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Existence of Solutions of a Quasilinear Problem With Neumann Boundary Conditions

Samira Lecheheb, Hakim Lakhal and Messaoud Maouni

ABSTRACT: This paper is devoted to study the existence of weak solutions of a quasilinear system of partial
differential equations which are a combination of the Perona-Malik equation and the heat equation. The proof
of the main results are based on the compactness method and the motonocity arguments.
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1. Introduction
In this article, we study the existence of the solutions for the following problem
. 1 .
—dlv(gl(|Vv|)Vu) - PAU = fi(z) —uhi(z) in Q,
1
. 1 .
—dlv(gg(|Vu|)Vv) - PAU = fa(z) —vha(z) in Q, (1.1)
2
1 . 1 -
(01090) + 55 ) Vu-ii= (92(1Vul) + 53 ) Vo -7 =0 on 09,

1 2

where Q C RY is a bounded domain with smooth boundary 92, f = (f1, f2) is function in (L%(€))? and
0 < A < 1 suth that A = (A1, \2), h = (h1, ha) is function in (L*°(Q))? satisfy h; >0, i = 1,2.
The function g = (g1, g2) is defined by one of the following expressions:

1 52

g(s) = W or g(s)= exp(— W

).

It is clear that the function g(s) is a decreasing non-negative function satisfying the following conditions

lirr(l]g(s) =1,
S—>
. (1.2)

We remark that, if g; = 1 for i = 1,2 we recover the linear diffusion.
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In 2014, A. Atlas et al [1] proved the existence and the uniqueness of solutions of the problem

1
—div(g(|Vul)Vu) — Fdiv(|Vu|p_2Vu) =f—u inQ,
(1.3)

1
(g(|Vu|) + F)Vu -7 =0 on 09,

they also studied the asymptotic behavior of the solution as p — co. The solvability of the problem (1.3)
in this setting was proved by S. Lecheheb et al [7] in the case where p = 2 and the right hand side is
f — k(x)u, and they also solved this problem when the right hand side is f(u), p = 2 see [8].

In this work, we extend the results obtained in [7] to the system (1.1). This type of systems has been
extensively studied by several authors. In 2009, A. Moussaoui and B. Khodja [12] studied the existence
of nontrivial solutions of semilinear elliptic systems. In 2013, H. Lakehal et al [5] proved the existence of
solution for a nonlinear elliptic system through the Schauder’s fixed point theorem and an appropriate
choice of homotopy. Far from being complete, we refer readers to [3,6,9,11].

The aim of this work is to investigate the existence of solutions to the quasilinear system (1.1) with
zero Neumann boundary conditions. This existence is obtained by using the compactness method and
the monotonicity arguments. The corresponding method has been first introduced by Vishik and called
the compacteness method by J.L. Lions [10]. Our problem is a combination of the Perona-Malik equation
[1,4,13,14] and the heat equation [2].

The paper is organized as follows. In the next section we present the main result. In the section 3,
we prove the existence of the solution of the problem (1.1) under the condition 1.2, using monotonicity
arguments.

2. Main result
In this section, we discuss the notions of weak solutions and the main result. First, let
U=H' Q) x H'(Q),
which is a Banach space endowed with the norm
I, 0)II% = Il ) + lolF ),

and let V= L2(Q) x L2(), and U = L=(Q) x L>(Q). In the sequel, || - || 2, || | a1y and || - || 1)
will denote the usual norms of L?(Q2), H*(Q2) and L> (), respectively.
We give now the:

Definition 2.1. We say that (u,v) € U is a weak solution for the system (1.1) if for any (¢,v¢) € U we
have

/ (@1(IVo]) + —)VuVpdz + / (92(|Vu]) + ) VoV da
Q )\1 Q /\2

= /Qflgodx—l—/ﬂfggbdx—/Quhl(x)godx—/ﬂvhg(x)@[)dx.

Our main result is the:

(2.1)

Theorem 2.2. Under condition (1.2), the problem (1.1) has at least one solution.

3. Proof of Theorem 2.2

Let V be a finite-dimensional subspace of U endowed with the U-norm, and V* its dual. Define the
mappings H : V x [0,1] — V* by

(H(u,,1), (0, 9)) :/Q(gl(t|Vv|)+$)VuV<pdx+/Q(gg(t|Vu|)+$)VvV¢dx

1 2

—/Qfl(x)godx—/Qf2($)¢dx+/QUfll(x)SDdx‘F/QUh?(dox’
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for all (¢,%) € V, H is well defined.
3.1. A priori bounds.

Let us show now that
{(u,v) eV :H(u,v,t) =0, forsomet e |0, l]} C B(0,p) where

~ 2

p= m”(fl,fz)”f/'

Indeed, if H(u,v,t) = 0 for same (u,v,t) € V x [0, 1], then

0= <H(U,U,t), (uvv»U > min(cl’CQ)H(u’v)HQU - 2H(fla fQ)Hf?H(u’U)HUv

which implies that
2

< - =
0l < s

Il(f1, f2)ll5-

Consequently, for any R > |(f1, f2)ll57, we have

min(cl, (32)
H(u,v,t) #0 if (u,v,t) € 9BV (R) x [0, 1], (3.1)
where OBY (R) is the boundary of the open ball of center 0 and radius R in the space V see [9].

3.2. H is bounded.
Now, if (u,v,t) € BV (R) x [0, 1], we have

(G0 < (mox (14 33014 25200 Bl 0+ 21 22 ) I )l

1 2
1 1

< (e (1 5.1 252 o)l ) R+ 21 2l )1l
1 2

R
< R||(e,¥)llv,
for all (, %) € U, and hence
H(BV(R) x [0, 1]) c BV (R). (3.2)

3.3. H is continuous.

Let (un, vn,tn) € BY(R) x [0, 1] converge to (u,v,t) in V x [0,1], i.e in U x [0, 1]. Since (H (tun,Vn,tn))
is bounded because of (3.2), to prove that

H(un; Uns tn) - H(ua v, t),

it is sufficient to show that H(u,v,t) is the unique cluster point of (H (un,vn,t,)). Let M € V* be such
a cluster point, still we denote by (¢,), (u,) and (v,) a subsequence of (t,), (u,) and (v,) respectively
such that

H(up,vp,ty) = M in V*.

Since (un,vn) — (u,v) in U, it follows that (u,,v,) — (u,v) in V, and hence, going if necessary to a
subsequence, we may assume that (u,,v,) — (u,v) a.e in Q. On the other hand, (9;u,, d;v,) — (0;u, 9;v)
in V, therefore (Vuy, Vu,) — (Vu, Vv) a.e in Q. This implies that

g1(tn|Vonl) = g1(t|Vv])  a.ein Q,
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92(tn|Vuyl) = g2(t|Vul|) a.ein Q,

and hence, for any (¢,v¢) € V,

91(tn|Vvn|) Ve — g1(t|Vo|) Ve in L (1),

G2 (tn|Vun )V — go(t|Vu|)Vip in L2(Q).
We conclude that

<H(uﬂ7 Un,, tn)v (4,0, w»U

1
:/unhl(x)godx—l—/vnhg(x)¢dx+/ (gl(tn|an|)+—2)VunV<pdx
Q Q Q A

1

1
+/ (92(talVun]) + 5 ) Voa Vip d
Q A5

—>/Quh1(x)gpdx+/ﬂvh2(x)wdx+/ﬂ(gl(t|Vv|)+%)Vquodx

1

+/Q (gg(ﬂVUD + Aig)ww da = (H(u, v, 1), (¢, )0

Thus M = H(u,v,t). All those properties allow us to apply the homotopy invariance property to

degp (H(-, 1), B(R),o) = degp, (H(-, -,0),B(R),o). (3.3)

But H(u,v,0) = 0 is equivalant to the problem
1 1
(1+ —2)/ VuVedr + (1 + —2)/ VoV dz
)\1 (9] )\2 (9]

:/Qfl(x)godx—k/ﬂfg(x)@bdx—/Quhl(x)godx—/ﬂvhz(x)wdw,

for all (p,v) € V, whose solution is unique because of the boundedness of the set of its possible solutions.
Consequently,

degp (H(-, -,O),B(R),O) S

and from (3.3) and the existence property of the degree, there exists (u,v) € BY(R) which satisfies

/Q(91(|VU|)+%)Vquodx+/Q(92(|Vu|)+%)VvV1bdx

1 2

:/Qfl(x)godx—i—/ﬂfg(x)@bdx—/Quh1(x)g0dx—/ﬂvh2(x)wdxv

2

< =
w0l < s

1(f1: f2)ll

for all (p, ) € V.
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3.4. Passing to the limit.

We now show the passage to the limit.
Consider the function a; : RN — R defined by

a;i(&;) = (gi(fi) + %)51 for any ¢; € RY and i = 1,2.

To prove the passage to the limit, we need the following lemma:

Lemma 3.1. [1] Let 0 < \; < 1, for any &;,n; € RY such that &, # n; we have

(ai(&) — ai(n)) (& —n;) > 0 fori=1,2.
The proof of the above lemma can be found in [1].

Lemma 3.2. If a € C(RY,RY), a(¢) < (14 5%)¢ for all € € RN and if un, — u in H'(Q) then
a(Vuy) — a(Vu) in L3(9Q).

Lemma (3.2) is proved by the dominated convergence theorem of Lebesgue.
Now, it is well known that one can write U = J,,~, V, where V,, C V,,41(n > 1) and V,, has dimension n.
Consequently, given any (¢,v) € U, there exists a sequence (p,,,v,,) with (¢,,,%,,) € V;,, which converges
to (¢, ). On the other hand, by (3.4) applied to V' = V,,, there exists, for each n > 1, some (u,,v,) € V,,
such that

/al(Vun)V¢dx+/ag(an)ijjdx
Q Q

:/Qfl(x)adwr/gfz(x)fbdx—/Qunhl(w)édw—/gvnhz(x)idx,

2

< - -
||(u’ﬂ’v’ﬂ)||U — min(Cl,Cg)

(15 f2)ll575

for all (3, 1) € V,,. In particular, taking (3,%) = (¢,,,1,,) introduced above,

/al(Vun)thndaH—/ag(an)andx
Q Q

- /Q fi(@)p, do+ /Q fola), di - /Q b ()0, d — /Q onha (@), d, (3.5)

[(Fr f2)ll

-
||(un,Un)||U = min(C1aC2)

for all n > 1. The estimate in (3.5) implies that, going if necessary to subsequences, we can assume that
there exists (u,v) € U such that u,, — u weakly in U, w,, — u strongly in V" and u,, — u a.e. in Q. As

(a1(Vun)), _ is bounded in L*(Q), then there exists ¢; € L*(2) such that
a1(Vun) — ¢ weakly in L*(Q).

Similarly, we obtain
as(Vu,) — ¢y weakly in L*(Q),

and (Ve,,, Vib,,) = (Vp, Vi) strongly in V, one can let n — oo in (3.5) to obtain
/ ¢iVedx —|—/ ¢V de
Q Q

:/Qfl(x)godx—l—/ﬂfg(x)@[}dx—/Quhl(x)gpdx—/ﬂvhg(x)wdx.
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It remains to show that

/QVgodx = / a1(Vu)Vedez, (3.7)
Q Q
and
/ G Vpdr = / az(Vo)Vip de. (3.8)
Q Q
To prove the two equalities, we use the trick of Minty [7]; we begin by studying the limit of
/ a1 (Vuy,)Vu, dz,
Q
and
/ a2 (Vvy,) Vo, dz.
Q
Indeed

/Qal(Vun)Vundx:/Qfl(x)undx—/ﬂuihl(x)dx—)/Qfl(x)udx—/QUth(x)dx,

/Qag(VUn)andx:/Qfg(x)vndx—/gvihg(x)dx%/Qfg(x)vdx—/gvzhg(x)dx,

because (un, v,) — (u,v) weakly in U. But we know that (u,v) satisfies (3.6), and hence

/Qfl(x)udx—/ﬂuzhl(x)dx:/QC1Vudx,

and
/fg(x)vdx—/vzhg(x)dxz/CQVvdx.
Q Q Q
Therefore
lim a1 (Vun)Vu, dz z/fl(x)udx—/uzhl(x)dx
n—+o0 Jo Q Q
(3.9)
=/C1Vudx,
Q
and
lim az(Vo,)Vu, dz :/fg(x)vdx—/Uth(x)dx
n—-+oo Q O Q
(3.10)
Z/CQVde.
Q

Let (p,v) € U, it exists (¢,,, ¥, )nen such that (¢,,,%,,) € V;, for all n € N and (¢,,,%,,) = (¢,%) in U
when n — +o00. Thanks to Lemma 3.1, we will pass to the limit in the two terms

/ a1(Vu,)Ve,, dz,
Q

and

/ az(Vv,)V,, dx.
Q

Indeed, for the first equation

0< /Q (@1(Vitn) — a1(Vip,)) (Vi — Vig,) i =

/al(Vun)Vundx—/al(Vun)Vgondx—/al(Vgon)Vundx—i—/ a1(Ve, )V, dz
Q Q Q Q

= Fl,n_FQ,n_F3,n+F4,na
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we saw in (3.9) that I, — / ¢,Vudz when n — co. We have
Q

nETooFQ’” = /QC1Vg0dx.
Similarly

n—-+o0o

lim F3, = / a1(Ve)Vudz.
Q
Finally, we also have

lim Fy, :/al(Vgo)Vgodx,
Q

n—4o0o

when n — +o00. The passage to the limit therefore gives:
/((1 —a1(V))(Vu — V) dx > 0 for all ¢ € H*(Q).
Q

Similarly, we obtain
/(CQ —a (V) (Vu — Vi) dz > 0 for all o € HY(Q).
Q

We now choose judicious test functions ¢ and v. We take
1 * : * 1 *
p=u+—¢", with ¢* € H(Q) and n € N,
n

and )
Y =v+ —¢*, with * € H'(Q) and n € N*,
n

‘We thus obtain:

1 1
——/ (¢ —a1(Vu+ =Vg"))Ve* dz > 0,
n Jo n
and ) )
——/ (Cz —az (Vo + —V'Q[J*))V'Q/J* dx >0,
n.Jjo n
then
1 * *
/ (¢ —ar(Vu+ EV@ ))Ve* da <0,
Q
and )
/ (CQ —as(Vo + ﬁvw*))w* dz <0.
Q
But

1
u+ Etp* — uin H'(Q),
1 . . 1
U+ﬁ¢ — v in H(Q),
thanks to Lemma 3.2, we obtain
1 * . 2
a1 (Vu + EVg@ ) = a1(Vu) in L*(12),

and )
az (Vv + EVW‘) — az(Vv) in L3(Q).
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Passing to the limit when n — +o00, we then obtain

/ (€1 - ar(Vu) Ve de <0, Vo' € H'(Q),
Q

and

/(g2 —ao(V))Vy*de <0, Yyo* e HY(Q).
Q

By linearity (can change ¢* into —¢* and ¢* into —*), we have

/(g1 —a1(Vu))Ve*de =0, VYo*e HY(Q),
Q

and

[ G- ax(Vopverar 0. W e H'(@),
Q

We deduce that

/C1V<p*dx=/a1(Vu)ch*dx, Yo* € HY(Q),
Q Q

/C2V¢*dx:/a2(V1})V¢*dx, Vot € HY(Q).
Q Q

Hence we have showed that (u,v) is a solution of (1.1).

10.
11.

12.

13.

14.
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