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Existence of Homoclinic Solutions for Difference Equations on Integers Via Variational
Method

Maisam Boroun, Shapour Heidarkhani and Anderson L. A. De Araujo

ABSTRACT: In this paper, we study the elastic membrane equation with dynamic boundary conditions,
source term and a nonlinear weak damping localized on a part of the boundary and past history. Under some
appropriate assumptions on the relaxation function the general decay for the energy have been established
using the perturbed Lyapunov functionals and some properties of convex functions.
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1. Introduction

The aim of this paper is to establish the existence of homoclinic solutions for the following discrete
boundary value problem

{ —A(a(k)p,(Au(k — 1)) + b(k) g, (u(k)) = Af (k, u(k)) + pg(k, u(k)) + h(u(k)), k€ Z,
u(k) =0 as |k| = oo
(P{y")
where 1 < p < 400, A >0, n >0, ¢,(t) = [t|'"*t forallt € R, a,b: Z — (0,00), f,g : ZxR — R are two
continuous functions in the second variables, h : R — R is a Lipschitz continuous function of order p — 1
with Lipschitzian constant L > 0 such that h(0) = 0, Au(k) = u(k + 1) — u(k) is the forward difference
operator. A solution v = u(k) of (P)J:’Igt’h) is homoclinic if lim |, u(k) = 0. Also we define the following
conditions:

(A1) b(k)>p>0forall k € Z, b(k) = 400 as |k| = +o0.

There are many papers about existence of solutions to boundary value problems for finite difference
equations with p-Laplacian operator which branching out in many fields such as biologic, economic, farm
and other areas. There are various methods such fixed point, variational methods, critical point theory,
Morse theory and the mountain-pass theorem. For background and recent results, we refer the reader
to [1,2,3,4,5,6,7,8,12,13,19,20,22,23,24,26,27,28,29,30,32,33]. For example, Henderson and Thompson in-
vestigated existence multiple solutions for second order discrete boundary value problems in [19]. Wong
and Xie proved three symmetric solutions of lidstone boundary value problem for partial equation in
[33]. In [12] Cabada and Tersian studied the existence of homoclinic solutions for semilinear p-Laplacian
difference equations with periodic coefficients based on the Brezis-Nirenberg’s mountain pass theorem.
In [13] Candito and D’Agui studied discrete nonlinear Neumann problems to find three solutions. In
addition, Tannizzotto and Tersian in [20] via critical point theory investigated the existence of multiple
homoclinic solutions for the discrete p-Laplacian problem

—A(p,(Au(k — 1)) + a(k)¢,(u(k)) = Af(k,u(k)), Vk€Z, (1.1)
u(k) -0 as |k| = o0 '
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where p > 1 is a real number, ¢, (t) = [t|[’2¢ for all t € R is a positive and coercive weight function and

f:Z xR — R is a continuous function in the second variable. In [23] Kong studied the problem (P/([”g’h),
in the case p = 0 and h = 0 and proved the problem has infinitely many homoclinic solutions. Also, a
variant of the fountain theorem was utilized. Kong in [22] studied the following higher order difference
equation defined on Z with p-Laplacian

(=1)"A"(a(k — n)¢,(A"u(k — n)) + b(k)¢, (u(k))
=M (k,u(k+1),u(k),u(k — 1)), Vk € Z, (1.2)
u(k) -0 as |k| = oo

where n > 1 is an integer, p > 1 is a real number, A > 0 is a parameter, ¢, = [t|P=2t for t € R, A is
the forward difference operator defined by u(k) = u(k + 1) — u(k) for k € Z, Atu(k) = A(A™ u(k))
fori € N, a,b : Z — (0,00), and f : Z x R® — R is continuous in the second, third, and fourth
variables. By using the critical point theory, sufficient conditions were obtained for the existence of
infinitely many homoclinic solutions of the problem (1.2), based on the fountain theorem in combination
with the variational technique. Steglinski in [28] determined a concrete interval of positive parameter A,
for prove the existence of homoclinic solutions for the problem (1.1), while in [30] dealt with the problem
(P)J:’i ’h), in the case p = 0 and h = 0, and using both the general variational principle of Ricceri and
the direct method introduced by Faraci and Kristaly proved the existence of infinitely many homoclinic
solutions for a the problem where the nonlinear term f has an appropriate oscillatory behavior at zero. In
[4], sufficient conditions for the existence of at least one homoclinic solution for a nonlinear second-order
difference equation with p-Laplacian were presented.

Inspired by the above results, in the present paper, we obtain the existence of at least three distinct
nonnegative solutions for the problem (P)J:’ﬁ’h), in which two parameters are involved. Estimation of these
two parameters A and p will be given. In particular, in Theorem 3.1 we establish the existence of at least
three distinct nonnegative solutions for the problem (P/(tgh) Theorem 3.4 is a consequence of Theorem
3.1. The Examples 3.3 and 3.5 help us to illustrate our main results. In Example 3.3 the hypotheses of
Theorem 3.1 are fulfilled and in Example 3.5 the condition of Theorem 3.4 are satisfied. As a special
case of Theorem 3.4, we obtain Theorem 3.6 which under suitable conditions on f at zero and at infinity,
ensures two positive solutions for the autonomous case of the problem. Finally, by the way of example,
we point out Theorem 3.7, as simple consequence of Theorem 3.6.

2. Preliminaries

In this paper X denotes a finite dimensional real Banach space

X = {u 1 Z =R [a(k)|Au(k — 1)P + b(k)|u(k)|?] < oo}}

kEZ

with the norm

=

lull = (Sfa(lAuth DI + b u(k)])
kEZ

and as is shown in [20] (X, ||.||) is a reflexive Banach space and the embedding X < ¢? is compact and
I, : X — R is a functional satisfying the following structure hypothesis: I(u) := ®(u) — AU(u) for all
u € X where &, ¥ : X — R are two functions of class C'! on X with ® coercive, i.e. 1y o oo P(u) = +00,
and A is a positive real parameter.

In this framework a finite dimensional variant of [8, Theorem 3.3 | (see also Corollary 3.1 and Remark
3.9 of [8]) is the following:

Let X be a nonempty set and ¢,V : X — R be two functions. For all vy, ro, 73, with 7o > r; and
ro > infx ®, and all r3 > 0, we define
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. Y(v) — W(u)
r1,79) = inf su TN AN
B( 1 2) u€d—1(—co,r) vE@*l[IT)hTz) (I)(U) — (I)(’U,)

SUPyued—1(—o0,ra+rs) \I/(’LL)

v(re,13) 1= s ,

a(ry,r2,73) := max{p(r1), ¢(r2),7(rz, r3)}.
Theorem 2.1 ([8, Theorem 3.3]). Assume that
(B1) @ is convex and infx ® = &(0) = ¥(0) = 0;
(B3) for every ui,us € X such that U(ui) >0 and V(ug) > 0, one has

inf U(suj + (1 —s)uz) > 0.
s€[0,1]

Assume that there are three positive constants rq,rs,r3 with 11 < r9, such that
(Bs) ¢(r1) < B(ri,r2);
(Ba) ¢(r2) < B(r1,72);

(Bs) (ra,rs) < p(r1,12).

Then, for each \ €] ﬁ(rll ) a0 12 ) [ the functional ® — AV admits three distinct critical points uy, uz, ug

such that uy € ®~(—o0,71), ug € ®~1[ry,r9) and ug € @~ (—o0, 79 + 13).

We refer the interested reader to the papers [11,14,15,16,17,18,21] in which Theorem 2.1 has been
successfully employed to get the existence of at least three solutions for boundary value problems.
For Banach space X and the norm explained above the following inequality is obvious

-1
ulloo < flullp < B7 [lull Vu € X, (2.1)
where (A7) is satisfied. Let two functions f,g : Z x R — R be two continuous functions in the second

variables and h : R — R be a Lipschitz continuous function of order p — 1 with Lipschitzian constant
L>0,i.e,

[h(t1) = h(tz)| < Lty — 2P~

for every t1,t2 € R, and h(0) = 0. Suppose the constant L > 0 satisfies LB_Tl < 1. Corresponding to the
function f, g and h, we introduce F,G : Z x R — R and H : R — R, respectively, as follows

Pl t) = /Ot F(k,€)dE (k1) € Z x R,

G(k,t) = /Otg(k,f)dg V(k,t) €Z xR

and

H(t) == /Ot h()de VteR.
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3. Main results

Set
G? = maxG(k,£) VO >0
keZ €16

and
G, = inf G(k,t) Vn > 0.
! k% [0.1] (5.1)
If ¢ is sign-changing, then G? > 0 and G, <0.
We formulate our main result as follows:
Fixing four positive constants 61, 61, 81, n and the the integer kg, put

{ (1= LB N)BOY = Ap> e Fk,01)

dx,¢ :=min {— min
p

GO ’

(1= LB )B05 = Ap> ey F (K, 02)

G- ’
(1— LB HB(05 —05) — Ap>yeq F(k, 05) }

Gos ’
Yasrs (a(k;o +1) + a(ko) + b(k;o))np — MF (o, ) = S ey, Flk,01))
P (3.1)
G, — G

Theorem 3.1. Assume that there exist positive constants 01, 02, 03, n and the integer ko with
01 < B (alko +1) + alko) + b(ko)) 71,

PR alhn 1)+ alho) + bikn)) " <

T =

and 05 < O3 such that
(A2) [k t) >0 Y(k 1) €Z x [0,65];

Ekez F(k’ 91) ZkeZ F(kv 92) Zkez F(k, 93)
(A3) max{ 911) ) 9127 ’ ep }

L ki F(k,61)).
1+ L8~ (alko + 1) + alko) + b(ko) )7 (7o) = Ty 7. 00)

<

Then, for every
1+ L3

red=(—2L (alko + 1) + alko) + b(ko) )7

F(ko,n) = X ez F(k,01) ’
0y 0h 6L — 0% })
Dorer Fk,01)" Y oyeq F(k,02)" 324 cq F (K, 03)

and for every nonnegative function g : Z x R — R, there is dx,c given by (3.1) such that for each p €

(1-Lp )8
p

X min{

[0,0x,c), the problem (Pf 1Y has at least three nonnegative solutions uy , ug, us such that maxpez, |uy (k)| <
01, maxgez [uz(k)| < 0o and maxyez, [us(k)| < 03.

Proof. Our goal is to apply Theorem 2.1 to the problem (PAf_’g’h). We consider the auxiliary problem
(P{o™)

A p

) + h(u(k)), ke,
u(k) =0 as k| — oo

{ —A(a(k ?}s(AU(k —1))) + (k) (u(k)) = Af (k, u(k))
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where f :Z x R — R is a continuous function defined putting

X f(k,0) if £<0,
f(k,03) if &> 0s.

From (A1) any solution of the problem (P{ ﬂ’h) is nonnegative. In addition, if it satisfies also the condition
0 < u(k) < 03, and for every k € [1,T], clearly it turns to be also a nonnegative solution of (ijgh)

Therefore, for our goal, it is enough to show that our conclusion holds for (P{f’h). Let the functions
®, U for every u € X, defined by

B(u ”“”p " H(u( (3.3)
keZ
and
U(u) = > [F(k,u(k)) + G(k u(k))]- (3.4)
kEZ

The function V¥ is differentiable at u € X

W (u)(v) = Y [f(k, ulk)) +

kEZ

gg(k,u(k))]v(k) Yo € X.

From the definition of (p — 1)-Lipschitz continues and h(0) = 0, so we deduce

1-Lp™t 1+ Lﬁ_
P

Jul” < ®(u) < ————Ilu]]”, (3-5)

which the condition L(14+LA™") < 1 deduce that ® is coercive. In addition @ is continuously differentiable
whose differential at the point v € X is

' (w)(v) = Y [alk)o,(Aulk = 1)Av(k = 1) + b(k), (ul(k))v(k) — h(u(k))o(k)|
kEZ
for every v € X. Furthermore, ® is sequentially weakly lower semiconscious. Indeed, since ), ., H(u(k))

continuous on X, one has

lim inf ®(u,) = lim inf
n—0o0 n—oo

p

kEZ keZ

Therefore, the assumptions on ¢ and ¥, as requested in Theorem 2.1 are verified. We know the critical
points of the function ® — AV are the solutions for problem (P)J:’ﬁ’h). Define w(ko) = n and w(k) = 0 for
every k € Z \ {ko}. By using (3.3) and (3.5) we have

1—Lp !

; ((a(ko 1)+ alko) + b(ko))n” < ®(w)

< LB (atky +1) + alko) + blko) ) (3.6)

Setting r, = 1, T2 =

—1 —1
(1-Lp~ )59 by 1=LB )5912) and 73 — W(glg — o),
p p p

_ L BT+ LB
so from (3.6) and from the conditions 6; < 87 ( (ko + 1) + a(ko) + b(ko)))?n, %ﬁ_ﬁl) ((a(ko +
1)+ a(ko) + b(ko)) 517 < 0y and 05 < 03 we deduce

r1 < ®(w) < ro.
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Now the estimation ®(u) < r; follows that

-1 p
[u(k)|” < lullb < B [lul|” < L5 s Lﬁ_l)ﬂq)(u)
# — pP
S (1_Lﬁ,1)ﬁrl 91, VkQEZ

From the definition of 71, it follows that
O —o0,m) ={ue X;®(u) <} C{uc X;ul <0},

Hence, by using the assumption (As), one has

sup ZFku ) < max F(k,t) < F(k,01)
u€® =1 (~00,m1) pez kez 1tIs6 kEZ

Similarity, we have

S F < F( < F(
q)_slulaoor Z (k,u(k)) |{5r\l<a;{2 k,t) Z k,05)
ued—1(—o0,r2) 127 kEZ

and

sup F(k,u(k)) < max F(k,t) < F(k,03)
u€<I>_1(7oo,r2+r3)k€% ‘t|<03 ke%

Therefore, since 0 € ®~*(—oc0, ) and ®(0) = ¥(0) = 0, one has
SUPyed—1(—o0,r) \I’(U’) - \IJ(U)
<
#lr) < r1 — ®(u)
SUD e 1 (—oc.ry) Lzl (k, u(k)) + £ Gk, ulk))]
T1
S ez maxjy <o, [F (b, u(k) + £G(k, u(k))]

T1

(1-Lg "B
p

By replacing r; = 6%, we conclude

@(r1) < p <Zkez F(k,01) N %

01
(1-L1671)8 o ? )
and
SUPyea—1 (s0,ry) P (U)
T2
SUPueq - (—oo,r) LrealF Ok u(k)) + £ Gk, u(k))
T2

S ez maXip <o [P (k, u(k)) + £ Gk, u(k))]

T2

p(r2) <

Then by replacing ro = 6%, we deduce

(1-Lp )8
p

p(r2) <

D <ZkeZ F(k,02) n gGez)
(1-LB B 05 A6
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and
su 1 U(u
y(re,73) < Pucaocirstry) Y1)
3
_ Supu€<1>_1(7c>o,r2+r3) ZkEZ[F(k’ u(k)) + %G(k’ u(k))]
T3

s Sieamaxee, [F(k 1) + §G (k1)
T (1-Lg B 05 — 05
< p > ez F(k,05) H G
T (1-LpThp 05 — 05 NOE—05 )

Now for u € ®~'(—o00,r1) we have

F(ko,n) — Yz F(k,01) + §(Gy — G™)
P (w) — @(u)

_ Flho,m) = Yyep Pk, 02) + §(Gy — G7)

T 1+Lp7!t '

B(ri,re) >

(atko +1) + alko) + blko) )n»

Due to (As) we get

a(ri,ri,r1) < B(ri,ra).
Therefore, the assumptions (B;) and (Bz) of Theorem 2.1 are verified. We verify ® — AU admits three
distinct critical points. Let two local minima us and ug for ® — AW are solutions for the problem (P{’ﬁ’h)

and we want to prove that they are nonnegative. Let u; be a nontrivial solution of the problem (P{’g’h).
Arguing by a contradiction, assume that the set A = {k € Z : ui(k) < 0} is nonempty and of positive
measure. Put v(k) = min{0,u;} for all £ € Z and we have

3 [a(k)¢p(Au1(k —1)As(k —1)
keZ
+ b(k)dy, (ur (k))o(k) — h(ui(k))v(k)
— A [f (R ur (k) + pg(k, ua (k)]o(k) =0 Vo(k) € X.
keZ
Thus, from our sign assumptions on the data one has

0< (1= L5871 ( Y lalk) | Aulk = DI + b(k)|u(k) "]

keA

<y [ )6, (A (k — 1)) Aus (k — 1)

keA
o+ b(R) 6 (k) s (k) = (un (k) ()| < 0.
Hence, since 1 > LA™, u; = 0 and this is absurd. Then, we deduce us > 0 and uz > 0. Thus, it follows

that sus + (1 — s)ug > 0 for all s € [0,1], and that (Af + ug)(k, sus + (1 — s)ug) > 0, and consequently,
U(suz + (1 — s)uz) > 0, for all s € [0, 1]. Hence from Theorem 2.1 for every

1
L+L6 (alko +1) + alko) + b(ko) )
)\E} F(ko,n) — > pez F (K, 01) ’
(1-Lp "B 07 65 05 — 05

X min{

P Sen 00 SSpen R 02) ey Ok, 05))
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and g € [0,d5¢), the functional & — A® has three critical points w1, ue and ug in X in order to
D(uy) < 11, P(uz) < ro and P(us) < r3 + ra, that is maxgeyz |ui (k)| < 01, maxpez |ua(k)| < 62, and
maxgez |U3(]€)| < 63.

Remark 3.2. If either f(k,t) # 0 for some k € Z or g(k,t) # 0 for some k € Z, or both hold true the
solutions of Theorem 3.1 are not trivial.

Now, we present the following example in which the hypotheses of Theorem 3.1 are satisfied.

Example 3.3. Consider the following problem
—A(a(k)Au(k — 1) + b(k)u(k)) = Af (k, u(k))

g U, u(k)) + h(u(k)), ke, (3.7)
u(k) =0 as |k| — oo,
1
where a(k) = T for every k € Z\ {0} and
107% kezt,
blk) = { 10% ke
and 2 13 [k|+1 44
2 x5(5) tt ot <1,
Fk8) =1, 12\k\+15
3 X (5) n t>1,
1
also, we define h(t) = 1—03(1 —cost) fort € R. So, by the definition of F' and H its obvious
2(Lylkl+145 t<1
—J 3\3 ;
F(k,t) { %(%)IkHl(l +5In(t) t>1
and H(t) = li():}(t —sint) for every t € R. We suppose 61 = 107, 0 = 102, 03 = 10* and n = 1,

in addition by selecting 8 = 108, L = 10~* and fized ko = 1, since the hypotheses of Theorem 3.1 are
) 43 a1 1071 +1071%) 3 Con1
fulfilled since 61 < 10 (5 +107%)z, W(i +1071%)2 < 03 and 02 < O3, and f(k,t) > 0
for each (k,t) € Z\ {0} x [0,10%], and taking into account that

max { ZkeZ F(k’ 1074) Zkez F(kv 102) Zkez F(k’ 104) }
10-3 : 104 ’ 108

B {10—20 14101n(10) 1+ 201n(10)}  14101n(10)

WA TS T 10f T 108 L

and

(1= 10;2)108 (PO = Fk107Y)

L+10712(5 +1074) kel

_(1=10""%)10" t—107%

- 2 1+10712 3 ’
g G

so the condition (As) of Theorem 3.1 is verified because

1+ 101n(10) _ (1—10"1%)10% $—107%
104 2 1410712 3 '
(G107
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Then, for every
1+10712(1.5 +10712)

1—10712(108) y 1_04)

AeEAN:= ( 3 ,
© I 102 3 24

we set nonnegative function g(t) = |sint|, and constant A = 1. Since

(1-10712)1078 =3 x 1072° (1 —10712)10% — 3(1+ 10In10)

)

mm{ 0.99 ’ 017
(1-10"")(10* —10'%) —3(1 + 10In 10)} (1-10712)10"8 —3 x 10720
0.17 B 0.99 '
and
3
—12 —4 —20
win { (1-10712)108 — 3 x 10-20 (1 +107)(5 +107%) — (110 )}
0.9 ’ 1-0.99
C(1-10712)10"% =3 x 1072
B 0.99 '

g . _ (1=107'*10"%—3x10~%°
o, there is 6y q = 099 such that for each p € [0,05,c), the problem (3.7) has at
least three nonnegative solutions ui,uz,uz such that maxgez [u (k)| < 1074, maxgeyz Jua(k)| < 10% and

maxgez [ug(k)| < 10%.

For positive constants 01,02 and 7, put
(1—Lp~")p67 — pA > kez F (K, 01)

, o1
YWe ::mln{;mln{( G )
(1= LB™)BY; — 2PA Y F(k, 5504)
— 7 (3.8)
26
(1 - LB™Y)BOE = 2pA Yy (K, 94))}
2G4 ’
—1
(”p%ﬁ) (alko +1) + alko) + b(ko) )
G, — G
B A F'(ko,n) = D oper F(k, 91))}
G, — G '

We, now deduce the following consequence of Theorem 3.1.

Theorem 3.4. Assume that there exist three positive constants 01,04,m and the integer ko which we put

01 < min{n, ﬁ%(a(ko +1) +a(ko) + b(kO))%n}

and
—% ((alko + 1)+ alko) + b(ko))? )7 < 04
such that

(Aq) f(E,t) >0 for each (ko,t) € Z x [0,04],
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o PUE01) 25 ey F(,0
(As) max { ke ‘9?( 1), Zkez@ﬁ .00) }
. 1-Lp~" o Flko,n)
1= L5 4 57 1+ 187 (alko + 1)+ alko) + (ko))

Then, for every

1= 157 4 87 (0 157 (alko + 1) + alko) + b(ko) )

re( P~ F (ko, ) ’
a-LghHs . 07 0
» x mm{zkez F(k,01)" 25 ey F (K, 02) )

and for every nonnegative function g : Z x R — R, there is 5')\7G > 0 given by (3.8) such that for
each 1 € [0,53\16), the problem (PAf_’i’h) has at least three nonnegative solutions uy,us,us such that

1
maxgez |u1(k‘)| < 01, maxgez |UQ(]€)| < —04, maxgez |U3(k‘)| < 04.

2
1
Proof. We put 0, = %04 and 03 = 4. So from (Aj) we get

1

Zkez F(k,@g) 2ZkeZ F(k, weél) 2ZkeZ F(k,94)
GP = GP S GP
2 4 4
1-Lp" o Flko,m)
1287 4 571+ L) (alko + 1) + ako) + b(ko) Ui

(3.9)

<

and

Z F(kvei’)) 22 F(k794)
’“Z,Z, — = ’“EZGP (3.10)
3 U 4

1— L7t F(ko,n)
X .
1- LB 48 1+ LA™Y (a(ko 1) + a(ko) + b(ko)) P

From (As) and taking into account 67 < n we have

= i L (F(ko,n) = Y F(k,61)) (3.11)
1+ LB (a(ko +1) + a(ko) +b(k0))np =

(1-Lp "B
1+ LBt (a(ko +1) + a(ko) + b(ko))n”
(1-Lp "B
- (D F(k,01))
1+ L5 (alko + 1)+ alko) + b(ko) )7 2o
1-Lp™" » F(ko,n)
1= LB 4+ 57 (14 L7 (alko + 1)+ alko) + blko)) 7

> (F(ko,m))

>

Hence, from (3.9), (3.10), and (As), the assumption (As) of Theorem 3.1 is satisfied, and since the critical
points of function ¢ — A\ are the solutions of the problem (P)Jf ’i ’h) we have the conclusion. O

Now, we present the following example in which the conditions of Theorem 3.1 are satisfied.
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Example 3.5. Consider the problem
—A(a(k)Au(k — 1) + b(k)u(k)) = Nf(k,u(k))
+ug(k,u(k)) + h(u(k)), ke Z, (3.12)
u(k) =0 as k| — oo,

where a(k) = 107% for every k € Z and b(k) = | cos k| and

2 x3(H)kHIE ¢ <1,
fk,t) = 2 (l)\k\+1§ t>1
3 2 t =
1
also h(t) = 72 1 fort € R, so by the definitions of F' and H it is obvious and

2(Ly[kl+143 t<1
Pkt =4 33 ’
(k,2) { Z(L)MH+I(1 4+ 31n(t)) ¢ >1

and H(t) = arctant —t for every t € R. We suppose that 1 = 1072, 04 = 103 and n = 1, in addition by
choosing f = 10*, L = 1073 and fized kg = 1, since the assumptions of Theorem 3.1 are satisfied since

v2)(1+ 107
0, <1072(10"14+10"2+1)2 and 10*2(\/—)(——’—0)(1071 +107241)% < 04, and f(k,t) > 0 for each

2(1—-107)
(k,t) € Z x [0,10%], and
Since
-3 3
maX{ZkeZ F(k, 10 )’ 2> ez F(K,10 )}
10-6 106
B {10*9 2(14+91n 10)} 1077
I ST IRTIRG
and
1-1077 y F(1,1)
1-10""+10"*(14+10-7)(10-* +10-2 + 1) 1
- 1-10"7 oL
11077410741+ 10-7)(10-1 + 102 +1) ~ 6
so the condition (As) of Theorem 3.4 is verified because
1077 - 1-1077 oL
1076 " 1-10"74+10"4(1+10"7)(10"1 + 1072 +1) = 6

Then, for every

1-1077+1074(1+10"7)(107* + 1072+ 1) (1-10"7)10* 10—6)

)\EA:( , X
2x107*x ¢ 2 10-9

and for every nonnegatlive function g = |sint| and constant A = 1 since

B 107°
(1-10"7)102 — 2 x 1079 (1= 1077107 —4(75=5)
min{ 1 ) D) 10 )
1= 10-7y101 — 410
(1-1077)10" — (106)} (110771072 —2x 107°
2 x0.17 B 1
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and
1-1077
(1 _ 10—7)10—2 —92% 1079 7( 3 )(1071 +1072 + 1) +107°
mm{ 1 ’ 0.99 — 1 }
C(1-1077)1072 -2 x 1077
= : )
So, there is &) ¢ = (1710_7)101_272“0_9 such that for each p € (0,8 o), the problem (3.12) has at

3
least three nonnegative solutions uy,us,u3 such that maxgez |uq (k)| < 1073, maxgez |uz(k)| < % and

maXgecz |u3(k')| < 103,
Now, we deduce the following straightforward consequence of Theorem 3.4.

Theorem 3.6. Let f be a nonnegative continuous and nonzero function such that

O _ o 2O (3.13)

150t [HPT T eoroo JtfpT

for every A > Ax where

1- LB 4 g 1+ LA™Y (a(ko 1)+ alko) + b(ko))np
pB~ ' F(n)

A :inf{

:77>0,F(n)>0}

there exists

1 { (1 — LB HBOY — pAF(6,)

[ :=min {— min
p

G ’
(1= LB71)B0L — 2pAF(504) (1 — LB~Y)B67 — 2p\F (k, 64)
2G V3% ’ 2G0s }
1
() (attho + 1) + alko) + (ko)) = AF () ~ F(60)
G, — G J

where 01, 64 and n are positive constants, so the problem

—A(a(k)o,(Au(k — 1)) + b(k)d, (u(k)) = Af (u(k))
+ug(u(k)) + h(u(k)) kez, (3.14)
u(k) =0 as k| — oo,

where g : R — R is nonnegative continuous and nonzero function, for each p € [0, 1) has at least two
distinct positive solutions.

Proof. Fix A\ > \* which

1= L8+ 7M1+ L) (alko + 1) + alko) + blko) )
pB~ F(n)

where F(t) = [; f(€)d¢ for all t € R and 7 > 0, F() > 0.

From (3.13) there is 6; > 0 such that 6; < min{n,ﬁ%1 (a(k;o + 1)+ alko) + b(kg)) %77 and

A >

)

2 Y201+ L5871

20— 15T (alko + 1)+ alko) + b(ko))¥ )n < 64

B
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F6,) 1-Lp! dF(94) 1—Lp !

such that an . (]
01 20671\ 04 2067\
Finally, we point out the following simple consequence of Theorem 3.4 when p =0 and h = 0.

Theorem 3.7. Let f: R — R be a conlinuous function such that tf(t) >0 for allt # 0 and

lim 0] = lim 0] =0. (3.15)

t—0 tp—1 t—+too tP—1
Then, for every X > ™ where

1= 187 4 57N+ L) (alko + 1) + alko) + blko) )17
)\** _
pB~ F(n)
e = }
£
e {8 7 5%
the problem (3.14) in the case p =0 and h = 0 possesses at least four distinct nontrivial solutions.
Proof. Setting
0 t <0,
and
0 t <0,

fal) = { () 120

and employing Theorem 3.6 to f1 and fo we have the result. O
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