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Existence of Multiple Solutions for a Nonhomogeneous p-Laplacian Elliptic Equation with
Critical Sobolev-Hardy Exponent

Atika Matallah and Sara Litimein and Sofiane Messirdi

ABSTRACT: This paper concerns the existence of multiple nontrivial solutions for nonhomogeneous p-
Laplacain elliptic problems involving the critical Hardy-Sobolev exponent. The method used here is based on
Ekeland variational principale on Nehari manifold.
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1. Introduction and main results
In this paper, we consider the following nonhomogeneous elliptic problem

—Dpu — |UIp72u_ |u|p*(5)72u+f(x) in Q
(Ppss) P T TP ’

u=0 on 0,

where € is a smooth bounded domain in RY (N > 3) containing 0 in its interior, /A,u denotes the
p-Laplace operator defined as div <|Vu|p*2 Vu) with 1 < p < N, —c0 < u <@, 1 = [(N —p)/p”,
0<s<p,p:(s) =p(N—s)/(N—p)is the critical Sobolev-Hardy exponent, note that p, (0) = p. =

pN/ (N — p) is the critical Sobolev exponent and f is a given measurable function different than 0.
The problem is related to the following Sobolev-Hardy inequality [4]:

«(s 1/p«(s) 1
u|? (s) /p
/ ———dx < Cs (/ |Vul? dm) for all uw € C§° (2), (1.1)
o |z| Q

for some positive constant Cs. If s = p in (1), then p, (s) = p, Cs = 1/7i and we have the following Hardy
inequality [7] :

ul® 1 » .
; de < z |Vul? dz, for all u € C§° ().

We shall work with the space Wﬁ’p = Wl}’p (Q) for —oo < p < @ endowed with the norm

k= [ (1vup - ) a
ull, = ; U u|x|p z,

which is equivalent to the norm ||.[| ..
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Elliptic problems involving the Hardy inequality or Hardy—Sobolev inequality has been studied by
some authors either in bounded domain or in the whole space RY, see [1, 2, 6, 8-12] and the references
therein. Furthermore, by the Pohozaev identity, the problem (%, ) has no nontrivial solution in the case
f=0and Q is a star-shaped domain.

When the problem (P, s) has no singular term (s = p = 0), Tarantello in [13] proved the existence
of two nontrivial solutions for p =2 and f € H~! (the dual of H}) such that

(N+2)/4
/fudm< [N+2/|Vu| dm] )

A natural interesting question is whether the results concerning the solutions of (Pg o) with p = 2 remain
true for the problem (P, ). As in [13], we study in this paper the problem (P, ) and give some positive
answers. To the best of our knowledge, the results are new in the case when p # 2 and s # 0.

In the sequel, we denote the norms of LP+(*) (Q, |x|_s) and W (the dual of W}?) by [ull,. s and

|lu||_ respectively, B (zo,r) denotes a ball in Q of radius r centred at xo.
Furthermore, set

px(s)—1
PN POV S 1 e WY
ueWw,? p—1 (P«

(s) = 1) llull} Tull,. )

P« () P ()

Here are the main results of this paper.

Theorem 1.1. Let 1 <p < N, —co < u <M, 0 <s <pand f #0 satisfying Ay > 0. Then, (P,s) has
at least one positive solution which is a ground state solution.

Theorem 1.2. Suppose 2 < p < N, f(x) > ap > 0 in a small neighborhood of 0 and satisfies Ay > 0.
Then, problem (Po s) has at least two different solutions.

This paper is organized as follows. In Section 2, we give some preliminary results. The proof of our
main results is contained in Section 3.

2. Preliminary results
In this section, we give some preliminary results which will be used later.
We define for 0 < pu <7
[Jully,

o P-(5)
weW, P\ (0} [lullp )

Sps 1=

and

g

P« (s)

5075 = I
weW N0} [lul|* ()

From [9], S,,s is independent of any € C RY in the sense that S, s () = S, (RY) = S, 5. In addition,
the constant S,  is achieved by a family of functions
Vi(z) = eN/irg (g) e>0,

where 4, , () = up,“(

z|) is the unique radial solution for the problem

p—1 P (s)—2
—Apu—u|u| 4o Ju u  in RV\ {0}

x|’ N

u—>0 as |z| — oo.
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In the other hand, from [8] Sy s is independent of any Q C RY and it is achieved by a family of functions

N—p
N-p\" by 2
Ud(z) = [a(zv—s)( p) ] (a+|x|5—1) £>0,

Moreover the functions U, solve the equation

|u|P*(S)*2

T

u—>0 as |z| — oo.

Remark 2.1. The accurate form of the solutions V. for the first limiting problem is not clear, different
from the second one U, which leads to some clear differences between the proofs of Theorem 1 and
Theorem 2. For 0 < p < [t we can prove the existence of one solution, but in the case = 0 we use the
accurate form of U to prove the existence of two solutions.

Now, we shall give some estimates for the extremal functions U, which we will use later. Set § > 0
small enough such that B (0,d) C Q, ¢ € C5°(€2) such that for

0 if |x| > 26
vsp@ste={ ] FZY advewize

Put u. = ¢ (z) Uz (2).
By [8] we have the following estimates.

Lemma 2.1. Assume 2 <p < N, 0< s <p ande > 0 small enough. By taking

Ug
Ve =

Hu€ ps(8)

P*(S
D (s

so that ||ue ) = 1, we have the following estimates:

(1) HUEHgZS()’S—I—O(gﬁ ’
(2) fQ|V'U5|0‘ dZ‘:O(&‘%) fOTa: 17“, p— 1,

vg*(s)fl <p—1)<N—p>)
?

(3) fQ W dr = O (E p(p—s)

4 o UTS dx:O(apJ(Vp—:z)),

ER

Now, we define the Euler-Lagrange functional associated to the problem (P, ) by:

1 1
I(u) =~ |jull}) = —= p*(s)—/ dx, for allu € WP
(u) 5 [ull, o) [Ju po(s) qu x, for all u it

we have I € C*' (WP, R). A critical point u of I satisfies

p—2
/ |VulP~? Vqu—u|u| UV — Ju
Q x|

Px(s)—2

|

| uv—fv)dsz

for all v € Wl}”’, and correspond to weak solution of problem (P, ;).
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We consider the Nehari manifold
N = {ueW, \{0}, (I'(u),u) =0}.
Thus, v € N if and only if

(1 (w) ) = Jlul, = 2 ) - /fudx_o

Denote

Then o
(J' (), u) = (p = 1) Jull}, = (P« (s) = 1) [lull}: 5
Obviously, N can be divided into the following three parts:
Nt={ueN:{J (u),u) >0},
N ={ueN:{J (u),u) <0},
N0 ={ueN:{(J (u),u) =0}.
Denote

1
max . P p«(s)] Px(s)—p
= | ull, (p = 1) /(p« (s) = ) [Jull,” ) :
Lemma 2.2. Assume that Ay > 0, then N° = @ and N* +# @.

Proof. Suppose that N° # &. For u € N°, we have
(=D lully = (e (s) = 1) Jullp:()

(p—1>/qudx = (e () =)l

p«(s)”’

and
(- (s) — 1) /Q fu dz = (p. (5) = p) |[ull,-

Using the definition of S, we get

1
=) — P2 e
[l = e
[ ]p*(S)/(m(S)—p)
Thus v # 0 and
llly _ pe(s)—1
pa(s) -1
H'LL P*(S) p

Therefore,

0 = EEEpg- [ jude

. pols)—p Il Jyfuds
= el | @ =T Tl
* P« (s) ps(8)
» D Esg 1
= |u p«(s)=p | _p—1 [l |77 fode
pe(s) | p—1 pMQ—JHM&®) e (5)
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which is impossible.
Now, we prove that N* # @. Define

P » 1P+ (s) pa(s)
eu =S ulf = Sl 1 [ fuas,

Pu () = 71 [[ulff, — 771 [|u

ol (t) = / fu dx.

Easy computations show that @, is concave and achieves its maximum at ¢;"**. Moreover,

P (5)
P (5)

for u € WP\ {0}, then

x(s)—1

p—1
Hu”p :j*(m p—1 Px(a)—p

PulE7) = (p (5) — p) | —e_ |

Pult™) = () =) | 5 —

ps(8)

Then, there exist constants ¢, and ¢ such that

0 <ty <t <t

up !

tu,uo € NT and tf ug € N7\

Thus we can get easily N+ # @.

By the previous lemma we conclude that N = N UN~, and we can define

m* = inf I(u) and m™ := inf I(u).
ueN+ ueEN—

Lemma 2.3. Suppose that Ay > 0, then we have:
i) The functional I is coercive and bounded from below on N.
ii) There exist m§ < 0 such that

inf I(u) < inf I(u)<mi<O0.
uuelN (u)_ulel%\ﬁ (U)_mo <

Proof. i) Let u € N, by Holder and Young inequalities we have

1 1
I = “ul? P (s) / d
(U) P ||qu. D (S p*(s fu T
1 1
> - p _ P*(S p*(s _ p
> Tl — s g + g -
p—l) » <p*(8)—1> —pe(s)/
> — | — ) |Jul]f + [ ——=— | 5§ P=\5/P
( p el P« (8) .

Let X = [ull}, and

- _ p;l P M —ps(s)/p yP«(s)
hX)= ( p )X +< (s )" A

Direct calculations show that A is convex and achieves its minimum at

1
p_l px(s)—p
X, = Sp=(s)/p

’ L,* (s) =17 ’

SO
(p—1)(p«(s) = p)

p p*(g)fp
I(u)>— qp= 9)/p] )
(v) D (s) [p*<s>—1 z
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Then conclusion holds.
i) Let ug € WP be the unique solution of the following problem

Juf" " u :
—_— = in
|m|p f I

u=20 on 0f).

—Apu—p

Then, as f # 0 we have Iy (ug) = |lug||}, > 0 and |||}, = || || . Moreover from the proof of Lemma 2.2,
there exists ¢, > 0 such that ¢, ug € N*. This implies that

mt < I(t;ouo)

(1—p)(t;)" 1—pa(s) ,_ \pu(s
= Gl gy 12 8) gm0 s
(1-p) (tz,)"
< e ol
1_
< L)

Thus m*™ < mg < 0 where

O

Lemma 2.4. Suppose that f satisfies Ay > 0, then for each uw € N, there exist € > 0 and a differentiable
function ¢ : B(0,e) C WP — RT such that ((0) = 1, ((v)(u —v) € N for [[v]| < € and

I N U i NSNS U s
o [P | IVul" " VuVu — p——m-uv Dx (8) T uv — fo| dx

||
P« ()
P (5)

(¢ (0),v

(p =D llull; = (P« (s) = 1) [Ju

Proof. Define 9 : R x WP — R such that
o

V() = Cllu =, = ¢ Ju—w

Z:Ezg—/ﬂf(u—v) dx.

As u € N and N° = @, we have

8@ «(s
$(1,0) =0, Z2(1,0) = (p = D Julf = (- (5) = 1)l (5 # 0.
Then by the implicit function Theorem, we get our result. O

3. Proof of our main results
3.1. Proof of Theorem 1.1 (Existence of the first solution when 0 <y < 1)

We prove that I can achieve a local minimum on NT when 0 < p < 7.
It follows from Lemma 2.3 that I is coercive on N*. Using the Ekeland variational principle [5], we
can get a minimizing sequence (u,) C N such that

1 1
I(u,) <m* + = and I(u)ZI(un)—EHu—unHM for all u € N.
n
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By Lemma 2.3, we know that (u,,) is bounded in Wj’p. As a consequence, there exist a subsequence (still
denoted by (uy)) and u; in W, ? such that u; # 0 and

Up — Up iN Wﬁ’p,

. —S8
Up — up in Ly, (5 (Q, || ) ,
Uy, — Up a.e.dn €.

Now we claim that u is a positive solution for the Problem (P, ) and u; € N*. In order, to prove the
claim, we divide the arguments below into five steps.

Step 1. I' (u,) — 0 in W}

Fix n such that ||I’ (u,,)]|_ # 0. Then by Lemma 2.4 there exists ¢ > 0 and a function ¢,, : B(0,¢) —
R such that w, = ¢, (v,) (up — v,) € NT with

I (uy
v, = #and0<5<s.
17 (un)
Let An = [|wy, — uyl|, - By the Taylor expansion of I, we obtain
1
_EA" < T (wy) = I (ug)

IN

(I' (un) , W —up) +0(Ay)

= (G () = DI () )= 8, o) (7 () 5 ().
Hhen , C o) =1, A o(Ay)
o) I () < L ) gy 4 Ay o) (3.1)
‘We have
timg, (v,) = 1, tim KO0 1 [0 ) 20 OF 0 (g
and

1
5—0 nd %I—I}%)% ||(<" (Un) B 1) Un — <n (Un) UnHM

< (U6 O]l +1)

%
I

Taking § — 0 in (2) and since (u,,) is a bounded sequence we get

1 ()l < £ (¢, @ +1)

n

for a suitable constant C's > 0. Now, we must show that ||C;1 (0)||7 is uniformly bounded in n. From the
boundedness of (u,,) we have by Lemma 2.4

Ca |oll,

|0 = 1) Junlll, = (P (5) = 1) lfun

(¢, (0), v) <

p«(s)|’
P (s)

for all v € W,? and some constant Cy > 0. We only need to show that for any sequence (u,) C N*

P (s
P« (s)

> CSa

[0 = 1)l = (P (5) = 1) 1
for some constant C5 > 0. Assume by contradiction that there exists (u,) C NT such that

P*(s)} —0.

P« ()

Jim (= D llunl] = (s (5) = 1) 1w
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As |lun|, = C1 > 0, then

pe(s) _ _P—1
P8 p(s) — 1

HunH;p [[un

+on (1)

and

e Fon (1),

(r-1) /Q fm dz = (pa (5) — p) Jun

where o, (1) — 0 as n — oco. But this is impossible since, as in the proof of Lemma 2.2 we have

on()) = (o=1)ual’ = (pe (5) = ) llun 222

= (e () =) fual? ) - —1/fundx

Px(s)—1

«(s)—p foU d{E
lu

el i~

[[u

pe(s)=p| p—1 |ull}
P+ (2) p—1 pe(s) —1 HU”Z*(S)

\cEnad SV

At this point we conclude that I’ (u,) — 0 in W,
Step 2. u, — up in Wl}p.

Suppose otherwise, so [lu[|, < lim |uy|, , which implies that
n—oo

P (s)

mt < I(u)

(s) -1
el = 25— [ o

—1
lim wp|? —w/ Up, dx)
n——00 (” HH DPx (5) -2 Q f

= er.

N

This is a contradiction, which led to conclude that u,, — uq in Wl}’p and I (u1) = m™.
Step 3. u; € NT, and v, is a nontrivial solution of (P, ).

Suppose that w3 € N7, then by Lemma 2.2, we can find positive numbers ¢, and tjl such that
0<t1;1<t$1ax<t::1:17t uuleN u1€N and

mt < T (ty ur) <TI(t}u)=1(u)=m"

)

which is a contradiction. Hence u; € Nt and

*= inf I(u)= inf I(u).
LB = W)

By the Lagrange multiplier rule, there exists A € R such that

Py (1) = 1" (u1) = Mgy, (1),
which implies that
0= (" (u1),u1) = A{J" (1) , 1),

Note that (J' (u1),u1) # 0, then A = 0 and we conclude that I’ (uy) = 0. Therefore, u; is a ground state
solution of problem (P, ).
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3.2. Proof of Theorem 1.2 (Existence of the second solution when p = 0)

In the following, we prove that problem (P, ;) has a second solution us.

Lemma 3.1. Let 1 < p < N, 4 =0,0 < s < p and f # 0 satisfies Ay > 0. Then I (u) verifies the

Palais-Smale condition at level ¢ for all ¢ < m™ + _P=s (So,s)% .
p(N —s)

. . 1 . .
Proof. Assume (u,) is a sequence in Wy'? satisfying as n — oo

p—S

S =3 (So.s) 7+ and I (un) — 0 in W (3.2)

I(up) —»c<

By Lemma 2.3, we know that (u,) is bounded in VVO1 P, Then, there exist a subsequence (still denoted
by (u,)) and uy in WP such that uy # 0 and

. 1
up, —  ug in WyP,

. —S8
Up = Uz in Ly ) (Q, || ) ,

Uy, — U9 a.e.in Q.
Denote v,, = u,, — us, then
. 17
v, — 0in WP,

v, — 0in Lp*(s) (Q, |£C|_S) ,

v, — 0a.ein Q.
By the Brezis - Lieb Lemma [3] we have

lunllg = llonlly + lluzllf + on (1),

and

a2 (2) = [lvn

po() F lu2ll? (3 4+ on (1)

Then, from (3) we deduce that

1 1
cton(l)=1I(uz)+ [onllg = —— llvn

p«(8)

P (s)
P (5)

and

i = en ()

”Uan = [lvn

Using the fact that v, = 0 in VVO1 P we can assume that

lonllh — ¢ and ||vy,

P ()
pels) [ >0.
So, by the Sobolev-Hardy inequality, we get [ > Soyslp/p*(s).
Now, assume that [ # 0, then
1> (S S)Z)*(S)/(m(S)*P)

s

and we obtain

T+ (5= o ) 12 1)+ b (0,0

c =1 (uz - = = 1 (u2 — ~ (Lo,s) P

p o p(s) p(N—s) 7

As I (ug) > m™, we get a contradiction. So again u,, — u in VVO1 P strongly. O

In order, to prove Theorem 1.2, we need the following key lemma.
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Lemma 3.2. Suppose 2 < p < N, up =0, f(x) > agp > 0 in a small neighborhood of 0 and satisfies
Ay > 0. Then

_ 4 p—s S 11\)7::
m- <m +p7(N—s)( o,s)

Proof. Set

M = {0} U {u e Wh? : |Jull, < t* } and My = {u e Wr? lull, > t* |al} .

ullullg? ul|ul
We have Wol’p\N_ =M; UMy, Nt C My, ug € My and u; + Tv. € My for some real T > 0. Let
r= {h :[0,1] = Wy continuous, 2 (0) = uy, h(1) =uy + Tvs} ,

and
h(t) = uy + tTv. with t € [0,1].

It is obvious that & belongs to I and the range of any h € T' intersects N~. Then

~ < inf I(h(t)).
m” < fnf max I(h(t))

Now, we show that
— S N —s

p
supl(u; +tv.) <m™ + ————(Sp.s) 7 .
supl(ua + fue) p(N =) 200)
To this purpose we define g (¢) := I (u1 + tv.), then
— S N—s
g (0) =1 (u) <m* + L2 (55,)7,

p(N —s)

and by the continuity of g there exists tg > 0 small enough such that

— N—s
2 (So)

mt 4 P75
g(t) < +p(N_S>

for all t € (0, to). On the other hand, it is easy to see that g (t) — —oo as t — +o00, that is, there exists
t1 > 0 large enough such that

— S N—s

p
ty<mT + —(Sps)7
glt) <m* 4 B (S)
for all ¢ > t1. So we only need to show that
p—S N-—s
su ) <m™+ —"—(Sp.s)?
toggtlg() p(N_S)( 0,s)

Let ¢ be sufficiently small satisfying f (z) > ag > 0 in B (0,¢). Then, we get from Lemma 2.1

ig;) —to/ﬂfvgdx

1 1
sup I (tv < sup | = |[tve|]f — —— ||tv
p I(tve) < tzlg <p | EHO s (5) [[tve

to<t<ty
< sup <1 |tve||b — . [|tve p*(s)> - toao/ vedx
T o0 \P O pa(s) P+(2) Q
p—Ss N=s N-p N—p
< (So.s) 7+ +0 (s ) — 0.

p(N —s)



NONHOMOGENEOUS P-LAPLACAIN CRITICAL EQUATIONS 11

For the second one, we can assume that the first solution g is smooth and Vuy € Ly, (€2). Thus we have

sup g(t) = sup I (uj+tve)
to<t<ty to<t<ty
< I(w)+supl (tv.) + cl/ (IVer P (Vo] + (Vo™ [V |) do +
>0 Q
/ (|u1 p(s)=1 Ve + |ve pe(s)=1 ul) dx
Q
pP—s N-s N—p Nop Neop
< mt 4+ ————(So,) 7 +O<£P—5) —O(e »* +O(€P<P—S>) +
S (50) )
O (s (NE—&)E'ZTD)
From
N — N — N —
p> P > proralls>0,
p—s  plp—s) p
we have
N—p N-p N-—p (N—p)(p—1) (N=p)(p—1) N—p
[0) (5 p—s ) — 0(5 p? ) +0 (gp(p—S)) +0 (g p(p—s) ) =0 (5 p(p—s) ) — O(g p? )
Since N ) ( NN N
—Pp)P— - P - P
— = p—2)+s| >0,
p(p—s) p? pz(p—S)[p( )+l
then
p — S N—s
sup I (up +tv.) <mt + ——"—(Sps) 7
toftgtl ( ' s) p(N—S)( o )
for € small enough.
The proof is now complete. U

Now, we prove that I can achieve a local minimum on N~ .
By using Lemma 2.3, there exists a minimizing sequence (u,) C N~ such that
I (up) —m~ and I’ (u,) — 0 in Wyt

p—s
p(N—s
in Wol’p. This means that us € N~ and I (ug) =m™.

N—s
From Lemma 3.2 we have m~ < m™ + (So,s) 7= , therefore, by Lemma 3.1 we get u,, — us
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