—1,Tn,Tpn))-

Therefore,
nh_{rgo G(xp, frn, fon) = 7}1_{20 G(%n, Tpg1, Tpy1) = 0.

As in proof of Theorem 2.4, we can prove that {z,} is a Cauchy sequence. Also, (X,G) is complete
metric space. Therefore, {z,,} converges to some point u € X. Since, f is continuous. Therefore,

G(u, fu, fu) = lim G(xn, fan, fr,) = ILm G(Tpn, Tnt1,Tny1) = 0. (2.15)

By using identical steps used in proof of Theorem 2.4, we can prove that u is unique fixed point of f. [J



FIXED POINT THEOREMS FOR MODIFIED GENERALIZED F-CONTRACTION IN G-METRIC SPACES 7

Example 2.6. Let X = [0,5]. We define G on X by G(x,y,2) =|x—y |+ |y—z|+]|z—a].
Let f : X — X be defined as fr =3, when z € [0,5) and fz = %, if v = 5. Now, (X, @) is complete
metric space. Since, f is not continuous. Therefore, f is not F-contraction. For x € [0,5] and y = 5,

Further,
maz{G(z, fy, fy), Gy, fz, fz), Gy, fz, f2),
G(z, fy, fy),G(z, fx, fx),G(x, fz, f2)} > Gy, fz, fx) + Gy, fz, [2)
11
=G(5,3,3) + G5, 3, 3)
28 40
=4+ 3 = 3 > 0.
Therefore,

G(f. £5.45) < smax(Glz, fy. fy), Gy, f, f2),Gly, f2. 1),
Gz fy, 1Y), G(z, fx, fx), G(x, [z, f2)}-

Now, by choosing Fx = Inx and A = 1n%, we obtain that f is modified generalized F-contraction of
type (S) and type (M). Let (X,d) and f be defined as in the above Example. Since, f is not an F-weak
contraction, because f is not continuous. So, Theorem 1.6 is not implemented to f on (X,d). Also, f is
a generalized F-contraction of type (S)and type (M) and (X,d) is complete, hence Theorem 2.J and 2.5
are implemented to f on (X,d).

Theorem 2.7. Let (X,G) be a complete G-metric space and [ : X — X be a map such that
G(fz, fy, fy) < € G(z,y,y) + mG(z, fz, fx) + nG(y, fy, fy),Va,y € X, where £;m,n >0
with £ +m +n < 1. Then,

(i) f has a unique fized point u € X.

(ii) For each x € X, if f"a = f"x Vn € NU {0}, then lim, o f"2 = u.

Proof. 1t is given that V z,y € X,
G(fz, fy. fy) (G(z,y,y) + mG(z, fz, fz) + nG(y, fy, [y)

(L +m+n)maz{G(z, fy, fy), Gy, fz, fz),G(y, f2, f2),
kmaz{G(z, fy, fy),G(y, fz, fx),G(y, fz, f2),
+G(2, fy, fy),G(z, fz, fx),G(z, f2, f2)},
where k = ¢ +m +n € [0,1).

If G(fz, fy, fy) > 0, we get
m% +In(G(fz, fy, fy)) < IW(maz{G(z, fy. fy), Gy, fz, fz),G(y, f2, [2),

+ G(z, fy, fy),G(z, fz, fx),G(z, fz, f2)}).

By taking F' = 1In(¢) and \ = 1n% in Theorem 2.4 or 2.5, we get the result. Hence the proof. O

IAIA

IA

3. Conclusion

In this manuscipt, we improved the results of [7] by conferring examples of F-contraction of kind (S)
and kind (M) by discarding the continuity condition of the self mapping in the framework of G-metric
spaces. The notions of generalized F-contraction of kind (S) and kind (M) extend other well known
metrical fixed point theorems within the literature.
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