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Nonexistence of Solutions of Higher-order Nonlinear Non-gauge Schrodinger Equation

Ahmed Alsaedi, Bashir Ahmad, Mokhtar Kirane and Abderrazak Nabti

ABSTRACT: A nonexistence result is proved of the space higher-order nonlinear Schrédinger equation
i — (=A)™(Ju]" " u) = Ajul?, z € RN, >0,

where m > 1, n > 1 and p > n. Our method of proof rests on a judicious choice of the test function in the
weak formulation of the equation. Then, we obtain an upper bound of the life span of solutions. Furthermore,
the necessary conditions for the existence of local or global solutions are provided.

Next, we extend our results to the 2 x 2 — system
0w — (=A™ = A|P, z e RV, >0,
10w — (—A)™v
where m > 1, p,q > 1, and A, 6 € C\{0}.

Slul?, € RN, ¢ >0,
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1. Introduction

In this paper, we are concerned not only by the nonexistence of global solutions but also by the life
span of solutions of the higher-order space nonlinear non-gauge Schrédinger equation

10 — (—A)™(Ju|"tu) = AMul?, x € RN ¢ >0, (1.1)
supplemented with the initial condition
u(z,0) = f(z), = € RY, (1.2)

where u = u(z,t) is the complex-valued unknown function, i = —1, A = A\; + iy € C\{0}, \; e R(j =
1,2), and f(z) = fi(z) +if2(z), f; = fij(x) € L, (RY) (j = 1,2) are real valued functions.

Before presenting our results, let us dwell a while on some existing literature concerning equations
close to (1.1).

In their valuable monograph [7], Galaktionov and al. have discussed the following nonlinear Schrodin-

ger equation with nonlinear diffusion

—iug = (=1)™TPA™ (Ju"u) + [u["u, in RY x RY. (1.3)
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Inspired on nonextensive thermostatistics, Nobre, Rego-Monteiro, and Tsallis [14] introduced the
following d—dimensional non-linear generalization of the Schrodinger equation for a particle of mass m

L0 (o) 1 B oz, 1)\
hﬁ( % )‘_E%A( % )

where 1 < ¢ < 3. See [14] for the reason to introduce such equation.
Let also mention the paper of Majda, McLaughlin and Tabak [12] where they introduced the equation
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with parameters o > 0 and 3, where ¢ denotes a complex wave field (the operator |%|O‘ is defined via
its Fourier symbol |k|*; | £ |2 = —88—;); see also [13].

There are many results about nonexistence, blow up and global existence of solutions of nonlinear
Schrodinger equations (see [10], [5], [16], [17]).

However, there are few results about upper estimates of the life span of solutions, and necessary condi-
tions of local or global existence for nonlinear Schrédinger equations; we mention that in [9], an upper
bound of the life span of solutions for the equation

i0iu + Au = MulP’, mnRY xR*, p>1, (1.4)

subject to the initial data u(z,0) = f(z), has been obtained. Moreover, in [2], necessary and sufficient
conditions for global existence for the equation

10+ Au + Mu|®u = 0, in RN x (=T, T), (1.5)

with u(z,0) =p(z), A€ R, 0 <a <4/(N—2), (0<a<ooif N=1), have been obtained.

In this paper, using the test function method, we derive nonexistence results for weak solutions to
problem (1.1)—(1.2). Then we obtain an upper estimate for the life span of solutions of equation (1.1)
with initial data of the form wu(x,0) = puf(x). Furthermore, we give the necessary conditions of local or
global existence of solutions.

Next, we extend our results to a 2 x 2-system of equations of type (1.1).
2. Preliminaries

Lemma 2.1. (See Lemma 3.1 in [15]) Let ¢ € L*(RY) and (x)dxz < 0. Then there exists a test
RN
Sfunction 0 < ¢ <1 such that
o(x)p(x)dx < 0. (2.1)
RN

Now, we are in position to announce our results for problem (1.1)—(1.2).

3. Nonexistence and life span of solutions

The definition of a weak solution to (1.1)—(1.2) that we adopt is as follows.

Definition 3.1. Let Q7 := RN x (0,7). We say that a function u is a local weak solution of problem
(1.1)~(1.2), if u € C([0,T]; L}, (RN)) satisfies

loc
A |u|Po dadt + z/ f(@)p(x,0)de = / (—iudyp — [u|" Tu(—=A) ") dadt (3.1)
Qr RN T

for any ¢ € C§°(Qr), ¢ > 0 such that o(-,T) = 0. If T = +o0, we say that u is a global weak solution of
problem (1.1)—(1.2).
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To study nonexistence of solutions to problem (1.1)-(1.2), we require that the data f satisfies the
assumption

(H1)  fre LYRN), Ny | fi(x)de >0, or fo € L'RY), \y [ fo(z)de <O.
RN RN
We have the following result.
Theorem 3.2. Let f satisfy (H1), and let A € C\{0}. If

p<n+2m/N, (3.2)

then problem (1.1)—(1.2) does not admit a global weak solution.

Proof. Assume that v is a global bounded solution to problem (1.1)-(1.2). First, we construct a test
function. For this aim, we shall use a non-negative smooth function ® which was constucted in the paper
[6] and [8]

O(z) =0(|z]), ®0)=1, 0<®(r)<1, for r>0, (3.3)
where ®(r) is decreasing and ®(r) — 0 as r — oo sufficiently fast. Moreover, there exists a constant

k., such that
|A™®| < k,,®, xRV, (3.4)

and [|®||,: = 1. This can be done by setting for example ®(r) = e~"" for 7 > 1 with v € (0,1] and
extending ® to [0,00) by a smooth approximation. Let o be sufficiently large and

ot)=(1-t)7, t>0. (3.5)
Now set
m(p—1)
p—n
In the sequel of the paper, we will consider the same test functions defined in (3.3)—(3.5).

Here, we consider the case [, f2(z) dz < 0 and Ay > 0 only, since the other cases can be treated similarly
(see Remark 3.3). By taking the real parts in (3.1), we have

M
Q

o(x,t) = ¢(t/R**)®(x/R), R >0, a = > 0.

|u|p<pdxdt—/ fa(x)p(x,0)dx
RN

R2a
= / (Im w) Orp ddt — / (Re w)|u|""t (=A)™p dxdt.
QR2o¢ QR2o¢
Setting
J ::/ |u|P dadt,
QRg2a
we obtain
AT — fa(x)p(x,0)dx
RN
< / lul|Byp| dadt +/ ™ |(—A)Y"| dadt =: Ty + . (3.6)
QR2o¢ QR2o¢

Now, applying e-Young’s inequality
XY <eXP+C()YP, p+p=pp, X>0,Y >0, with0<e <1,

) Jp  with X = |u|<p%, and Y = <p7%|8tcp|,
in
Jo  with X =l|u|"p?, and Y =@ 7|(—A)"y,
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we have the estimates

Ji <el+ 01(5)/ <P7ﬁ |0y p|P dadt,
QRr2a

Jy <eJ+ cg(g)/ O T (= A) | TR dadt,
Q p2a

where C(e) = %(pa)*ﬁ/” and Cy(e) = %(%8)7"/(”’”).
So inequality (3.6) can be rewritten
(A —26)] — fo(x)p(x,0) dx
RN
< Cie) / (a/R)é(t/ R**) 7|6 (t/ R**)|P dudt
QR2a

+ Cs(e) /Q ®(x/R) 77 |A"®(x/R)| 77 ¢t/ R*) dadt.

R2a

At this stage, passing to the scaled variables
r=1t/R**, y=2z/R,

and setting
Q:={(y,7) e RV xR" : 7 <1},

we have

/Q B/ R)S(t/ R2) 75 |6 (8 R2)|P dud

R2a

< Ry tNERe /Q B(y)(r)71|¢ (7)[P dydr,

and by using inequality (3.4), we have

/Q B(x/R)" 75| A™D(x/R)| 77 o(t) B2 dadt

2m

< R a)o(r) dyar.

Finally, we have the estimate

(M —2¢)] — fa(z)p(x,0)de < R¥(A+ B),
RN
where
A= Cl(é)/ﬂﬂyw(ﬂﬁlﬂﬁl(ﬂﬁ dydr, B:= 02(5)/9@(31)05(7) dydr,
and 5
5= — mn + N.
p—n

As p <n+2m/N, we hace s < 0. So, we have to consider two cases :
e The case s1 < 0 : In this case, letting R — oo in (3.9), we obtain

0< (A — 25)/ / |u|P dedt — / fo(x)dx = 0;
o Jr¥ RN
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a contradiction.
e The case s; = 0 : In this case, we take

p(x,t) = o(t)®(z/RB),

where ¢(t) = ¢7 (=), 0 > 1, R > 0, and ¢ is a smooth non-increasing function on [0, 00) such that

R2a
1if 0<r<1,
MT)_{ 0 if r> 2

and 1 < B < R is large enough such that when R — oo we don’t have B — oo in the same time. Now,
we estimate the first term on the right hand side of inequality (3.6) using again the e-Young inequality
and the second term by using the Holder inequality as follows

AT — /]RN fa(z)p(x,0) dx

< €3+Cg(€)/Q O(z/R)” 77| A" D (z/R)|77 o(t) dudt (3.10)

+ (/Q /RN |u|p<pdxdt); (/Q /RN ®(z/R)p(t) 7T |6 (¢)]7 dwdt>;,

where Q1 = {t € [0,00) : R** <t < 2R**} is the support of qb, (t). Note that

// |ulPodxdt =0 as R — oo,
0, JRY

because u € LP(RY x (0,00)). Furthermore, introducing the new variables y = x/BR, 7 = t/R** and
using the fact that p = n + 2m/N, we rewrite (3.10) as follows

(M —e)T— o fa(x)p(x,0) dx (3.11)

1
< C,BN/? (/ / |u|pg0dxdt>p+CgB_2"‘,
Q, JRN

where C1, Cy are independent of R, B. Passing to the limit as R — oo and then when B — oo, we

get
0< (M — 5)/ / |u|P dedt — / fa(x)dx = 0;
o JrV RN

this is a contradiction. O

Remark 3.3. For the other cases, setting

.

J .= / Xo|ulPo(x,t)dedt if Ao >0, Ao fi(x)dx >0,
QRr2a

MulPo(x, t)dedt if X <O, )\1/ fo(z)dx <0,
RN

R2

R2N

—/ XelulPo(z,t)dedt if Ao <O, /\2/ fi(x)dx >0,
QRr2a RN

we can prove the same conclusion in the same manner as above.
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For an estimate of the life span 7T}, from above of a possible weak solution of problem (1.1)-(1.2),
we make the following assumption on the data f

fi € LL (RN, Ao fi(x) > |2|7F, || > 1,

loc
(H2)
or fy€ L}OC(RN), —A1fa(z) > |x|’k, |z] > 1,

where N < k < 2m/(p —n). We have the following assertion.

Theorem 3.4. Suppose that conditions (H2) and (3.2) are satisfied, and let u be the solution of (1.1)
with the initial data u(z,0) = pf(x), where p > 0. Denote by [0,T),) the life span of u. Then there exists
a constant C' > 0 such that

T, < Cut/?, (3.12)

wherep:k—;%’; < 0.

Remark 3.5. When p =n+ 2m/N, we have p =k — N.

Proof. Let u be the solution of equation (1.1) with the initial data u(x,0) = pf(x). We take
ola,1) = 6(t/T2)D(2/T,), T, > 0.

We only consider the case when A1 > 0; the other cases can be treated in a similar manner. Then, as for
the estimate (3.6), we have

NI — /RN wfa(2)(@, 0) da (3.13)

< / |u]|Oyp| dadt +/ [u|™|(=A)™p| dzdt.

Q120
T Ti

Repeating the same calculations as in the proof of Theorem 3.2, we arrive, with 0 < ¢ < 1, at
(M —2e)] — / wfa(z)p(x,0)ds
]RN

< Ci(e) /Q (/T ot/ T2) 716 (1/T>) P e

2
T}LO‘

+02(s)/Q B(x/T,)” 7 | A" (x/T,,) |77 $(t/T2) dudt.

T2
If we take the scaled variables 7 = t/T2%, y = /T, we get

(=201 [ pha(T)0()dy < T4 +3), (3.14)
RN

where the domain of integration of A, B is QT3~
By the assumption (H2) on the data f, we have

pry / —f(Tuy)®(y)dy > uT), / —f2(Tuy)®(y) dy
RN ly|>

=T,

> pAriTN ok / |~ (y) dy (3.15)
lyl> 2

- M/\I_ITP]LV_IC/ ; ly|~*@(y) dy = CrpT™NF,
Y=
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where T}, is a constant independent of T},,e. Now, by the positivity of the first term in the left hand-side
of (3.14), we obtain

CeuTN=F < T5(A + B).
Whereupon

2m

p< OV A+ BT 7

Finally, we have
T, < Cu'lr;

this completes the proof of the Theorem. O

4. Necessary conditions for local or global existence

Here, we suppose that the data f satisfy the assumption
(H3) f1 € L®RY), \afi(x)dx >0, or foe L®RY), \ifo(x)dx <O0.

In this section, we only consider the case when A\; > 0. Then, the necessary conditions for the existence
of local or global solutions to problem (1.1)—(1.2) are presented; these conditions depend on the behavior
of the initial condition at infinity.

Theorem 4.1. (Necessary conditions for global existence)
Let f satisfy (H3). If u is a global solution to problem (1.1)—(1.2), then there is a positive constant C > 0
such that

Jim inf (—f2(x)|x|5+%) <C.
|z| — 00

Proof. Let u be a global weak solution to problem (1.1)-(1.2). We set
p(x,t) = o(t/R*™)®(z/R),

with supp®(z) := {R < |z| < 2R}, with (supp stands for support of ®(x)). Then, we have
/\J+/ (@), 0)dr = —/ iu®(x/R)S () RE™) dadt
RN Qpr2m
—/ [u|"tu (—A)"®(2/R)¢p(t/R*™) dadt. (4.1)
Qpr2m

Now, by taking the real parts in (4.1), we get

AJ— fo(x)®(x/R)dx < / |u|<I>(x/R)|¢,(t/R2m)|dxdt
RN QRZm
+/ |u|”|Am<I>(x/R)|gz5(t/R2m) dxdt. (4.2)

Applying e-Young’s inequality to the right hand side of (4.2), we obtain, with 0s < 1,

(M — 26)7 — /RN Fo(2)®(x/R) dz

< Ci(e) /Q B/ R)p(t/ RZ™)~ 7|6 (t/ R*™)|P dad

R2m

+Cale) /Q ®(z/R)" 77 |A™D(z/R)| 77 bt/ RZ™) dudt. (4.3)

R2m
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If we take 7 = t/R*™, y = 2/ R, and use inequality (3.4) in the right-hand side of (4.3), and take account
of the positivity of the first term in the left-hand side, we get

/ Ry dy < / — fo(Ry)®(y) dy
supp® supp®

IN

cr [ a)ay
supp®

= or [ Ry im ) dy
suppd

IN

C(R) / Ry[®(y) dy.
supp®

) -
where v = _n;, and C(R) := CRY(2R)™"7 :=C. So

/ _hEpe@)dy<C [ |RyPR)dy. (4.4)
supp® ly|<2

Using the estimate

IN

nf, (= f2(Ry)|Ry| ™) /ygz |Ry["®(y) dy

[ ~nEew)
supp®

IN

/ |Ry["®(y) dy
ly|<2

in the left-hand side of (4.4), we obtain, after dividing by / |Ry|"®(y) dy, that
[yl f}) <o | Ryl ®(y) dy2

nf (= f2(Ry)|Ry|™) < C. (4.5)

Passing to the limit in (4.5), as R — 00, we obtain

2m

lim inf (—fg(a:)|a:|r)*") <C.
|z]— 00

Corollary 4.2. (Sufficient conditions for the nonexistence of global solutions)
Let [ satisfy (H3). If

timinf (— ()] 75 ) = +oo,

|| —> o0
then problem (1.1)—(1.2) cannot admit a global solution.
Finally, we give a necessary condition for the local existence.

Theorem 4.3. ( Necessary conditions for the local existence)
Let f satisfy (H3). If u is a weak local solution of problem (1.1)—(1.2) on [0,T] where 0 < T < oo, then
we have

liminf (—fo(z)) < CT 77, (4.6)

|z| —> o0

for some positive constant C > 0.



NONEXISTENCE OF SOLUTIONS OF HIGHER-ORDER NONLINEAR ... 9

Proof. We set, for R > 0 sufficiently large, ¢(x,t) = ¢(t/T)®(x/R). Then as for the estimate (4.3), we
have for 0 < e <« 1,

(A - 22) / ulpdadi = [ p(@)ta/R)do
< (o) / () R) 6(t/T)" 716 (1) T)|P dvdt
+Ou(e) / ®(z/R)" 7 | A" (x/R) |75 ¢t T) dwdt. (4.7)

Now, we pass to the variables 7 = ¢/T, y = x/R, and use (3.4) in the right-hand side of (4.7), while in
the left-hand side we use the positivity of the first term, to obtain

[ ntmsas (e o =) [ s .

ly|<2

Using the estimate

IN

inf (—fg(Ry))/||<2<I>(y) dy

ly|>1

[ e dy
supp®

IN

(ClTl b CyTR™7 )/< D(y) dy
y|<2

in the left-hand side of (4.8), we obtain, after dividing by / D(y) dy, that
ly|<2

inf (—f2(Ry)) < C1TP + C,T
ly|>1

Passing to the limit in (4.9), as R — 00, we obtain

liminf (- fa(z)) < CT'P = CT# T,

which completes the proof of the Theorem. O

5. A system of two equations

Now, we consider the system of space nonlocal nonlinear non-gauge Schrédinger equations

i — (—A)"u = AoP, x e RN ¢ >0,
i0w — (=AY = Olul?, x € RN, ¢t >0,

supplemented with the initial conditions
u(z,0) = f(x), v(z,0) = g(x), z € RY, (5.2)

where u = u(z,t), v = v(x,t) are the complex-valued unknown functions, A, 6 € C\{0}, A = A1 + iAo,
0 = 01+ 12, Nj,6; € R(j = 1,2), and f = f(z) = fi(z) +ife(z), 9 = g(x) = gi1(x) + ig2(x),
fi(x), gi(z) € Lzop( M) (= ,2)-

Definition 5.1. We say that

(u,v) € C([0,TT; LY, (RN)) x C([0,T7; LY

loc

(RY))
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is a local weak solution of problem (5.1)~(5.2) if
)\/ |v|p<pdxdt—|—/ f(z)p(z,0)de
T RN
= / —iu Oy — u (—A)"p dxdt, (5.3)

and

) |u|q<pdxdt—|—/ g(x)p(x,0)dx
Qr RN

= / —iwOip — v (—A)"pduadt, (5.4)

for all ¢ € C§°(Qr), ¢ > 0 and satisfying (-, T) = 0. If T = +o0, we say that (u,v) is a global weak
solution of (5.1)—(5.2).

Now, we derive similar results for problem (5.1)—(5.2) as for problem (1.1)—(1.2).

6. Nonexistence and life span of solutions
Suppose that the initial conditions f and g satisfy, respectively, the assumptions

(A1)  fLe L'RY), N [ fi(e)de >0, or foe L'RY), N\ [ fo(z)dw < 0;
RN RN

(A2) g1 € LI(RN), 52/

gi(x)dz >0, or ggeLl(RN),dl/ g2(x) dz < 0.
RN

RN

Theorem 6.1. Let f and g satisfy, respectively, (A1), (A2), and let A, § € C\{0}. If

2 1) 2 1
N<max{ m(p + )’ m(q+ )}’
pqg—1 pqg—1

then problem (5.1)=(5.2) has no global nontrivial solution.

Proof. Let (u,v) be a nontrivial global solution of problem (5.1)—(5.2). Using (5.3), (5.4), and taking the
real parts, we have

)\1/ |v|ptpdxdt—/ fa(z)p(x,0)dx
Qr RN
:/ (Im u)atgodxdt—/ (Re u)(—A)"pdxdt,
and
51/ |u|q<pdxdt—/ g2(x)p(x,0) dx
T RN
:/ (Im v)atgodxdt—/ (Re v)(—=A)" @ dxdt.

We assume that

o(x,t) := p(t/R*™)®(x/R), R > 0.
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We only consider the case when A\; > 0, [pn fo(z)(z)dz <0, and 61 > 0, [px g2(z) dz < 0. Then by the
Lemma 2.1, we have the estimates

)\1/ P dadt < / |u||8tga|da:dt+/ (| A™ | davdt,
Q

R2m QRZm QRZm
(6.2)
and
(51/ lu|fpdxdt < / |v||8tg0|dxdt—|—/ [v|| A" | dzdt.
QRZm R2mM QRZm
(6.3)
We set

J ::/ |v|P o dadt, d ::/ |u|%p dxdt.
Q Q

R2m R2m

By Holder’s inequality applied in the right hand sides of (6.11) and (6.12), respectively, we obtain

NI < Ji(AL+ By, (6.4)
515 < v (As+ Ba), (6.5)

where

q

®(x/R)¢ <t/R2m>«—11|¢’<t/R2"L>|‘?dxdt> ,

S—

Qpam

p

Ay = / (x/R)o <t/R2m>p‘——11|¢’<t/R2m>|ﬁdxdt> ,
Qpr2m

(/Q B(x/R) T | A™D(z/R)| 7T (t/RQm)dxdt> ,

S

5, = ( [ e/ iama/m)# o/ 1) dmdt)
QRr2m

Combining (6.4) and (6.5), we obtain

MI < 6707 (As+ Ba)T (AL + By),
513 < A TG (AL+ B (As + By).
Then, we have
78 < C(Ay+Bo)T (A1 +By), (6.6)
gr < C(AL+B1)7 (A + B). (6.7)

At this stage, we introduce the scaled variables: 7 = t/R?>™, y = x/R; we obtain the estimates
g=% < CR", (6.8)

g% < CR”, (6.9)
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01 := (N +2m) (pq—l) —2m (ﬂ),
pq q

Note that inequality (6.1) is equivalent to 7 < 0 or 3 < 0 . So, we have to distinguish two cases :
e The case 1 < 0 (resp. 02 < 0) : we pass to the limit as R — oo in (6.8) and (6.9), respectively,

we get
/ / |u|?dxdt =0 and / / |v|? dzdt = 0.
o Jer~y o Jer~y

which implies that u = v = 0; contradiction.
e The case §; =0 (resp. 02 = 0) : in this case, we choose the test function as follows

p(x,t) = ot/ R*™)®(x),

where ®(z) = Yt (%) ,£>1,and 1 < B < R is large enough such that when R — oo we don’t have

B — o0 in the same time. We repeat the same calculations as above, we arrive at

where

and

u=v=0,

which is a contradiction. O

Now, we give an estimate of the life span of solutions to problem (5.1)-(5.2). We introduce the
following assumptions on f and g

fl € Lloc( N)) /\Qfl(x) > |x|_k7 |Z‘| > 1,
(B1)
or -f2 € Lloc( N)7 _/\1f2(x) > |x|_ka |Z‘| >1,
and
g1 € Lloc( N)) 52g1($) > |x|_ka |J3| >1,
(B2)
or gs € Lloc(RN)a _51‘92(7;) > |x|_ka |J3| >1,

where N < k < mm{m’ QTzéqull)}

Theorem 6.2. Suppose that conditions (B1), (B2) and (6.1) are satisfied, and let (u,v) be the solution
of (5.1) with the initial condition (u(z,0),v(x,0)) = pu(f(x),g(x)), where p > 0. Denote by [0,T),) the
life span of (u,v). Then there exists a constant C > 0 such that

T, SCmin{,ul/pl,,ul/p?}, (6.10)

2m(q+1)

where p; =k — Q, and py =k — pa—1

Pa—
Proof. Let (u,v) be the solution of system (5.1) with the initial conditions (u(x,0),v(x,0)) = u(f(x), g(z)).
We assume
p(x,t) == o(t/T;™) (2 T,).

Then, as for the estimates (6.11) and (6.12), by taking the case when (A1, 61 > 0) in the assumptions
(B1), B(2), we have

M

Q

<,

ol dadt — / nfae)p(r,0)da

2
T}Lm

|u||8t<,0|dxdt+/ [u|[(—A)" | dzdt, (6.11)

2m 2m
ram Qrzm
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",
<y

Now, by the e-Young’s inequality, we have

and

pdadt— [ pgala)ota,0)do

2
T}Lm

|v||8f,<,0|dxdt—|—/ 0] (=A)™ | dadt.

2m Q 2m
Th Th

y

Cr— [ nfaa)ole,0)ds £ C (Aa+ BT (s +B1)7,
R

and

prq

cg— / 11g2(2)p(z,0) dz < C (Ay + By) 7T (Ag + By) T,
]RN

where the domain of integration of A;, B; (i = 1,2) is QTﬁ.
Making the following change of variables 7 = t/T.™,y = x/T),, we obtain

o1V / wa(T,)®(y) dy < OT,
RN

and
cg-T1y / . pg2(Tuy)@(y) dy < CT))2,
R
where o 0 2 0
m(p + m(q +
vy =N——= vy =N- —=.
pg—1 pq—1

By the assumptions on the data f and g, we have as for the estimate (3.15)

HTy /RN —f2(Tuy)®(y)dy > u)\flTlfV*k/ ly|FD(y) dy = CruTN ",

>_1
Y27,

and

uT,y /RN —g92(Tuy)@(y) dy > uéflT,ﬁV*’“/ ly| F®(y) dy = CopTY ¥,

1
lyl2 7~

where T}, is a constant independent of T),, €.
Now, by the positivity of the first term in the left-hand sides of (6.14) and (6.15), we obtain

CruT " < CT,

and
N—k y
Ckl‘TM < CTH2'
Whereupon
b 2m(p+1) [ 2m(g+1)
pw<CT, Pt u<CT, "' .

Finally, we can get the following estimates
T, < Cut/rr, T, < Cut/rz,

2m(p—1)
pg—1

2m(g+1) .
pg—1 7’

where p; =k — ,and py =k — which completes the proof of the Theorem.

13
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(6.13)

(6.14)

(6.15)
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7. Necessary conditions for local or global existence

We suppose the following assumptions on the initial conditions f and g,
(C1)  fre L®RY), Mafi(z) 20, or fi e L¥RY), \ifa(x) <0

and
(C2) g1 € L®RY), d2g1(z) >0, or g € L2RY), §1g2(x) <0,

We also consider the case when Aq, §; > 0 only; the other cases can be treated similarly.

Theorem 7.1. (Necessary condition for global existence)
Suppose that assumptions (C1) and (C2) are satisfied. If (u,v) is a weak global solution to problem
(5.1)~(5.2), then there is a constant C' > 0 such that

liminf (— fa(a )|x|2?§+11)) <C and  liminf (~gs(e )|x|—23”3§”1”) <c. (7.1)
|z|—>c0 |z| — o0
Proof. Let (u,v) be a global weak solution to problem (5.1)-(5.2), Now, we set
ola,1) = Ot/ F2)®(x/R), R >0,

with supp®(z) := {R < |z| < 2R}. Then, we have

N+ /R i@l 0dr = - /Q B iu®(x/R)6 () R2™) dadt (7.2)
—/QRM u(—A)"®(x/R)p(t/R*™) ddt, (7.3)
and
59+ /R igle)elx,0)dz = /Q /R 6 (t/ 2™ dadt
- /Q . v (=A)"®(z/R)p(t/R*™) dadt. (7.4)
By taking the real parts in (7.3), (7.4), we arrive at
MI - o fa(2)®(z/R)dx < /QRM |u| ®(x/R)|¢ (t/R*™)| dadt
+/ lu| |A™®(x/R)|p(t/R?™) dadt, (7.5)
and R
ni~ [ eweame < [ R/ R 0/ R da
+/QR2m [v||A™®(x/R)|p(t)R*™) dadL. (7.6)

Using Hélder and e-Young inequalities, we obtain

ca—/RNm(x) (2,0)dz < C (As + Ba) 7T (Ay + By)ois, (7.7)
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and
C3= [ nla)ola.0)de < € (41 +B)TT (A -+ B 7. (73)
Now, we pass to the new variables 7 = t/R?™, y = x/R, we have
[, -rmewa < cr [ o

/ —gs(Ry)B(y)dy < CR / B(y) dy,
RN ly|<2

2 1
where o := —M, and a9 1=

__2m(q+1)
pg—1 q—1

. Furthermore, we have

/ —h(Ry)By)dy < C(R) / |Ry| =" |Ry|* ®(y) dy.
RN ly|<2

and
/ g (Ry)®(E©)de < C(R) / Ryl 2| Ryl ®(y) d.
RN ly| <2
Thus
/ (Ry)dy)dy < C / |Ry|* B(y) dy,
RN ly|<2
and
/ —g(Ry)®E©)de < C [ |Ry™D(y)dy.
RN ly|<2

Using the estimates

it CRER ) [ ey < [ e (7.9)
and
it ot ) [ mewdy < [ o) (7.10)

in the right-hand sides of (7.9) and (7.10), we conclude, after dividing by / |Ry|**®(y) dy and
lyl<2

/ |Ry|**®(y) dy, respectively, that
lyl<2

inf (—fa(Ry) Ry ) < C. (7.11)
ly|>1

and
inf (—g2(Ry)|Ry|~**) < C. (7.12)
ly[>1

Passing to the limit in (7.11), (7.12), as R — oo, we obtain

lim inf (—fg(x)|x|2r;f(zp—+11)) <C and limin (—gg(x)|x|2r;§q—+ll)) < C;

this completes the proof. O
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Corollary 7.2. (Sufficient conditions for the nonexistence of global solutions)
Let f, g satisfy the assumptions (C1), (C2). If
2m(g+1)

2m (p+1)
lim in (—fg(x)|x| pa-1 )z—!—oo, or liminf (—gg(x)|x| a1 ):+oo,
|z| — 00

|z| —> o0
then problem (5.1)=(5.2) cannot admit a global solution.

Theorem 7.3. (Necessary condition for local existence)
Suppose that assumptions (C1) and (C2) are satisfied. If (u,v) is a local solution to problem (5.1)—(5.2)
on [0,T] where 0 < T < oo, then we have the estimates

liminf (- fa(z)) < CT #-1 and liminf (—g2(x)) < CTquqtll,

for some positive constant C > 0.

Proof. Let (u,v) be a local solution to problem (5.1)-(5.2). Setting ¢(x,t) := ¢(t/T)®(x/R), and re-
peating the same calculations as above, we get

[ —pmpewa < a@n [ ewa, (7.13)
supp® supp®
and

| —emeway < crn [ e, (7.14)

supp® supp®
Where P pPa—p 2mpgq 1 p—1 2mp
C\(T, ) i= (T~ 77 + THH =52 ) (T 4 7T R3% ),

and

2mpq

Co(T, R) = (T—ﬁ +T£3—i?R—m_1) (T—Fl_l +T%R_%) |

Using the estimates

inf (—fo(Ry)) /| oWy < / —h(Ry)P() dy

ly|>1

< O\(T.R) / B(y) dy. (7.15)

ly|<2

and

inf, (~ga(Ry) / 0wy < / 02 (Re)2(0) dy

IN

Cy(T, R) / O(y) dy (7.16)

ly|<2

in the left-hand side of (7.13), (7.14), respectively, we conclude, after dividing by the term flyl <, ©(y) dy,
that -

and
|yi?>fl (—92(Ry)) < C2(T, R). (7.18)

Passing to the limit in (7.17) and (7.18), as R — oo, we arrive at

liminf (~fo(2)) < T # and  liminf (—ga(z)) < T 501

which completes the proof of the Theorem. 1
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