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Some Notes on Randié Index

Serife Biiyiikkose and Ismail Naci Cangul

ABSTRACT: In this paper we establish new inequalities involving Randié¢ index, weigthed Randié index and
general Randié¢ index in terms of the eigenvalues, the number of edges, the number of vertices, the energy and
vertex degrees.
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1. Introduction

Randié index is one of the most important tools of graph theory with applications in Mathematics,
Physics and Chemistry. This graph theoretical index is invented by Milan Randic in [10]. He defined
a molecular structure descriptor and composed a new summation using degrees of vertices. By d;, we
denote the degree of the vertex v; in G. Randié¢ index of a graph G is defined by

R=R@) =Y

where summation goes over all pairs of adjacent vertices of the underlying (molecular) graph.

Some bounds are reported for Randié¢ index in [10]. These bounds are obtained in a triangle-free
graph. In [7], Randié¢ index is investigated for molecular graphs and it is calculated for some graph
classes in [8]. Considering the fact that these studies can be extended to the weighted graphs, new
inequalities for weighted Randié¢ index of a graph are obtained in this work. In [1], additively weighted
Harary index of some composite graphs is formulated. We establish the weighted Randi¢ index of some
composite graphs in this study. Also, some special bounds are found for the energy of graphs in [3] and
[4]. Using these results, some definitions and results for Randié index of weighted graphs are obtained.
In addition, general Randié index is defined and some bounds for this index are given.

2. Preliminaries

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The symmetric square
matrix R = R(G) of order n defined by

1 .
s if v ~ v
Rij = { Viid; C

0 ;  otherwise

2010 Mathematics Subject Classification: 05C22, 05C50.
Submitted March 28, 2019. Published May 13, 2019

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.47213

2 S. BUYUKKOSE AND I. N. CANGUL

is called the Randi¢ matrix of the graph G. Graph operations enable us to calculate some property of a
large graph in terms of some smaller graphs. Some fundamental information about the graph operations
and their properties can be found in [6], [2], [11] and [12]. In the third section, we introduce new
inequalities about the weighted Randié¢ index of some graph operations. We also generalize Randié¢ index
and we give some bounds related to this new generalized index. We define the weighted Randi¢ matrix
and weighted Randié¢ energy and obtain an upper bound for the second greatest eigenvalue p4 of the
weighted Randi¢ matrix.

The Randié¢ energy of a graph G is defined by
RE = RE(G) =) _|pil.
i=1

where py, py, -+, p, are the eigenvalues of its Randi¢ matrix. We recall the following result:

Lemma 2.1. [5]/ If0<n; <a; <Ny and 0 < ny <bj < Na, then

k k 1 N1 N: nin -
2 : 2\ 4 }: 2\ 14V2 1M2
(. aj)Q(, bj)2 = 2 ( n1M2 N1N2> ]Zlajbj

for1<j<k.

3. Main Results
3.1. Randié¢ Index of Graph Operations
A weighted Randié index is obtained by adding a weight to each edge that is defined in [6] as follows:

Let G be a simple, connected and weighted graph having n vertices. Let each edge of G be weighted
with positive real numbers. The weighted Randi¢ index RY = R"(G) of G is defined as follows:

1
RY = R"(G) = S —
MGEE:(G) Vw(ww(v)

where w(u) is the sum of the weights on u and w(v) is the sum of the weights on v, that is, w(u) =
t; are the weights for i =1, 2, -+, n and w(v) = >

tiv

joow Cjs Cj ATE the weights for j =1, 2, --- | nN
We now recall some graph operations we shall need in this paper. Such operations help us to Let G

and H be two simple graphs. The sum G+ H of these two graphs is defined as the graph having the vertex

set V(G+H) = V(G)UV(H) and the edge set E(G+H) = E(G)UE(H)U{(u,v) |u € V(G),v € V(H)}.

The composition of two graphs G and H is denoted by G[H]| and it is the graph with vertex set
V(G[H]) = V(G) x V(H) and two vertices u = (u1,u2) and v = (v1,v2) are adjacent in G[H] if (uy is
adjacent to v1) or (u1 = v1 and ug and vy are adjacent in H). It is obtained by connecting every vertex
of G into a copy of H and replace every edge of G by all possible edges between the copies of H that
arose from its end-vertices.

The cartesian product G x H is the graph with vertex set V(G x H) = V(G) x V(H); the vertices
u = (uy,u2) and v = (vy,v2) of G x H are adjacent if and only if [uy = vy, usvy € E(H)] or [ug = va,
u1v1 € E(G)]

The symmetric difference G ® H of G and H is the graph having vertex set V(G) x V(H) and edge
set
E(G® H) = {(u1,u2)(v1,v2) | urvy € E(G) or ugvy € E(H) but not both} .
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The union G = G U H of graphs G and H with vertex sets V(G), V(H) and edge sets E(G), E(H)
is the graph such that V(GU H) = V(G) UV (H) and E(GU H) = E(G) U E(H).
We can now calculate some indices:

Theorem 3.1. Let G and H be two simple weighted graphs. Then the weighted Randi¢ index of the sum
of G and H is

R*(G+H) = > !
i.§EV(G),ijEE(G) )+ 2 kevie) wk)-(w(i) + Xpeva wk))
1
+
,jEV(I;weE(H) ) + Zte\/ w(t)) x (w(j) + ZteV(H) w(t))
+ ) !
iEV(Q),jEV (H) )+ 2kevicywk)) x (w(i) + Xpeym wit))

Proof. Let V=V (G)UV(H), E=E(G)UE(H)U{(u1,u2) | u1 € V(G),uz € V(H)}. We partition the
set of pairs of vertices of G + H to obtain the following three sums denoted by Sy, So, S3, respectively.
Firstly, for each sum, we consider w; as the sum of the weights in each vertex i. In Sy, we collect all
pairs of vertices 7 and j so that i,j are in V(G) and 4j is in E(G). Hence, ¢ and j are adjacent vertices
in E(G). For Sq, we obtain,

Sy = > .

iJEV(G),ijeE(Q) )+ 2kevicywk) x (w(j) + Xpev(q) wk))

For the second sum Sy, we take the vertices ¢ and j in V(H) so that ij is in E(H). Hence,

Sy = > !

V(D S B )+ Svevian wb) X (W) + X ey wlt)

In the third sum Ss, ¢ is taken in V(G) and j is in V(H). So,

Sy = > !

i€V (G),jEV (H) )+ 2kevicy wk)) x (w(i) + Xevay w(t)

The result now follows by adding the three contributions and simplifying the resulting expression. O

Similarly, the weighted Randié¢ indices of some other operations are obtained as follows:

Theorem 3.2. Let G and H be two simple weighted graphs with edge sets E(G) and E(H) and vertex
sets V(G) and V(H), respectively. The weighted Randié indices of the composition, symmetric difference,
cartesian product and union of graphs G and H are respectively given by

1
R(G[H]) = ’
(G[H]) 'LEC;JGH V2w(i) + 2w(j) — w(ij)

1
R(G|H =
e ei; EE(%):OE(H) V(d(@) —t)(d(j) —t)

1
i 2 N O OCOED

i, kEV(G)ﬁV(H),ikQE(G)ﬁE(H)

D>

ij¢V(G)NV(H)
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1
R G H - I
(Gt (ul’uQ)(fUl’y2)§—V(G)XV(H) \/(d(ul) + d(u2))(d(v1) + d(v2))

and

1
R(GUH) .
. (Hz)év Vd(@) +d(j) +2

Proof. We denote by w(i) the sum of the weights in each vertex i. For each vertex ¢ of G, we name the
corresponding copy of H by H;. If two vertices 7,j of G are adjacent, then every pair of vertices of H;
and H; are adjacent, too. Hence,

1
RY(Go H .
( )= lEGX,j:eH \/2w ) +2w(j) — w(ij)

Secondly, let V. = V(G)UV(H), E = E(G)UE(H) — E(G)NE(H). Let | E(G)NE(H) |=t. We
partition this sum into three sums 57, Sz and S3 as follows: The first one \S; runs over all pairs of e;; in
E(G)N E(H) for each vertex pair ¢,j in V(G) NV (H). Hence,

1
S1 = .
2 V(d(i) — )(d(j) —t)

e,ijEE(G)ﬂE(H)
The second one Sy is over all pairs ¢k such that ik is not in E(G)NE(H) for i,k in V(G)NV (H). Hence,

1
i, k€V(G)NV (H),ik¢ E(G)NE(H) V(da (i) +du (i) (d(k) — 1)

Sy =

The third one S3 is over all pairs ij such that ij is not in V(G)NV (H) for each vertex i, j in V(G)UV (H).
Hence,

Ss= >

ij¢V(G)NV (H)

Now the result follows. The third and fourth indices follow by the definitions of the operations. O

3.2. On The General Randié¢ Index

In this section, we obtain inequalities giving upper and lower bounds for general Randi¢ index of a
graph G which is defined by

Ry = Ro(G) = > (did;)*

i~
for « € R. We first have

Theorem 3.3. Let G be a nontrivial connected graph and let a,b € R. Then,

kapV/ Ratb(G)Ra—b(G) < Ra(G) < \/Rays(G)Ra—s(G)

2(AS) ,
2A8)°  2(A8)® ——=5 o ifla] =10
with Ko.p 1= ma { A2(b 525%’ A2Ez 5)5211} = A;(bA"t;)‘fb .
N N . if la] < [b]
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Proof. Cauchy-Schwarz inequality gives

(i) = 3 (didy) T

i~j i~j
o 1 a—b)r L
<> ((didy) )2y " (didy) @)
i~j i~j

= \/Ra+b (G)Rafb (G) 5

which proves the second inequality. For the first expression, we have four cases: a +b >0, a +b < 0,
atb atb

a—b>0anda—b<0. Ifa+b> 0, then §**° < (did;) = < ATl I q4+b < 0, then A%t < (didj) = <
a—b a—b

6T If a — b > 0, then §*7° < (did;)*= < A®’. Finally if a — b < 0, then A*~? < (d;d;)*T < §°7°.
By Lemma 2.1, (a 4+ b)(a — b) > 0 implying

atb o1 ab o 1 1 [Aatbpa—b gatbga=b
Z(((didj) )22 ((didy) 7 )?)7 < 5(\/ sathya b B Aa+bm_b) X

O (didy) F (didy) =)

g

and so

() ) (didy) V) <
inj >

Hence

(Ra+6(G))2 (Ra—3(G)) % < kap(Ra(G)),

Ra(G) > ka,b \/Raer(G)Rafb(G}

If (a+b)(a —b) <0, then,

a+0) ((d:d.) (@) 3 1
> ((didy) ) (i) < S((

g inj

Hence,

Ra(G) > kmb \/Ra+b(G)Ra—b(G)-

3.3. The Eigenvalues of Randi¢ Matrix

In this section we will define and study the weighted Randi¢ matrix and correspondingly, the weighted
Randié¢ energy of a graph. Also, we will establish a bound in terms of the weighted Randié energy and
the eigenvalues of the weighted Randié matrix.

Definition 3.1. Let G be a simple, connected and weighted graph. The weighted Randi¢ matric W R =
WR(G) of G is defined by

1 .
— v~y
WR;; = Wit
" { 0 ;  otherwise
and the weighted Randi¢ eigenvalues p{’, p¥, ---, p are defined as the eigenvalues of the Randié

matrix W R.
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Definition 3.2. Let G be a simple, connected and weighted graph. The weighted Randi¢ energy RE™ =
REY(G) of G is defined as follows:

RE¥ = RE"(G) =) |p}"]

where p}’ are the eigenvalues of the weighted Randi¢ matriz W R.

Theorem 3.4. Let G be a simple, connected and weighted graph with n vertices. Let py’ > py > --- > p¥
be the eigenvalues of the weighted Randi¢ matriz and RE™(G) be the weighted Randié energy of G. Then,

w _ [210"|RE®(G) + 2m
iy < |[2FE )

where py is the second greatest eigenvalue of WR.

Proof. Let p¥, p¥, -+, p¥ be the n eigenvalues of WR. It is well-known that Y ., p¥ = 0 and
S (p)? = 2m where m is the average of the degrees of the vertices adjacent to v. Therefore,

Y+ py =—>" . p. Hence,
n
Py <o+ 1) ol
=3

If we take the square of both sides, we obtain

(p)* < (p1)* +2|pY IIZPHIZP

By the Cauchy-Schwarz inequality,
(p5)° < (V) + 271D 1o+ (p)?
i=3 i=3

< (p1)* + 2|pY [(RE(G) — [p¥'| = |p5]) + 2m — (p¥')* = (p5)*.
Hence, if we make necessary calculations, we have

(p3)? < Y [RE™(G) — |p{'|* = oY |5 | +m.
Since py’ > p¥, taking p}” = py does not effect the inequality:

(p3)?* < |PYIRE"(G) = |p5 |* = |p5 |03 | + m.

Hence,

w |p?|RE"(G) + m
<
P2 = \/ 3
O

Corollary 3.5. Let G be a simple, connected, weighted reqular graph with n vertices. Let RE™(G) be
the weighted Randié energy of G, then

w . [diRE®(G)+m
P\ T

where py is the second greatest eigenvalue of W R.

Proof. Tf we apply the Perron-Frobenius Theorem, [2], we obtain p}{’ < dy. By Theorem 3.4,

w

< | JHREE(G) +m

3
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4. Conclusions

Many studies on the Randié¢ index have been made and many results about this subject have been

obtained. However, no study on the weighted Randié¢ index of any kind of graphs existed. We give new
inequalities about the weighted Randi¢ index and generalize it to find some bounds related to this index.
We define the weighted Randié¢ matrix and relatedly, the weighted Randié energy. Also, we obtain an
upper bound for the second greatest eigenvalue pg of the weighted Randié matrix.

o

© ® 3
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