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On the Structure of Split Regular j-Hom-Jordan-Lie Superalgebras

Valiollah Khalili

ABSTRACT: In this paper we study the structure of arbitrary split regular 5-Hom-Jordan-Lie super algebras.
By developing techniques of connections of roots for this kind of algebras, we show that such a split regular d-
Hom-Jordan-Lie superalgebra £ is of the form £ = H|,] ® Z[a]eA/N V(a], with H[4) a graded linear subspace
of the graded abelian subalgebra H and any V[,], a well-described ideal of £, satisfying [V[a],\?[m] = 0 if
[a] # [B]. Under certain conditions, in the case of £ being of maximal length, the simplicity of the algebra is
characterized and it is shown that £ is the direct sum of the family of its minimal ideals, each one being a
simple split regular 5-Hom-Jordan-Lie superalgebra.
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1. Introduction

Homv-algebraic structures appeared first as a generalization of Lie algebras in [4], where the author
studied g—deformations of Witt and Virasoro algebras. A general study and construction of Hom-Lie
algebras were considered in [11,12]. Since then, other intersting Hom-type algebraic structures of many
classical structures were studied Hom-associative algebras, Hom-Lie admissible algebras and Hom-Jordan
algebras. Hom-algebraic structures were extended to Hom-Lie superalgebras in [3].

As a generalization of Lie superalgebras and Jordan Lie algebras, the notion of §-Jordan Lie super-
algebra was introduced in [10,15], which is intimately related to both Jordan-super and antiassociative
algebras. The case of § = 1 yields the Lie superalgebra, and we call the other case of § = —1 a Jordan
Lie superalgebra because it turns out to be a Jordan superalgebra. It is often convenient to consider
both cases of § = +1, and call 6-Jordan Lie superalgebras. The motivations to charactrize Hom-Lie
structurers are related to physics and to deformations of Lie algebras, in particular Lie algebras of vector
fields. Hom-Lie superalgebras are a generalization of Lie superalgebras, where the classical super Jacobi
identity is twisted by a linear map. If the skew-super symmetric bracket of a Hom-Lie superalgebra is
replaced by d-Jordan-super symmetric, it is called a d-Jordan-Hom-Lie superalgebra (see [14]).

As is well-known, the class of the split algebras is especially related to addition quantum numbers,
graded contractions and deformations. For instance, for a physical system, which displays a symmetry of
Lie algebra £, it is interesting to know in detail the structure of the split decomposition, because its roots
can be seen as certain eigenvalues which are the additive quantum numbers characterizing the state of
such a system. Determining the inner structure of split algebras will become more and more meaningful
in the area of research in mathematical physics. Recently, in [2,5,8,9,13,16], the inner structure of
arbitrary split Lie algebras, arbitrary split Lie superalgebras, arbitrary split regular Hom-Lie algebras,
arbitrary split regular Hom-Lie superalgebras, arbitrary split regular §-Hom-Lie algebras, arbitrary split
involutive regular Hom-Lie algebras and arbitrary split involutive regular Hom-Lie color algebras have
been determined by the techniques of connection of roots.

2010 Mathematics Subject Classification: 17B05, 17B22, 17B60.
Submitted May 05, 2019. Published April 20, 2022

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.47798

2 V. KHALILI

Our goal in this work is to study the structure of arbitrary split regular §-Hom-Jordan-Lie superal-
gebras by the techniques of connection of roots. The results of this article are based on some works in
[1,6,13].

Throughout this paper, split regular é-Hom-Jordan-Lie super algebras £ are considered arbitrary
dimension and over an arbitrary base field F, with characteristic zero.

To close this introduction, we briefly outline the contents of the paper. In Section 2, we begin by
recalling the necessary background on split regular §-Hom-Jordan-Lie superalgebras. Section 3 develops
techniques of connections of roots for split regular -Hom-Jordan-Lie superalgebras. We also show that
such an arbitrary split regular J-Hom-Jordan-Lie superalgebra £ with a root system A is of the form
L =Hy @Z[a]e AJm Vo> with H|,) a graded linear subspace of the graded abelian subalgebra 3 and any
Via]; & well-described ideal of £, satisfying [V[4), Vig)] = 0 if [a] # [5]. In section 4, we show that under
certain conditions, in the case of £ being of maximal length, the simplicity of the algebra is characterized
and it is shown that £ is the direct sum of the family of its minimal ideals, each one being a simple split
regular 0-Hom-Jordan-Lie superalgebra.

2. Preliminaries

Let us begin with some definitions concerning J-Hom-Jordan-Lie super algebras. For a detailed
discussion of this subject, we refer the reader to the literature [14].

Definition 2.1. [15] A §-Jordan-Lie superalgebra is a Zs-graded algebra £ = Lo & L1 over a base field
F endowed with an even bilinear map [.,.] : L x L — L (i.e,. [£;,L5] C Ly,5, i,] € Z2) satisfying;

(i) [x,y] = —=6(=1)4[y,z], 6 =+1

(ii) (=), [y, 2] + (D)7 [y, [z, 2]) + (= 1) [z, [, y]] = 0

Jor all homogeneous elements x € L3,y € L; and z € Ly, with i,7,k € Zs.

Definition 2.2. [14] A §-Hom-Jordan-Lie superalgebra is a quadruple (£,].,.],8,¢) consisting of a
Zo—graded vector space L = Lg @ L1, an even bilinear map [.,.] : L x L — L and a linear map
¢ : L — L satisfying;

(i) [z,y] = =6(=1)7[y,2], & ==+1
(i) (=1)*[¢(@), [y, 2]] + (=17 [(y), [z, a]] + (=1)*[@(2), [z, y]] = 0, (8-super Hom-jacobi identity)
Jor all homogeneous elements x € L3,y € L5 and z € L}, with 0,7,k € Zy.

When ¢ is an algebra automorphism it is said to be a regular J-Hom-Jordan-Lie superalgebra. We
recover d-Jordan-Lie superalgebra when we have ¢ = id.

Especially, for § = 1 one has a Hom-Lie superalgebra and for § = —1 a Hom-Jordan-Lie superalgebra.

The usual regularity conditions will be understood in the graded sense. For instance, a subalgebra A
of £ is a graded subspace A = Ag ® A7 of £ such that [A, A] C A and ¢(A4) = A. A graded subspace
I=1I3®I; of £ is called an ideal if [I,L] C I and ¢(I) = I. We say that £ is graded simple if [£,L] # 0
and its only ( graded) ideals are (0) and £.

Throught this paper we consider regular §-Hom-Jordan-Lie superalgebra £ and denote by Ny the set
of all non-negative integers and by Z the set of all integers.

We introduce the class of split algebras in the fromwork of regular é-Hom-Jordan-Lie superalgebra
in an analogous way. We begin by considering a maximal abelian Zo—graded subalgebra H = Hg & H;
among the abelian Zs—graded subalgebras of £. For a linear functional

o7 J‘C() — I,
we define the root space of £ (with respect to H) associated to « as the subspace

Lo :={xq € L] [hg, za) = alhg)p(xq) for all hg € Hg}.
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The elements « : Hy — T satisfying £, # {0} are called roots of £ with respect to H. We denote by
A:={ae ()" \ {0} | Lo # {0}}.

Definition 2.3. We say that £ is a split regular J-Hom-Jordan-Lie superalgebra, with respect to H, if

L=Ha (@D La)

a€cA

We also say that A is the root system of L. We recall that a root system A of L is called symmetric if
A= —A.

As examples of split regular J-Hom-Jordan-Lie superalgebras we have the split regular Hom-Lie su-
peralgebras and split regular d-Jordan-Lie algebras. Hence, the present paper extends the results in
[1,6].

Lemma 2.4. Let L = L5® L7 be a split reqular §-Hom-Jordan-Lie superalgebra, with root space decom-
position L = H @ (P,cp La)- Then

(1) Lo =X,

(2) for any o € AU{0}, we have Lo = L5 o, ® L1, where L5, = Lo N L7, Yo € A, Vi € Zo,

(3) Lo =Hg® (Daen Lo,0) is a split regular 6-Hom-Lie algebra and L1 = H; & (Dyep £1,0) 5 a split
reqular anti-Lie triple system.

Proof. (1) It is clear that the root space associated to the zero root satisfies H C L. Coveresly, given
any xg € Lo we can write zg = h + E?zl ZTo, with h € H and z,, € L,,, for i =1,2,....,n, bing a; € A
with a; # «; if @ # j. Hence, for any hg € Hg we have

n

0= [h(ja h+ Zxow] = Z[h67xai] = Zai(h«(’))@(mai)-

i=1 i=1

Taking into account the direct character of the sum, that «; # 0 and ¢ is an automorphism, we have
that any zo, = 0 and then zo = h € H.

(2) By the grading of £, for any z € Lo, @ € AU{0} may be expressed in the form x5 , + 27, with
T o € L3, i € Zy. Then for any hg € Hg we have

[ho, T7,0) = alhg)d(7; )

From here, £, = £ o, ® £1 4, where £; , = Lo N L5, Va €A, Vi € Zs. In particular H = L5,0® L1 0-
(3) By part (2) we have

a€EA acA

Taking into acount this expression of the Hom-Lie algebra L3, the direct character of the sum and the fact
a # 0 for any o € A, we have that Hg is a maximal abelian subalgebra of £5. Hence Lj is a split regular
d-Hom-Lie algebra with respect to 3 (for mor details see [5]). In the sence of [7] L1 = Hi @ (D ,ep £1,0)
is a split regular anti-Lie triple system with respect to Hj. ]

Note that if £ is a split regular §-Hom-Jordan-Lie superalgebra, with root space decomposition £ =
H D (P, ep La), taking into account Lemma 2.4, we then write

L= (H (@ Loa) ® (Hi o (P Lia) (2.1)
Ag A

where A :={a € A: Ly, #0}and A ={ac A: L7, #0}.
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Lemma 2.5. For any o, 3 € AU {0} and any i,j € Za, the following assertions hold.

(1) ¢(L; o) C Li g1 and ¢~ (L; ) C L7 0y

(2) [LaisL,6l C Litjstarsros

(3) If L; , # 0 then L; o4z # 0, for any z € Z.
Proof. (1) By Lemma 2.4-(2) and the fact that ¢ is an automorphism, we have

#(Li,) = d(LanNLy)
= o(La) N (L5
Now taking into account Lemma 1. 1 in [1], we get
A(Lia) C Lag1 NL; = Li g1

In a similar way, one gets the second statement in (1).
(2) For any for any hy € 3,27, € L;, and y; 5 € L; 5, by denoting h' = ¢(hp), from d-super
Hom-jacobi identity, we have

W, [275 0, v5. 6] = [0(5), (%705 ¥5 6]
[ho» T7.0), D(Y5,6)] + 0[6(27 4), [hos Y5 ]

[e3

I
]
Q
—~
>
(=]
S~—

¢(x€,a)a Qs(yj,ﬁ)] + 5[¢(xf,a)7 /B(hﬁ)gb(yj“@)]
= d(a+ B)(hg)o([27,00y7,61)
= S+ B)(¢7 (W)([77.0, y3,5)-

Therefore, we get [z; ,,y; 5] € L7415 6(a+p)e—1 and so we conclud that the result.
(3) The proof is similar to part (1). O

3. Connections of roots and decompositions

In the following, £ denotes a split regular /-Hom-Jordan-Lie superalgebra with a symmetric root
system A and £ = HD (P, La), the corresponding root space decomposition. We begin by developing
the techniques of connections of roots in this section.

Definition 3.1. Let «, 8 be two nonzero roots in A. We say that « is connected to 5 and denoted by
a ~ [ if there exists a family
{ag, a9, a3, ..., ap} CA,

satisfying the following conditions;
Ifk=1:
(1) a1 €{ap " :ne N} N{£Ls ™ :m e Ny}
Ifk>2:
(1) a1 € {ap™" : n € No}.

(2) b1~ + dasp™" € A,
a1 2 + 0% 2+ dasgpt € A,
P13 + 020002 + 2asg 2 + daud ! € A,

5ia;i + 80 + 0 s T+ 4 b0 € A,

201072 4 65 2000 M2 £ 55 Bage P 4 L+ 6 e P L+ Sap_107t € AL
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m e N()}
The family {1, az, as,...,ar} C A is called a connection from « to 3.

Note that the case k¥ = 1 in Definition 3.1 is equivalent to the fact § = ea¢® for some z € Z and
e € {£1}.

Lemma 3.2. The following assertions hold

(1) For any o € A, we have that ag®' is connected to adp®® for every z1,ze € Z. We also have that ag™
is connected to —ap®® in case —ap®® € A.

(2) Let {aq, a2, as,...,ar} be a connection from « to 8. Suppose that oy = ap™ ", n € Ng. Then for any
r € Ny such that r > n, there exists a connection {&1, Qa, ..., &g} from « to B such that &y = ad .

(3) Let {a1,az,as,...,ar} be a connection from « to B. Suppose that oy = ef¢p™ ™, m € Ny in case
k=1 or

6k—1a1¢—k+1 + 6k—1a2¢—k+1 + 5k—2a3¢—k+2 T + 6k—i+lai¢—k+i—l + o+ 5ak¢_1 _ €B¢—m7

in case k > 2, with ¢ € {£1}. Then for any r € Ny such that r > m, there exists a connection
{1, s, ...,a5} from « to B such that &y =ef¢™ " in case k =1 or

5k71&1¢7k“+1 4 5k71&2¢7k“+1 4 5k72&3¢7k“+2 NI 5dk¢71 —_ 5/6¢7T,
in case k > 2.

Proof. They are proved in Lemma 3.2 and Lemma 3.3 in [6]. O

Proposition 3.3. The relation ~ in A defined by
a~ B if and only if a is connected to 3,

is an equivalence relation.

Proof. The proof is vertically identical to the proof of Proposition 3.4 in [6]. O

By the above proposition, we can consider the equivalence relation in A by the connection relation ~

in A. So we denote by
A/ ~={[a] :a € A},

where [«] denotes the set of nonzero roots of £ which are connected to a.. Clearly, if 5 € [a] then —3 € [¢]
and by Proposition 3.3, if 5 ¢ [a] then [o] N [8] = 0.

Our next goal in this section is to associate an adequate ideal Lo of £ to any [a]. For a fixed o € A,
we define

Hiap = spanp{[Ls,L_g] : B € [a]} U L.

Applying Lemma 2.5-(2), we obtain

Ha = Y (Lo Lo—pl+[LigLi_pl)® D ([Log Li—pl + [£i,5 Lo,—5])
BE[a] BE[a]
C Loo®Lig=9 (3.1)

Next, we define

Vi = Ls= (P Lop) @ (P Lip).
]

BeEla] BEla BeEla]

Finally, we denote by £, the direct sum of the two graded subspaces above, that is,

Lia) = Hia] @ Via)-
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Proposition 3.4. For any o € A, the graded subspace L4 is a graded subalgebra of L.
Proof. First, we are going to check that Ly, satisfies [L4], £[a)] C L[a]- By the fact Hjq) C Lo = H and
Eq. (3.1), it is clear that [H[4), H[o)] = 0, and we have
Lo La)] = [Hia) © Vi) Hia) @ Via)]
C  [Hiaps Vi) + Viags Hieg] + Viags V|- (3.2)

Let us consider the first summand in (3.2). For 8 € [a],i € Z2, by Lemmas 2.5-(1) and3.2-(1), one gets
[Hiag, £i 5] C L5 5541, Where = [a]. Hence,

[Ha]s Via)] € Vi (3.3)
Similarly, we can also get
[Via), Hia)) € Via)- (3-4)

Consider now the third summand in (3.2). Given 8,7 € [a] and 4,j € Zy such that 0 # [£; 5,L5.]. If
v = —f, we have

[Li,ﬂv[’j,w] = [Lgﬁ,[;;ﬁﬁ] = [LB’ C g‘f[a].
Suppose that 0 # 8 + ~, taking into account the fact 0 # [L;’ﬁ, L;j,y] together with Lemma 2.5-(2), one

gets 6(8 4+ 7)¢ ' € A, therefore, {3,~} a connection from S to §(f + )¢~ *. The equivalence relation ~
gives us (ﬁ + 7)@5_1 S [Oé] and so [Lf,ﬁvﬁj,'y] - L5+3,5(ﬁ+'y)¢_1 C V[a]. Hence,

V[a] @ Ll B @ L C f]‘f[a] (&) V[a]. (35)
pelal Belal

From Egs. (3.3), (3.4), and (3.5), we conclude that [£(4], L1a]] C Liag-
Second, we have to verify that ¢(L(4]) = £[o). But this is a direct consequence of Lemma 2.5-(1) and
Lemma 3.2-(1). O

Proposition 3.5. If [a] # [B], then L4, L1g1] = 0.
Proof. We have

Ly Liarl = [Hia) © Viay Hig) @ Vig]
C [ HiaVigll + Vi Hig] + Via), Vig)]- (3:6)
Let us consider the third surnrnand in Eq. (3.6) and suppose there exist n € [a] and p € [3] and
i,j € Zy such that 0 # [£;,,L; ,]. By condition [a] # [3], one gets n # —pu, then §(n + weo e A.
Hence, {1, 1, —0n¢~ '} is a connection from n to p. By the transitivity of ~, we have a € [f], which is a
contradiction. Therefor, [£;,,£; ] = 0 and so [B, c(a) Lin DB eis £7,19) = 0 Hence,
Via); Vgl = {0} (3.7)

Consider now the first summand in Eq. (3.6) and suppose there exist n € [a] and u € [8],i € Zz such that
0 # [[£y, L£—y], L5 ). By Lemma 2.5-(1) we have £; , = ¢(£; ), s0 we obtain 0 # [[£,), L], ¢(L; ,4)]-
Using the grading of £,,, we get

[[’C’ﬁ,nv ’C’—n]v qb(Li,;uz))] + [[Li,nv ’E’—n]v ¢(L€,u¢)] 7é 0.

therefore,
either [[Lg ), £—p], (L5 ,6)] # 0 or [[L1,, L—y], d(L5 ,6)] # 0.

In the first case, by the d-super Hom-jacobi identity, we get either [£_,, #(L; ,4)] # 0 or [L; 4, Lo )] 7 0.
From here [V[,],V|g] # 0 in any case, what contradicts Eq. (3.7). In the second case we have

[[Li,na L@,fn]v ¢(L€,y¢)] + [[Li,nvﬁ’i,fn]v ¢( i p¢)] 7& 0,
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and so
either [[£1,), L1, _,], (L5 ,4)] #0 or [[L1,,L1 ], #(L5 .4)] # 0.

Again by the §-super Hom-jacobi identity to any of these summends we have as above that necessarity
[Via]; Vig] # 0 what contradicts Eq. (3.7). Hence,

[Hiags Vi) = 0. (3.8)
In a similar way, we also have

[Via), Hig)] = 0. (3.9)
Finally, from Egs. (3.7), (3.8), and (3.9), we conclude that [{},), £15)] = 0. O

Theorem 3.6. The following assertions hold
(1) For any a € A, the graded subalgebra
Lia] = Hia) & Via),
of L associated to [a] is a (graded) ideal of L.
(2) If £ is simple, then there exists a connection from o to 3 for any o, B € A and H =) ) [La, L0l
Proof.
(1) Since [£Lq), H] = [L[a], Lo] C Liq, taking into account Proposition 3.4 and Proposition 3.5, we

have
i), £ = Lo H O (D £5) @ (D £4)] C Jay.
Be[a] vE[e]

As we also have by Proposition 3.4 that ¢(L}4)) = L[4, We conclude that L, is an ideal of L.
(2) The simplicity of £ implies Ij4) = £. From here, it is clear that [o] = A and H = > _\[La, L 0]

U
Theorem 3.7. For a vector superspace complement U of spang{[La,L_0n] : a € A} in H, we have
L=Ue Y Ly,
[a]eA/~

where any L) is one of the (graded) ideals of £ described in Theorem 3.6-(1), satisfying [Lia1, L151] = 0,
whenever [a] # [5].

Proof. Each £, is well defined and by Theorem 3.6-(1), an ideal of £. It is clear that
L=Ho (@@ La)=UD Y L.

aEA [a]eA/~

Finally, Proposition 3.5 gives us [L4), £1g] = {0}, if [a] # [B]. O
Let us denote by Z(£) the center of £, that is, Z(L) ={z € L : [z,L] = 0}.

Definition 3.8. A §-Hom-Jordan-Lie superalgebra L is called perfect if Z(L) =0 and [£,L] = L.
Corollary 3.9. If £ is a perfect split regular §-Hom-Jordan-Lie superalgebra, then L is the direct sum
of the ideals given in Theorem 3.6-(1),

L= P L

[a]JeA/~

Proof. From [£,£] = £, it is clear that £ =37 -1/ £[o)- Now, by Z(£) = 0 and Proposition 3.5, the
direct character of the sum is clear. (]
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4. the simple components

In this section, we are intersted in studying under which conditions a split regular j-Hom-Jordan-Lie
superalgebra £ decompose as the direct sum of its simole graded ideals. From now on we will assume A
is symmetric.

Lemma 4.1. Let L = H & (P, cp La) be a ssplit reqular 6-Hom-Jordan-Lie superalgebra. If I is an
ideal of £ such that I C H, then I C Z(L).

Proof. It is clear that the assersion is a consequence of [I,H] C [H,H] = 0 and [[,P 5 Lol C
(Bach La)NIH =0. O

Taking into account the above lemma, observe that the grading of I together with Lemma 2.4-(2),
allows us to assert that

I=ILyol = (InH) e (P NLy,) @ (I NH) e (TN L)) (4.1)
aEA aelA

Lemma 4.2. (1) For any o, € A with o # B there exists hg € Hy such that a(hg) # 0 and a(hg) #
B(hg)-

(2) If I is an ideal of £ and x = h+ Y i xa, € I with h € H,zo, € Lo, and a; # a;. Then any
ZTa, €1
Proof. See Lemmas 5. 2 and 5. 3 in [0]. O

Let us introduce the concepts of root-multiplicativity and maximal length in the framework of split
regular 0-Hom-Jordan-Lie superalgebra, in a similar way to the ones for split regular j-Hom-Lie algebra
in [6].

Definition 4.3. We say that a split reqular d-Hom-Jordan- Lze superalgebra L is root-multiplicative if
given a € A; and B € A3, for i,j € Za, such that 6(a + Bt e A;, 5, then [L; ,, L5 5] # 0.

Definition 4.4. We say that a split regular 6-Hom-Jordan-Lie superalgebra £ is of maximal length if
for any o € A; with i € Zy, we have dim £; , € {0, 1}.

Observe that for a split regular 6-Hom-Jordan-Lie superalgebra £ of maximal length, Eq. (4.1) allows
us assert that given any nonzero graded ideal I of £ we can write

I=(I;n%) & (P La) @ (1 NH) @ (6P £a)), (4.2)
acA] acA!

where AT := {o € A;: ;N L; , # 0} for each i € Zy.

Theorem 4.5. Let £ be a centerless split reqular d-Hom-Jordan-Lie superalgebra of mazximal length
and root-multiplicative. Then L is simple if and only if £ has all of its nonzero roots connected and

H= ZOLGA[LQ7L7(¥]'

Proof. The necessary implication is Theorem 3.6-(2). To prove the convers, consider any nonzero ideal
I of £, by Eq. (4.2) and Lemma 4.2, we have

I=(I;nHp) & (D L) & (I NFHy) & (P £a))
agAl a€A!

with Al C A, for each i € Zgy. and some A! # ¢. Let us fix some ag € A so that

0% Li o, C 1. (4.3)
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Thus
{Linges 12 €Z} C 1. (4.4)

The fact that ¢(I) = I together with Lemma 2.5-(2) allows us to assert that
If a €Al then {a¢® : z€Z} C AL (4.5)

Now, let us take any 8 € A satisfying 5 ¢ {*ap¢® : z € Z}. Since o and f are connected, we have a
connection {aq, g, ...,ar}, k> 2 from ag to 3 satisfying the following conditions;

a1 = agp” " for some n € Ny, and

Sargpt +0anp ! € A,
a1 2+ 0%aap 2+ dasgpt € A,
B3 + 020002 + 02az0 2 + daugd ! € A,

oz;i + ocngﬁ_i + ozggb_”l + ...+ ozi+1qz5_1 e II,

Say' + 620" + 0 TagdT M 4+ L 4 Saipae T €A,
5k72a1¢7k+2 4 5k72a2¢7k+2 —|—5k73053q257k+3 N 5k7iai¢7k+i N 50%_1@571 c A

6k—1a1¢—k+1 + 5k_1042(b—k+1 + 5k—2a3¢—k+2 + o+ 6k—i+lai¢—k+i—l L+ (Sak(b_l c {iﬁ(b_m .
m e N()}

Consider a1 = agp € A;. Since ay € A it follows L # 0, for some j € Zs, and so as € A;. We

J,0e2
have a; € A; and az € A; such that d(a; + a)p ! € A;,; by Lemma 2.5-(2). From here, the root-
multiplicativity and maximal length of £ allow us to get

0# [Li,alaﬁj,ag] = LZ+3,6(a1+a2)¢—1-
Since 0 # £; ,, C I as consequence of Eq. (4.3), we have
0 # L5345 6(ar+as)e—t C 1
We can argue in a similar way from §(a; + a2)¢ ™", as and 6%a1¢™ " + 6020 + dasd™ ! to get
0% L5 520161 46%az6- 1) +oaze-1 C 1, for some k € Zo.
If we follow this process with the connection {a, ag, ..., }, then we obtain that
07 Ly st—1a;¢=F+1 46k~ lapgF+1 45k 25—k +2 4 4sk—i+la,¢—*+i-14  foae—1 C 1

for some 7 € Zs and so
either 0 # L7 g4-m C I or 0# Lz _gy-m C 1,

for any g € A\ {£ap¢® : z € Z} and some m € Ny. Now taking into account Eqs. (4.4) and (4.5), we get
either {£; ,p- 12 €Z} C 1 or {L; _,p=..ezy C 1, (4.6)

for any a € A; and a fixed i € Z,. For given any o € A, Eq. (4.6) can be reformulated by asserting that
cither {a¢” : z € Z} C Al or {—a¢p 7 :z€Z} C AL (4.7)

Now, we consider two cases;
Case 1. If AjNA; =0. Eq. (4.7) shows that for any o € A = Ag U A7 we have

Leo C I, for some €€ {£1}. (4.8)
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Taking into account H = > [Lo,L_q] we obtain

aEN
HcCl. (4.9)

Now, for any a € A, the facts da¢p # 0, H C I and the maximal length of £ show that

[H5, Loag] = La C 1. (4.10)

From Egs. (4.8)-(4.10) we conclud I = L.
Case 2. If AgNAj # (). We first claim;

If there exists some o € Ag N Ag satisfying Lg, ® Ly, CI then [ =CL. (4.11)

Indeed, the fact that £ has all its nonzero roots connected, from « € Ay we get that for any 5 € A\ {xa},
we have L7 g C I for some € € {£1} and some 7 € Zy. Similarly, from o € A we obtain 0 # LryiepsCl
So Leg C I. From here, the experession of I gives us

Hcl (4.12)
Given now any v € A, the facts v # 0, Eq. (4.12) and the maximal length of £ show that
[J‘C(), L()ﬁ] = [;()’7 c I, Vi e L.

Hence,
[Hg, Lyl =L, C I (4.13)

From Egs. (4.12) and (4.13) we conclud I = £.

Second, for any a € A such that o € AgNA1, by Eq. (4.7) we have eagp™ ™ € A, for certain € € {1} and
some m € Ny, then 0 # [Hg, £; qp-m] for fixed 7 € Zs. Since Hg = >\ ([Lo,4, Lo,—] + [£1,4:£1,4])
there exists v € A such that

either 0 7& [[L(),'ya L(),fy]v Lf,eo@_m] or 0 7& [[Li,'yv Li,f'y]v Lf,eo@_m]' (414)
Now, by Lemma 2.4-(1) we have ¢(Lz pp-m+1) = Li cqp-m and so
0 7& [[Lj,yv 'Z’j,—'y]v ¢(’£F,ea¢_m+l)]’ (415)

for some j € Zy and fixed 7 € Zy, m € Ny. By the é-super Hom-jacobi identity either 0 # (145 4,]
(L0 Lreag-—mr1]or 0 # [L5 Ly g-mt1] and so by the maximal length of £ either 0 # L5, . g-m+14,
or 0# L5 7 qp-m+1_~. That is,

or

0 75 £5+F,ea¢_m+l+n'y C I, (416)

for some x € {£1}. From here there are two possibilities, if 0 # £;
and maximal length of £, we obtain

1,—x~» Dy the root-multiplicativity

0 7& [LE+F,ea¢_m+l+n’yv £5+I,—n’y] = Lif,ead)*m*l clrL (417)

Taking into account Eq. (4.7), and Eq. (4.11) give us £ = I. If 0 = L;,7 _,, as by semmetry of A,
—ea¢p™™ € A and by Lemma 2.5-(3) we also obtain —ea¢™ ™" € A. So 0 # Lk —cag-m+1 for some k € Zs.
By the root-multiplicativity and maximal length of £, we obtain

0 75 [£;+F7ea¢—m,+1+n,y, LE,_€Q¢_m+1] = L5+F+E,Wy clI. (4.18)
Now, if 7 4+ k = 0, taking into account Eq. (4.15) gives us

0 7é [[’E’j,'yv ’E’j,—'y]v ’E’F,eadfm]'
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The fact that o € Ag N Aj and Eq. (4.18) let us assert
0 # [[L;)V,Liﬂ],ﬁma] =L, C1. (4.19)
If 7 + k = 1, taking into account Eq. (4.15), the root-multiplicativity and maximal length of £, that

O # [LjJri,H/Y’ ﬁf’ea(z)—m,-f—l] = L5+F+i,n'y+ea¢*"”+1 C I. (4.20)

From here Egs. (4.11) and (4.16) give us £ = I. Hnce, £ is simple. O

Theorem 4.6. Let £ be a centerless split reqular 6-Hom-Jordan-Lie superalgebra of mazimal length and
root-multiplicative and H =3 ) [La, L o). Then

L= D L

[a]JeA/~

where any Liq) is a simple split reqular 6-Hom-Jordan-Lie superalgebra having all its nonzero roots con-
nected.

Proof. By Corollary 3.9, we can write £ = @[Q]GA/N L4 as direct sum of the family of ideals

L) =Hio & Vi) = Y [Ls,L5] @ (€D L),
fefed 8elal

where each £, is a split regular §-Hom-Jordan-Lie superalgebra having as root system Az, = [a], with
all of its root connected. Taking into account the fact [a] = —[a] and L, is a graded subalgebra of £, we
easily deduce that [a] has all of its root connected through roots in [a]. We also get that any of the Ly
is root-multiplicative as consequence of the root-multiplicativity of £. Clearly, £, is of maximal length,
and finally Zz ., (£}4)) = 0, as consequence of Lemma 3.5, Theorem 4.5, and Z(£) = 0. We can therefore
apply Theorem 4.5 to any £, so as to conclude that L, is simple. It is clear that the decomposition
L = Dajen/~ Lo satisfies the assertions of the theorem. O
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