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A Variation on Strongly Lacunary delta Ward Continuity in 2-normed
Spaces
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ABSTRACT: A sequence (xj) of points in a subset E of a 2-normed space X
is called strongly lacunary d-quasi-Cauchy, or Ng-0-quasi-Cauchy if (Axy) is Ny-
convergent to 0, that is lim, o i kel [|AZzy, || = O for every fixed z € X. A
function defined on a subset F of X is called strongly lacunary §-ward continuous
if it preserves Ny-0-quasi-Cauchy sequences, i.e. (f(zg)) is an Ny-d-quasi-Cauchy
sequence whenever (xy) is. In this study we obtain some theorems related to strongly
lacunary d-quasi-Cauchy sequences.
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1. Introduction

The concept of 2-normed spaces was introduced by S. Géhler in 1960’s ([1],
[2]). Since then a lot of interesting developments have occured in 2-normed spaces
by many different authors, see for instance ([3,4,5,6,7,8,9,10,11,12,13]). Let X
be a real vector space of dimension d, where dimX > 1. A 2-norm on X is a
function ||.,.|| : X x X — RT which satisfies: (i) ||,y| = 0 < x and y are
linearly dependent, (ii) ||z, y| = ||y, z|l, (iii) ||z, y|| = |o| ||z, y|| for all @ € R,
(iv) |lz,y + 2| < ||z, 9l + ||z, 2]|. Then (X,]|].,.||) is called a 2-normed space.
Throughout this paper by X we will mean a 2-normed space with a 2-norm ||.,.]|.
We note here that ||.,.|| is a nonnegative real numbers and in a 2-normed linear
space (X, ||-,.]|), the 2-norm induces a topology which makes X a locally convex
Hausdorff topological vector space. To get the topology first define for each x € X
a seminorm p, on X by p,(z) = ||z, z|| for each z € X. The set {p. : z € X} forms
a family of seminorms and the topology formed by this family of seminorms gives
the required topology on X.
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A sequence (ay) of points in R, the set of real numbers, is called statistically
convergent to L, or st-convergent to L, if limy o 2[{k < n: |ap — L| > e} =0
for every positive real number €. This is denoted by st — lim oy, = L (see [14]).

A lacunary sequence 6 = (k) is an increasing sequence of positive integers such
that kg = 0 and h, = k. —k,._1 — o0 as r — oco. The intervals determined by 6 will
be denoted by I, = (k,_1, kr], the ratio k, /k,_1 will be abbreviated by g¢,., ¢1 = 0 for
convention, and we assume that liminf, ¢. > 1. In [15], the concept of a strongly
lacunary convergent sequence of real numbers, or an Ny convergent sequence, was
defined by Freedman, Sember, and Raphael. A sequence («y) of points in R is called
strongly lacunary convergent to a real number L or Ng-convergent to an element
L of R if lim, o h—lr Zkeh | — L| = 0, and it is denoted by Ny — limay, = L.
Using the idea of Freedman, Sember, and Raphael; Fridy and Orhan introduced
the concept of lacunary statistical convergence of a sequence of real numbers in
[16,17]. A sequence («y) of points in R is called lacunary statistically convergent,
or Sp-convergent, to an element L of R if lim, h%|{k €l :|lag—L| >} =0
for every positive real number ¢, it is denoted by Sp — limy oo a = L.

In recent years many kinds of continuities were introduced and investigated
([18,19,20]). A sequence («y) of points in R is called strongly lacunary quasi-
Cauchy if Ny — limAaqy, = 0, where Aay = ag1 — oy for each positive integer k
([21,22,23,27,24,25,26]). The set of strongly lacunary quasi-Cauchy sequences in R
will be denoted by ANy. A function defined on a subset A of R is called strongly
lacunary ward continuous or Nyp-ward continuous if it preserves Ny-quasi-Cauchy
sequences of points in A, i.e. (f(ax)) is Np-quasi-Cauchy whenever («y,) is an Np-
quasi-Cauchy sequence of points in A. Recently, the concept of the ward continuity
in 2-normed spaces was investigated in [28,29,30].

The purpose of this paper is to introduce the concept of strongly lacunary delta
ward continuity in 2-normed spaces and prove some related theorems.

2. Strongly Lacunary J-ward continuity

A sequence (x) of points in X is said to be convergent to an element [ € X

if img oo ||z — 1, 2]] = 0 for every z € X. This is denoted by limay = [ or
limg o0 |2k, 2|| = ||1, 2||- A sequence (xy) of points in a 2-normed space (X, ||.,.||)
is called quasi-Cauchy if limg_oo [|Axg, z|| = 0 for every z € X where Axy, =

Zp1 — xy for every k € N [28].
A sequence () of points in a subset E of a 2-normed space X is called strongly
lacunary quasi-Cauchy, or Nyp-quasi-Cauchy if (Axy) is Np-convergent to 0, that is

1
lim — Y " ||Azy, 2] = 0

r—oo h, P
-

for every fixed z € X and it is denoted by Ny — limy_, o ||Azg, z|| = 0. A function
defined on a subset E of X is called strongly lacunary ward continuous if it preserves
Ny-quasi-Cauchy sequences, i.e. (f(xy)) is an Nyg-quasi-Cauchy sequence whenever
(zx) is [30].
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Now we introduce strongly lacunary delta quasi-Cauchy sequence in 2-normed
space X in the following.

Definition 2.1. A sequence (xx) of points in a subset E of X is called strongly
lacunary delta quasi Cauchy, or Ng-0 quasi Cauchy if the sequence (Axy) is an Ng
quasi Cauchy sequence, that is

for each positive integer k and for any fived z € X.

Throughout this paper, Np, ANp(z) and A%Ny(x) will denote the set of strongly
lacunary convergent sequences, strongly lacunary quasi-Cauchy sequence and
strongly lacunary delta quasi-Cauchy sequence in X respectively.

Consider R? as a 2-normed space with the 2-norm ||.,.|| defined by ||a,b|| =
la1by — agbi| where a = (ay,az), b = (b1, b2) € R2. The sequence

(0,vn) n=k?
() = { (0,0)  otherwise

is an Ng-d quasi Cauchy sequence in R? with this 2-norm. This sequence strongly
lacunary converges to the point (0,0). However this sequence is not convergent at
all. Thus the set of convergent sequence is a proper subset of strongly lacunary delta
quasi-cauchy sequence. So it is obvious that every Ny quasi-Cauchy sequence is
also Ny-d quasi-Cauchy, but the converse is not always true. For example, consider
R? as a 2-normed space with the previously given 2-norm. The sequence

~f (ny,n) n=k
() { (0,0) otherwise

is an Ny-6 quasi Cauchy sequence in R? with this 2-norm. But this sequence is not
Ny quasi-Cauchy sequence. Moreover the subsequence of the Ny-§ quasi-Cauchy
sequence need not to be a Nyp-d quasi-Cauchy. Now we introduce the concept of
Ny-6 ward compactness of a subset of X.

Definition 2.2. If any sequence of points in a subset E has an Ng-0 quasi-Cauchy
subsequence, then E is called strongly lacunary delta ward compact, or Ng — 6 ward
compact.

Any finite subset of X is d-ward compact. A union of two J-ward compact
subsets of X is J-ward compact and also the intersection of any §-ward compact
subsets of X is -ward compact. Any ward compact subset of X is strongly §-ward
compact.

In the following we introduce a definition of Ny-§ ward continuity in X.

Definition 2.3. A real valued function f defined on a subset E of X is called
Nyg-6 ward continuous if it preserves Ng-0 quasi-Cauchy sequences of points in E,
in other words; (Af(xy)) is a Ng-0 quasi-Cauchy sequence whenever (Axzy) is a
Ny-0 quasi-Cauchy sequence of points in .
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The set of Nyg-6 ward continuous functions on E will be denoted by A?Ny(E).
Proposition 2.4. The set of Ny-6 ward continuous functions is a vector space.

Proof. Firstly we prove that the sum of two Ny-0 ward continuous functions is
Ng-§ ward continuous,i.e. if f,g € A2Ny(E), then f + g € A2Ny(E). Consider f,
g be Ny-0 ward continuous functions on a subset E of X. Let € > 0 be given and
(zx) be an Ny-d quasi Cauchy sequence of points in E. Since f and g are Ny-0
ward continuous functions then (f(zx)) and (g(xy)) are also Ny-0 quasi-Cauchy
sequences. That is

. 1 ) 1
Jim = > [[A%f(a), 2| =0 and lim 5= [|A%g(xr), 2l = 0.

" kel, " kel,
We have
S IAF +g)aw), 2l < DA Faw), 2l + D 11A%g(aw), 2]
kel, kel, kel,

Hence lim, o0 h% > kel [|A%(f(zr) + g(zx)), 2]] = 0.

The product of the Ny-d ward continuous function f and any constant real
number « is also the Ny-0 ward continuous function. That is, let f be the Ny-6
ward continuous function on E and for any a € R and z € X

Do lIA%af (@), 2l = Y [alllA%f(ar), 2l = lal D (1A% f(ax), 2|

keI, ke, keI,
. 1 2 . 1 2
Jim o= > [1A%af (@), 2]l = la] lim o= > (IA%f(@e), 2]l = 0.
kel,. kel,
So the set of Ny-6 ward continuous functions is a vector space. O

If a function f is Ny-6 ward continuous on a subset E of the 2-normed space
X, then it is Ny ward continuous on E. But the converse of the statement is not
true. Here is the proof of the statement.

Theorem 2.5. If a function [ is Nyg-0 ward continuous on a subset E of the
2-normed space X, then it is Ny ward continuous on E.

Proof. Assume that f is Nyp-0 ward continuous. To prove that f is Ny ward con-
tinuous, take any Np-quasi Cauchy sequence (z,,) of points in E. We are going to
show that (f(x,)) is an Nyg-quasi Cauchy sequence. Now define the sequence

(fn) = ($1,$1,$2,$2, ey Ly - - )

Then (&,) is also Ny-quasi Cauchy therefore (&) is Np-0 quasi Cauchy. As f is
Ny-d ward continuous (f(&y,)) is Ng-d quasi-Cauchy.
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Then

(f(&n)) = (f (1), f (1), f(2), [(22), o [ n), f2n) ).

Therefore it is obvious that the sequence (f(&,)) is an Nyg-quasi-Cauchy sequence
on E. That is for every z € X,

Tim = ST IAF(E), 2 = 0

" kel

So the proof of the theorem is completed. O

Theorem 2.6. If a function f is Ng-0 ward continuous on a subset E of X, then
it is Nyg-sequentially continuous on .

Proof. Although the proof could be seen by using Theorem 10 in [30], we give a
direct proof for completeness. Assume that f is Ny-0 ward continuous function
on a subset F of X. To prove that f is Np-sequentially continuous, take any
Ny-convergent sequence (z,,) of points in F with Ny — lim,—, o ||Zn, 2|| = ||¢, 2|]
or lim, h%zkeh [|zn, — £, z|]| = 0. We are going to show that (f(x,)) is an
Ny-convergent sequence. Now define the sequence

(fn) = (xl,f,xg,f,...xn,f,...).

Then (&,) is also Np-convergent therefore (&,,) is Nyg-0 convergent. As f is Np-0
ward continuous (f(&,)) is Nyg-0 convergent.
Then

Therefore the sequence (f(&,)) is Np-convergent sequence. That is, for every z € X

tim = ST (1(6) — £(0), 2l] = 0.

r—oo h, Py
So the proof of the theorem is completed. O

Theorem 2.7. The function f is uniformly continuous on a subset E of X. If
(zn) is any quasi-Cauchy sequence of points in E, then the sequence (f(x,)) is a
Ny-0 quasi-Cauchy.

Proof. Let (z,,) is any quasi-Cauchy sequence of points in E. If a function f is
uniformly continuous on a subset E of X, for every z,y,z € X and € > 0 there
exists a ¢ > 0 such that ||f(z) — f(v), z|| < € whenever ||z — y, z|| < d. For this §
there exists an ng € N such that ||Axzy, z|| = ||zk+1 — 2k, 2|] < I for all k > ng and
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for z € X. For k > ng, uniformly continuity implies that || f(zx4+1) — f(zr), 2|| < §
for z € X. Thus

1 1
Tim oo ST AR f (@), 2l = lim 37 (1 (er2) = 2f (orrn) + ), 2]

" kel, " kel,
. 1 . 1
< lim n kzl I[f(zry2) = fTrgr), 2| + Jlim h_'r sz I[f(xry1) — f(ax), 2] =0
€lr el,

Therefore (f(x,)) is a Np-6 quasi-Cauchy sequence. This completes the proof of
this theorem. 0

Theorem 2.8. If (f) is a sequence of Ng-0 ward continuous functions on a subset
E of X and (f,) is uniformly convergent to a function f, then [ is also Ng-6 ward
continuous on E.

Proof. Let (f,) be uniformly convergent to a function f and let e be any positive
real number. There exists a number ng € N such that for every n > ng, ||fn(z) —
f(x),z|| < % for all x,z € E. Take any Ng-d-quasi-Cauchy sequence of points in
E. If (f.) is a sequence of Ny-0 ward continuous functions on a subset E then
Wy o0 7 Yoper, 1A% fo(z1), 2]] = 0 for any z € E.

Our aim is to show that f is also Ny-0 ward continuous function on FE, i.e.
Vze E )

Jim oL 37 A% (), <l = 0.

" kel

By using the property ||z + v, z|| < ||z, z|| + ||y, z||, we have

1 1
Jim o ST IAT @)l = Jim o 3711 (ese) = 2 () + S

" kel, kel,
. 1
= lim h_r kzl I[f(Zr42) = fro(@Tra2) + fro(Trr2) — 2fng (Tr1)
el

+ fro(Tk) + 2fng (Th+1) = fro(@k) = 2f (Th11) + f(28), 2]

. 1
< TILH;O = Z [ f(@ry2) = fro(@rt2), 2]|

kel,.
. 1
+ Tlig.lo h_r kzl ||fn0($k+2) - 2fn0(‘rk+1) + fno (xk)’ Z||
clr

1
+ Jim — > " 112(fno (zr41) = f(@r11)), 2]
" kel

. 1
ﬂli“éoh_rkz, | £ (@) = f(@r), 2|l =0+ 0+0+0=0
el

This result completes the proof of the theorem. So the uniform convergence pre-
serves the property of the Ny-0 ward continuity for the functions in X. O
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3. Conclusion

In this study, strongly lacunary delta quasi-Cauchyness in 2-normed space is

introduced and investigated. We have proved that any strongly delta ward con-
tinuous function is strongly ward continuous and strongly sequentially continuous
and uniformly limit of strongly delta ward continuous function is strongly delta
ward continuous.
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