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An Absolute Matrix Summability of Infinite Series and Fourier Series
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ABSTRACT: The aim of this paper is to generalize a main theorem concerning

weighted mean summability to absolute matrix summability which plays a vital role

in summability theory by using quasi- f-power sequences.
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1. Introduction

Definition 1.1. [1] A positive sequence (b,) is said to be an almost increasing
sequence if there exists a positive increasing sequence (cy,,) and two positive constants
M and N such that Mc, <b, < Nc,.

Definition 1.2. [17] A positive sequence X = (X,,) is said to be quasi-f-power
increasing sequence if there exists a constant K = K (X, f) > 1 such that K f, X,, >
fmXm for alln >m > 1, where f = {f(0,8)} = {n(logn)?, 8 >0,0 <o < 1}.

If we take § = 0, then we have a quasi-o-power increasing sequence. Every
almost increasing sequence is a quasi-o-power increasing sequence for any non-
negative o, but the converse is not true for o >0 (see [13]).

Definition 1.3. For any sequence (\,) we write that A%\, = A\, — A\,11 and
AN, = Ay — Ag1. The sequence (\y,) is said to be of bounded variation, denoted

by (An) € BV, if > |AN,| < .
n=1

2010 Mathematics Subject Classification: 26D15, 40D15, 40F05,40G99, 42A24, 46A45.
Submitted February 12, 2019. Published March 27, 2019

Typeset by Bsg&style.
49 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.v38i7.46594
https://orcid.org/0000-0003-3763-0308

AN ABSOLUTE MATRIX SUMMABILITY OF INFINITE SERIES AND FOURIER SERIES 50

Let " a, be a given infinite series with the partial sums (s,). By u® and t% we
denote the nth Cesaro means of order a, with @ > —1, of the sequence (s,) and
(nay), respectively, that is (see [8])

1< 1 O
up = 4 ;_O A%~ls, and 1@ = yr UE:o AN Lva, (1.1)
where
1 2)...
AY = (e +1)(a+2).(a+n) =0(n*), A%, =0 for n>0. (1.2)

n!

Definition 1.4. [10], [12] The series > ay, is said to be summable |C, oy, k > 1,

if
o] e} 1
Sk g = 3 gl < oo (1.3)
n=1 n=1

If we take oo = 1, then |C, a|; summability reduces to |C, 1|, summability.
Let (p,) be a sequence of positive real numbers such that

Pn:ZpU%oo as n—oo, (P_;=p_;=0, i>1). (1.4)
v=0

The sequence-to-sequence transformation

1 n
b = B ;Opvsv (1.5)

defines the sequence (t,) of the Riesz mean or simply the (N,p,) mean of the
sequence (s,) generated by the sequence of coefficients (p,,) (see [11]).

Definition 1.5. [2] The series Y. ay is said to be summable |N,py,

[e%s} k—1

P,
§:<—) |ty — tn_1 |F< 0. (1.6)
o1 \Pn

N.pn

k>,

In the special case when p, = 1 for all values of n (resp. k = 1),
summability is the same as |C, 1|, (resp. | N,p, |) summability.

I

2. The Known Results

The following theorems are known dealing with the |]\_f , Pn ‘ ., summability factors
of infinite series.
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Theorem 2.1. [1/] Let (X,) be a almost increasing sequence. If the sequences
(Xn), (\n), and (py) satisfy the conditions

AmXm =0(1) as m — oo, (2.1)

> nXa|A%M\|=0(1) as m — o0, (2.2)

S o) (2.3)

n=1
Z p—n|tn|k =0(X,;,) as m — oo, (2.4)
n=1""
o Jtnl*
Z =0(X,;,) as m — oo, (2.5)
n
n=1

then the series . an\, is summable ’]\_f,pn . k>1.

Theorem 2.2. [6] Let (X,,) be a quasi-o-power increasing sequence. If the se-
quences (X,,), (A\n) and (py) satisfy the conditions (2.1)-(2.3), and

m k
Z% t| O(X,,) as m — oo, (2.6)

n=1

Z Xk 1: O(X,,) as m — oo, (2.7)

then the series > anAy, is summable |N,pn k>1.

I

Later on, Bor has proved the following theorem by taking quasi-f-power increas-
ing sequence instead of a quasi-o-power increasing sequence.

Theorem 2.3. [7] Let (X,) be a quasi-f-power increasing sequence. If the se-
quences (X,), (An) and (py) satisfy all the conditions of Theorem 2.2, then the
series Y apXy, is summable ’N Pnl}, , k> 1.

Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero di-
agonal entries. Then A defines the sequence-to-sequence transformation, mapping
the sequence s = (s,) to As = (A, (s)), where

An(s) :Zamsv, n=0,1,.. (2.8)

v=0

Definition 2.4. [16] The series Y a, is said to be summable |A,py|,, k > 1, if

% k-1
Z (;D_:) [An(s) — An—1(s)]" < o0, (2.9)
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If we take p, = 1 for all values of n, then we have |A[, summability (see [18]).
And also if we take a,, = o then we have ‘]\7 , pn’ ., summability. Furthermore, if
we take a,, = %”; and p, = 1 for all values of n, then |A, p,|, summability reduces
to |C, 1], summability (see [10]).

3. The Main Results

Recently some papers have been done concerning absolute matrix summability
of infinite series and Fourier series (see [3]-[5], [15], [19]-]27]). The aim of this
paper is to generalize Theorem 2.3 for | A, p, |, summability method for these series
by taking quasi-f-power increasing sequence instead of a quasi-o-power increasing
sequence.

Given a normal matrix A = (a,,), we associate two lower semimatrices A= (@)
and A = (@) as follows:

n
Gy = g Gni, m,v=0,1,... (3.1)
1=v
and
(oo = Qoo = G0, Qny = Qny — Gn—1,0, N =1,2,... (3.2)

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

An(S) = ianvsv = i AnoyQy (33)
v=0 =0

and
AAn(s) = oty (3.4)
v=0

Using this notation we have the following theorem.

Theorem 3.1. Let (X,,) be a quasi-f-power increasing sequence. Let k > 1 and
A = (any) be a positive normal matriz such that

Gno=1,n=0,1,.., (3.5)
An—1,p > Apy, for n>ov+1, (3.6)
_oftn
Qpn = O (Pn) (3.7)
n—1 1
> ~int1 = O(ann). (3.8)
v=1

If the sequences (X,,), (A\n) and (py) satisfy all the conditions of Theorem 2.3, then
the series Y ap, is summable |A,py|,, k > 1.
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It may be remarked that if we take A = (NN, p,), the conditions (3.5)-(3.7) are
satisfied automatically and the condition (3.8) is satisfied by the condition (2.3).
We need the following lemmas for the proof of our theorem.

Lemma 3.2. [3] Under the conditions of Theorem 2.1 we have that

nXp|Al,| =0(1) as n— oo, (3.9)
D Xn] AN < o0 (3.10)
n=1

4. Proof of Theorem 3.1

Let X,, be a be a quasi-f-power increasing sequence and (I,,) denotes the A-
transform of the series y | a,\,. Then, we have

AI, = i Ao Gy Ay -
v=1

Applying Abel’s transformation to this sum, we have that

n

n n—1 N v R
Al, :Zldm%)\u% = ZIA(%Z—AU)ZMT n an;;)m Zmr

r=1 r=1

n—1 ~
’n/'U)\'U ~ 1
=3 A 4 4 1)ty + A ot
ot v n

n—1 n—1
_ v+1 . v+1
= Z Aanv)\vtv + Z an,erlA)\vtv
v=1 v v=1 v

e t n+1
+ Z dn,erl)\erl_U + ann)\ntn—
v=1 v n

=in,1 + In,2 + In,?) + In74-

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to
show that

[e%s} P k—1

> (—") | I, |F< 00, for r=1,2,34. (4.1)
Pn

n=1

First, by applying Holder’s inequality with indices & and £/, where & > 1 and
% + % = 1, we have that

m+1 P, k—1 m+1 P, Bel(nzlooq k
> () nate > (3) ) Aa] 0l

n=2 Pn n=2 v=1

m+l o p o\ k-lnolo n-1 k-1
=0(1) > (—”) D | Aany | o]t |F x {Z \Aam,]} ,

n=2 Pn v=1 v=1
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using
Aanv = Qnpy —

An w41 = Apy — afnfl,u - afn,erl + afnfl,qul = Unpy — Qp—1,v,

and from (3.5) and (3.6) we have
n—1 n—1 n—1
Z |Aanv| == Z |anv - anfl,v| = Z(anfl,v - anv)
v=1 v=1 v=1
n—1 n
= Z an—1,0 — An—-1,0 — Z Apy + Gpo + Ann
v=0 =0

=1- Gn—-1,0 — 1+ ano + ann < anp,

. 1 %
and using ZZZFUH [Adny,| < ayy, we have,

mil o\ kel it p o\ S
S () tarreomd () e {E st
n n=2 " v=1

n=2
m m+1
1)Z|)‘v|k_1|)‘v||tv|k Z |Aas,|

v=1 n=v+1
|

=0(1) ) F|)\v||tv|kaw
v=1

t, ty

ZAP\ |Zaw | ' |Am|2am | |
v=1
m—1

=0(1) Y |AN| Xy + O(1)| A | X,
v=1

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. Also, we have that

m+1 k—1 m+1 k—1 k
P, P, v+ 1
3 (p—) Lo S (p—) {D fam s | AN £, |}

n=2 n=2
mil o\ k-l k
=0(1) Y (p—") {Zammm [ty =2 }
n=2 n

v=1 v=1

mAl o\ k=1 (n=] n—1 k-1
=0(1) Y (p—") {Zan v 1| AN X, Xk|t |k} X {Z an,v+1|mv|xv}

o4
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Pn

m+1 P k—1 n—1 1 m—1 k-1
=0(1) Z (_n) aﬁﬁl {Zdn,v-i-llA)‘levﬁ“vlk} X {Z |A)‘U|Xv}

n=2 v=1 v=1
m 1 m—+1 m
= 0(1) Y vl ot Y s = 0) Y vy et ltol”
v=1 ” n=v+1 v=1 v
m—1

s
(1) S Awlar]) g Xk 1+o )mm)‘m';rxf—l

=0(1) IA(v| AN )| Xy + O(1)m| AN, | X

S
Il
—

3

v=1
m—1 m—1

=0(1) Y oXy AN+ 0(1) Y Xo|AX|+ O(1)m| ANy, | X,
v=1 v=1

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. Furthermore, as in
I,.1, we have

ni(p) ! <m§(&)k 1{Zlam+1|m+l|“ '}

Pn

k—1
P, to|* w1,
(_) |an,v+1||)\v+1|k—| ol X Z —Qn,v+1
n— \P v =1 Y

m+1 n—1
P, ty
my (—) 5 el G
v=1
| m—+1

k 1|)\’U+1| Z anv—i—l
n=v-+1

—om Yl
v=1
m |t |k m—+1
= O(l)z Z} Xk 1|)\v+1| Z an 41
v=1 n=v+1

1 [t ]*

=0(1)> ) —= vl
v=1 Xy '

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. Again, as in I,,1, we
have that

m k—1 m k—1

P, P,
3 <—) Lol =0y (—) RTWLTaL
n=1 Dn n=1 Dn
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m k—
. Pn ! k—1 k—1 k
—omy (—) a5 A A

Pn

n=1
" 1

=omy. ann =g Palltnl* = 0(1) as m = oo,
n=1 n

by virtue of hypotheses of the Theorem 3.1 and Lemma 3.1. This completes the
proof of Theorem 3.1.

5. An application of absolute matrix summability to Fourier series

Let f be a periodic function with period 27 and integrable (L) over (—m, ).
Without any loss of generality the constant term in the Fourier series of f can be
taken to be zero, so that

£(t) ~ i(ancosnt+bnsmnt) _S o). (5.1)
where - -
ag = % [ 7; F(O)dt, ap = % 7; F(t)cos(nt)dt, by = % 7; F(8)sin(nt)dt.
We write
8(0) = 5 (@ +0)+ flz— 1)} (52)
balt) = = /0 (=) dus (o > D). (5.3)

It is well known that if ¢(t) € BV(0,n), then t,(xr) = O(1), where t,(z) is the
(C,1) mean of the sequence (nCy(z)) (see [9]).

The Fourier series play an important role in many areas of applied mathematics
and mechanics. Using these series, Bor has obtained the following main result.

Theorem 5.1. [6] Let (X,,) be a quasi-o-power increasing sequence. If ¢1(t) €
BV(0,7), and the sequences (pn), (An), and (X,) satisfy the conditions of Theorem
2.2, then the series > Cp(z) Ay is summable |N,ppli, k> 1.

Theorem 5.2. [7] Let (X,) be a quasi-f-power increasing sequence. If ¢1(t) €
BV(0,7), and the sequences (pn), (An), and (X,) satisfy the conditions of Theorem
2.3, then the series > Cp(z) Ay is summable |N,pplik, k> 1.

We now apply the above theorems to the weighted mean in which A = (ay,) is
defined as an, = %> when 0 < v < n, where P,, = po + p1 + ... + pn. Therefore, it
is well known that

a :Pnfpvfl and & _ pan
nv Pn n,v+1 PnPn—l .
We can obtain new results dealing with absolute matrix summability of Fourier
series in the following manner.
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Theorem 5.3. Let A be a positive normal matriz satisfying the conditions of
Theorem 3.1. Let (X,,) be a quasi-o-power increasing. If ¢1(t) € BV(0,7), and
the sequences (pn), (An), and (X,,) satisfy the conditions of Theorem 3.1, then the
series Y Cp(x) Ay is summable |A, ppli, k> 1.

Theorem 5.4. Let A be a positive normal matriz satisfying the conditions of
Theorem 3.1. Let (X,,) be a quasi-f-power increasing sequence. If ¢1(t) € BV(0, ),
and the sequences (pr), (An), and (X,,) satisfy the conditions of Theorem 3.1, then
the series > Cp(x) A, is summable |A, pplk, k > 1.

6. Applications

We may now ask whether there are some examples other than weighted mean
methods of matrices A that satisfy the hypotheses of Theorem 3.1. and by applying
Theorem 3.1, Theorem 5.3 and Theorem 5.4 to weighted mean so, the following
results can be easily verified.

1. If we take a,, = —” in Theorem 3.1, Theorem 5.3 and Theorem 5.4, then we
have Theorem 2.3, Theorem 5.1 and Theorem 5.2.

2. If we take p,, = 1 for all values of n in Theorem 3.1, Theorem 5.3 and Theorem
5.4, then we have a new result dealing with |A[, summability.

3. If we take an, = £~ and p, = 1 for all values of n in Theorem 3.1, Theorem 5.3
and Theorem 5.4, then we have a new result concerning |C, 1|, summablhty
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