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On (f,I) —Lacunary Statistical Convergence of Order « of Sequences of
Sets
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ABSTRACT: In this paper we introduce the concepts of Wijsman (f, I) —lacunary

statistical convergence of order av and Wijsman strongly (f, I) —lacunary statistical

convergence of order «, and investigated between their relationship.
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1. Introduction

The concept of statistical convergence was introduced by Steinhaus [37] and
Fast [17]. Schoenberg [32] established some basic properties of statistical conver-
gence and studied the concept as a summability method. Later on it was further
investigated from the sequence space point of view and linked with summability
theory by Altinok et al. ([2],[3]), Bhardwaj and Dhawan [4], Caserta et al. [5],
Cmar et al. [9], Connor [12], Cakalli et al. ([6],[7],[8]), Colak et al. ([10],[11],
[23]), Et et al. ([13],[14],[15],[16]), Fridy [19], Gadjiev and Orhan [21], Isik and
Akbag [22], Salat [29], Savag and Et [31], Sengiil [34], Taylan [38], and many
others. Nuray and Rhoades [28] extended the notion to statistical convergence of
sequences of sets and gave some basic theorems. Ulusu et al. ([39],[40]) defined
Wijsman lacunary statistical convergence of sequence of sets, and considered its
relation with Wijsman statistical convergence.

By a lacunary sequence we mean an increasing integer sequence 6 = (k) of
non-negative integers such that ko = 0 and h, = (k. — k,.—1) — 0o as r — oo. The
intervals determined by 6 will be denoted by I, = (k._1,k,] and the ratio k’:il
will be abbreviated by ¢,, and ¢; = k; for convenience. In recent years, lacunary
sequences have been studied in ([6], [18],[20], [33], [35], [36], [39], [40], [41]).

The notion of a modulus was given by Nakano [26]. A modulus f is a function
from [0, c0) to [0, 00) such that

i) f(z) =0 if and only if z = 0,
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i) flx+y) < f(z)+ f(y) for x,y >0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous in everywhere on [0, 00). A modulus may
be unbounded or bounded.

Aizpuru et al. [1] defined f—density of a subset £ C N for any unbounded
modulus f by

o LR ke BY)
d! (E) = lim )

and defined f—statistical convergence for any unbounded modulus f by
A ({keN:|z, - >e})=0

and we write it as S (f) —limay = £ or z;, — £(S (f)).

Let X be a non-empty set. Then a family of sets I C 2% (power sets of X) is
said to be an ideal if I is additive i.e. A, B € I implies AU B € I and hereditary,
i.e. A€ l, BC Aimplies B € I.

A non-empty family of sets F' C 2% is said to be a filter of X if and only if
(i) ¢ & F, (ii) A, B € F implies ANB € F and (iii) A € F, A C B implies B € F.

An ideal I C 2% is called non-trivial if I # 2%.

A non-trivial ideal I is said to be admissible if I D {{z}:xz € X}.

If I is a non-trivial ideal in X (X # ¢) then the family of sets
F(I)={McX:3Aecl)(M=X\A)}is afilter of X, called the filter associ-
ated with I.

Let (X, d) be a metric space. For any non-empty closed subset Ay, of X, we say
that the sequence {Ay} is bounded if sup; d (z, Ay) < oo for each x € X. In this
case we write {Ar} € Leo.

Throughout the paper I will stand for a non-trivial admissible ideal of N.

The idea of I—convergence of real sequences was introduced by Kostyrko et al.
[24] and also independently by Nuray and Ruckle [27] (who called it generalized
statistical convergence) as a generalization of statistical convergence. Later on
I—convergence was studied in ([7],[25], [30], [35], [40]).

,if the limit exists

2. Main Results

In this section, we give relations between the concepts of Wijsman (f,I)—
lacunary statistical convergence of order o and Wijsman strongly (f, I) —lacunary
statistical convergence of order a of sequences of sets.

Definition 2.1. Let f be an unbounded modulus, (X, d) be a metric space, 0 be a
lacunary sequence, o € (0,1] and I C 2N be an admissible ideal of subsets of N. For
any non-empty closed subsets A, Ay, C X, we say that the sequence { A} is Wijsman
(f,I) —lacunary statistically convergent to A of order o (‘or Sg (f, L) — convergent
to A ) if for each e > 0,6 >0 and x € X,

1
{T eN: W‘f (|{k7 € Ir : |d(l‘,Ak) —d(l‘,A)| > E}D 2 6}
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belongs to I. In this case, we write Ay — A(Sg (f, 1)) . For 0 = (2"), we shall
write S (f,I,,) instead of Sg (f, Ln) and in the special cases o =1 and 6 = (27)
we shall write S (f, L,) instead of S§ (f, Lw) -

As an example, consider the following sequence:

A — {22}, kp1 <k <kr_1+Vhr
7 {o}, otherwise '

Let (R,d) be a metric space such that for z,y € X, d(x,y) = |z —y|, 4 =
{1},2>1, f(x) =2 and a = 1. Since
1
Wfﬂ{k €l :|d(z,Ap) —d(z,{1})| = e}]) = 6
belongs to I, the sequences {A;} is Wijsman (f, I) —lacunary statistically conver-
gent to {1} of order a.

Definition 2.2. Let f be an unbounded modulus, (X,d) be a metric space, 6 be
a lacunary sequence, a € (0,1] and I C 2V be an admissible ideal of subsets of N.
For any non-empty closed subsets A, A, C X, we say that the sequence {Ay} is
said to be Wigsman strongly (f, ) —lacunary statistically convergent to A of order
a (or N§[f, I,]) —convergent to A ) if for each ¢ >0 and x € X,

1
{TGN: 7" Zf(|d($7Ak)d(~TaA)|)Z€}

kel

belongs to I. In this case, we write Ay — A(Ng [f, In]). For 6 = (27), we shall
write N [f, Iy] instead of N§' [f,I.,] and in the special cases « =1 and 6 = (27)
we shall write N [f,I,,] instead of Ng [f, I,] .

As an example, consider the following sequence:

A — {32EY | kg <k < ko1 4+ VD,
B {0}, otherwise '

Let (R, d) be a metric space such that for z,y € X, d(x,y) = |z —y|, A= {1},2 >
1, f(z) =z and a = 1. Since

1
T k;ﬂf (ld (z, Ap) = d(z,{1})]) = €,

the sequences {Ay} is Wijsman strongly (f, ) —lacunary statistically convergent
to {1} of order «.

Theorem 2.1. Let f be an unbounded modulus, (X, d) be a metric space, 6 = (k)
be a lacunary sequence, o € (0,1] and A, Ay, (for all k € N) be non-empty closed
subsets of X, then N§ [f,I,] is a proper subset of Sg (f, L) .
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Proof. The inclusion part of proof is easy. In order to show that the inclusion
N [f, Lw] C S§ (f, L) is proper, let 6 be given and we define a sequence {A;} as

follows
A — {2}, k=1,2,3, .., [Vh]
T {0}, otherwise

Let (R, d) be a metric space such that for z,y € X, d (z,y) = |z —y|, f (z) = /.
We have for every € > 0,2 > 0 and % <a<l,

Nl

! URET [V VR V]
f(hr)af(l{kelwld(,Ak) d(z,{0})] > €}|) < FT T VR s
and for any 6 > 0 we get

{reN:ﬁf(l{kEIr:ld(w,Ak)d(z,{O})lzs}l)zé}g
TEN:@Zé

Since the set on the right-hand side is a finite set and so belongs to I, it follows

that for 3 < a <1, 4, — {0} (S (f,1u)) -

On the other hand, for « = 1 and = > 0,

S g de oy = L€ 2V
f(h/r)a kelrf(|d( 7Ak) d( 5{0})|) - f(hr)a
B (22 — 2x) [\/hr}
= hra —1
and forO0< a<1
(22 — 22) [ hr] — 0.

Vi

Hence we have

1
{r cN: W Z f(d(x, Ax) — d(z,{0})]) > 0}

kel,.
_ V(@ = 22) [Vi]
= {7’ eN: N > 0}

={a,a+1,a+2,...}

for some a € N which belongs to F' (I), since I is admissible. So,

Ay, = {0} (NG [f, Lw)) -
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From Theorem 2.1 we have the following results.

Corollary 2.2. i) Let a and 3 be two fized real numbers such that 0 < o < <1,
then N®[f, I,] € S® (f, L.,),

i) Let « be a fized real numbers such that 0 < « < 1, then N*[f,I,] C
S (f7 Iu}) )

iit) Let 0 be a lacunary sequence, then No[f, L,] C So (f, L) -

Theorem 2.3. Let 0 = (k) be a lacunary sequence and « be a fized real number

f<’“>Z >0, then S (f, 1,) C S§ (f, 1) -

f(kr)

Proof. It Ay — A(S*(f,1y)), then for every e > 0, for each x € X, and for
sufficiently large r, we have

such that 0 < a < 1. If lim, o

1
" ({k <kt |d (2, Ax) — d(z, A)| = €}]) =
Fhe)" 1 A
f(kr)a f(hr)af(Hk € I’l“ . |d( aAk) d( 7A>| > €}|) .
For § > 0, we have
1
{TENZ Wfﬂ{kzeh |d(z, Ag) — d (z, A)| > €}]) 26}
o1 . of (he)®
C {reN: sl (< b o) - do ) 2 2H) > L b e
This completes the proof. O

Theorem 2.4. Let § = (k) be a lacunary sequence and the parameters « and
be fized real numbers such that 0 < o < B < 1, then the inclusion N [f,I,] C
Ng [f, Lw] is strict.

Proof. The inclusion part of proof is easy. To show that the inclusion is strict
define {Ax} such that for (R,d), z > 1, f (x) = 2 and A = {0},

4 P2t ke <k <ke_1+Vhy
ke {0}, otherwise

Then {Ax} € Nj [f, 1] for + < 8 <1but {Ay} ¢ N [f, [,] for 0 < a < O

1
5

Theorem 2.5. Let § = (k) be a lacunary sequence and the parameters « and (3
be fized real numbers such that 0 < o < 8 < 1, then the inclusion S§ (f,I,) C

Sg (f, Ly) is strict.
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Proof. The inclusion part of proof is easy. To show that the inclusion is strict
define {Ay} such that for X = R? and f (z) =«

A — (z,y) € R, 22 + (y — 1)> = k2, if k is square
b {(0,0)}, otherwise

Then {Ay} € S (f,1,) for 2 < 8 <1but {4} ¢ S5 (f,I,) for0<a<i. O

Theorem 2.6. Let 0 = (k) be a lacunary sequence and « be a fized real number

ff((hl;); > 0, then S (f,I,) C S (f, L) -

Proof. The proof is similar to that of Theorem 2.3. O

such that 0 < a < 1. If lim, o inf

Theorem 2.7. Let (X,d) be a metric space and A, A (for all k € N) be non-
empty closed subsets of X and « be a fixed real number such that 0 < o < 1. If

0 = (k) is a lacunary sequence with lim sup %%SQ)Q <oo (j=1,2,..,1), then

A — A(S§ (f, 1)) implies A — A(S* (f, Lv)).

Proof. If lim sup% < 00, then without any loss of generality, we can

assume that there exists a 0 < B; < oo such that % < B, (j=1,2,...,7)

for all » > 1. Suppose that Ay — A (Sg (f, I,)) and for €,6,; > 0 define the sets

1
c {TGN: g d (€ a2, A1) — (o, 4)] 2 ) <6}
and
T= {TEN: ﬁfﬂ{kﬁn |d (z, Ax) — d (z, A)| > €}]) <51}.

It is obvious from our assumption that C' € F(I), the filter associated with the
ideal I. Further observe that

A=

1
Fiyed k€ Lisld(w, A0 - d (@ A 2 e} <9

for all ¢ € C. Let n € N be such that k,._1 < n < k, for some r € C. Now we can
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write
Foe (k< sl (@ 4¢) = d (@,.4)] = )
< g (k< ke i A = d (2. 4)| 2 2})
< gl (eI A = d (. A)] > &)+ .
el ke 1t e Ay —d (e, 4)] = )
- A T Ll A — d (. )] 2 <)
P B (k€ B A — e, 4) 2 2))
bt f(’;TU;f:)—;)a f(;r)af(|{k €L |d(z Ap) — d(z, ) > £})
< Zs_ggAi.f(kl)Hf(kzJlfl(zi).;+f(krkrl)“
< Zs_élgAi(Bl—f—Bg—f—...—i—BT)<6ZBJ».

j=1

Choosing §; = —9%  and in view of the fact that U {nik_1<n<k, reC}cT
2 Bj
j=1

where C' € F(I). This completes the proof of the theorem. O

Theorem 2.8. Suppose 0/ = (s,) is a lacunary refinement of the lacunary sequence
0 = (k) and a, B € (0,1] be fized real numbers such that o < . Let I, = (ky—1, k;]
and J, = (Syp—1,8:],(r =1,2,3,...). If there exists € > 0 such that

£(D°
F(LD"

> € for every J; C I; ,

then A — A(S§ (f, Lw)) implies A — A (Sg, (f, Iw)) .
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Proof. For any € > 0 and every J;, we can find I; such that J; C I;; then we have

(ke | (2 A — d (@, A)] > €}

F070°
- <JJ:<(||§||)>"> (f(lil)“) F (k€ J; 2 1d (@, A) = d (@, 4)] = £}
: (f(ﬁ“?) (7 ) £ 4k & 12 b A = d o )] > €3
- @ (f(lil)“) Ptk € L x Jd (@, Ay) —d (2, 4) 2 e})

and so
1
reN: —— kelJj:|d(x,Ay) —d(xz,A)| >€}]) >0
{e e (k€ gy e )~ )] 2 ) }

C {TEN: (m)ﬁfﬂ{ke]Z |d (x, Ag) — d(x, A)| > €}]) 256} el

The proof completes immediately. O
Theorem 2.9. Suppose 0 = (k) and 0’ = (s,) are two lacunary sequences and

a,B € (0,1] be fized real numbers such that « < B. Let I, = (ky—1,k], Jr =
(sr—1,8+],(r=1,2,3,...) and Ly =, N Jj, i, = 1,2,3,.... If there exists € >0

f (1)
WJDQ > € for every i,j =1,2,3, ..., provided I;; # &,

then A — A (S (f, Lw)) implies A — A (Sg, (f, Iw)) .

Proof. Let 0" =0 Uf. Then 0" is a lacunary refinement of the lacunary sequence
¢, also 6. Then interval sequence of § is {I;; = I; N J; : I,; # @}. From Theorem

2.8, if Ay, — A (S (f.1.,)), then A — A (Sg,, (f, Iw)) Since 8 is also a lacunary
refinement of the lacunary sequence ¢, we have that A, — A (Sg‘,, (f, Iw)) implies
A —>A(S§, (f,Iw)). O

Theorem 2.10. Let 0 = (k) and 0’ = (s,) be two lacunary sequences such that
I, C J, for allr € N and let o and B be such that 0 < a < <1,

(i) If
RS (1)

then S5 (f, 1) C Sg (f, Lw),
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(id) If
o ) _
7‘1—>oo f(h)* (2)
then Sg (f, Lw) € Sy (f: L) -
Proof. i) Omitted.
(i1) Let (2) be satisfied. Since I, C J,., for £ > 0 we may write
o e e A — a0 = )
= f(;) FU{sr—1 <k <kp_q1:|d(z,Ar) —d(z,A)| > e}
+{kr <k <sp:|d(x,Ag) —d(z,A)| > e}
+ {kro1 <k < ky:|d(x, Ax) —d(z,A)] > e}])
S f (;ﬂ) f (kr—l — Sp—1+ Sp — kr)
1
e |d(x, Ag) —d(z, A)| >
+f(fr) SRk e L - |d(x, Ap) — d(z, A)| = €}])
f(gr _hr) 1 . _
< Tl (M € g1 A —d (e )] 2 )
1+ he) L dd(x, Ag) —d(x, A
< ) f(mﬁf(|{k61r-|d( s Ag) —d(z, A)| = €})
f )+ f (hr) 1 ,
< Py + f(hT)“f(Hk €L |d(z, Ap) — d(z, A)| = e}])
< Lo LB h o (ke 1 sl (o, A0 (o, A)| > )
< (3 4 el (e 1 i) - d(o,4)] 2 )
for all » € N and so
{reN: ﬁm{keﬂ:|d(x7Ak)—d(x7A)| > e}) >6}
1 (. A — d(x - _ 27 )
- {r eN: f(hr)af(l{ke I :|d(z,Ax) —d(z, A)| > e}]) > f(h'r)a} el.
This gives that S§' (f, L) € Sh (f, L) 0

Theorem 2.11. Let 0 = (k) and 0’ = (s,) be two lacunary sequences such that
L. C J,. for allr € N, a and B be fixed real numbers such that 0 < o < 8 < 1. Then
we have
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(i) If (1) holds then NJ, [f,1,] € N§ [f, L],

(1) If lim, o0 iy = 0 holds and {Ag} € Loo then Ng'[f, L] C NJ, [f, L]
Proof. (i) Omitted.

(1) Let suppose that (2) holds. Since {Ay} € Lo then there exists some M > 0
such that |d (z, Ax) — d (z, A)| < M for all k. Now, since I, C J, and h, < ¢, for
all » € N, we may write

f(; 53 £ (4G A~ A))
T kedJ,
1

= TP > f(d(x, Ay) —d(x, A))
T ked,.—I,
1

£(d (z, Ar) — d (x, A)])
() Z ’

+

(PO 4N~ e
< f(fT)B + f(fr)ﬁ kelrf(| ( ) k) ( ) >|)
0 f (M) 1 e
< f(hr)a + f(hr)a E f(|d(zaAk) d( 7A)|)

kel

for every r € N and so

1
{TGN. TG > fld (@, Ax) - d(z, A))) Zs}

r keJ,

g )t e . LD
- {TGN-—f(hr)ak%;Tf(ld( aAk) d( aA)l)Z f(hr)“}el'

O

Theorem 2.12. Let 0 = (k) and 0’ = (s,) be two lacunary sequences such that
L. C J. for all v € N, a and 8 be fixed real numbers such that 0 < a < <
1. Let (1) holds, if a sequence is strongly Nﬁ, [f, In] —summable to A, then it is
S§ (f, Ip) —statistically convergent to A.

Proof. Omitted. O
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