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Coupled fixed point theorems of JS-G-contraction on G-Metric Spaces

G. Sudhaamsh Mohan Reddy, V. Srinivas Chary, D. Srinivasa Chary, Stojan Radenovi¢, Slobodanka Mitrovic

ABSTRACT: Jaradat has proven some fixed point results using JS-G-contraction on G-metric spaces. Choud-
hury et al. were derived coupled fixed point theorems for the G-metric spaces. The purpose of this paper is to
prove some coupled fixed point theorems of JS-G-contraction on G-metric spaces. Moreover, some example
is presented to illustrate the validity of our results.
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1. Introduction

In theory of fixed point, Banach contraction principle is a simple and powerful result. These are
several generalizations and extensions of the Banach contraction priciple in the existing literature. Jleli
and Samet [7] established new contraction that is (d(fz, fy)) < [¢(d(z,y))]*¥, where k € (0,1) and
d(fz, fy) # 0,2,y € X and ¢ € ¥( For more details see [7], [8] ). Jaradat and Mustafa [8] introduced
new contraction called .JS-G-contraction and they proved some fixed point results of such contraction in
the setting of G-metric spaces. T.Gnana Bhaskar et al. [5] have derived the coupled fixed point theorems
for metric spaces having mixed monotone property and Binayak S. Choudhury et al.[3] have generalized
and obtained the results of Gnana Bhaskar et al. of coupled fixed point theorems for G-metric spaces.
In this paper we derive the coupled fixed point theorems of JS-G-contraction on G- metric spaces.

2. Preliminaries

Definition 2.1. [10] Let X be a non-empty set and G : X x X x X — R™ be a function satisfying the
following

1. G(z,y,z)=0ifx =y =z,

2

3

4. G(x,y,2) =Gy, z,x) = G(z,x,y) = -+ (symmetry in all three variables),

5. G(z,y,2) < G(z,a,a) + G(a,y, z), for all x,y,z,a € X (rectangular inequality).

Then the function G is called a generalized metric or more specifically a G-metric on X and the pair
(X, G) is a G-metric space.

Example 2.2. [10] If X is a non empty subset of R, then the function G : X x X x X — [0,00), given
by G(z,y,z) =z —y|+ |y — 2|+ |z — x| forall x,y,z € X, is a G-metric on X.

Example 2.3. [19] Let X = {0,1,2} and let G : X x X x X — [0,00) be the function given by the
following table.
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(2,y,2) G(z,y,2)
(0.0,0), (1,1,1), (2.2,2)

(0,0,1), (0,1,0), (1,0,0), (0,1,1), (1,0,1), (1,1,0)
(12,2), (2.1,2), (2.2,1)

(0,0,2), (0,2,0), (2,0,0), (0,2,2), (2,0,2), (2,2,0)

(1,1,2), (1,2,1), (2,1,1), (0,1,2), (0,2,1), (1,0,2)
(1,2,0), (2,0.1), (2,1,0)

I LW~ D

Then G is a G-metric on X, but it is not symmetric because G(1,1,2) =4 # 2 = G(2,2,1).

Definition 2.4. [12] Let (X, G) be a G-metric space, let {x,} be sequence of points of X, a point x € X
is said to be the limit of the sequence {x,,} if lim G(z,zpn,zm) =0 and we say that the sequence {x,}
n,Mm—00

is G-convergent to x. Thus, if v, — x in a G-metric space (X, G), then for any ¢ > 0, there exists a
positive integer N such that G(x, xp, xmy) <€, for alln,m > N.

Definition 2.5. [15] Let (X, G) be a G-metric space. The sequence {x,} is said to be G-Cauchy if for
every € > 0, there exists a positive integer N such that G(xy,, Ty, x;) <€ for all n,m,l > N.

Lemma 2.6. [10] Let (X,G) be a G- metric space, then the following are equivalent:

(1) {xn} is G-convergent to x.

(2) G(xp,xn,x) = 0, as n — co.

(3) G(xp,z,z) =0, as n — oo.

(4) G(xm,zn,x) = 0, as m,n — oo.
Lemma 2.7. [10] If (X, G) be a G-metric space, then the following are equivalent:

(1) {z,} is G-Cauchy.

(2) for every e > 0, there exists a positive integer N such that G(Zp, T, Tm) <E for alln,m > N.
Lemma 2.8. [6] If (X,G) be a G-metric space, then G(x,y, z) < 2G(x,y, 2) for all x,y € X.

Lemma 2.9. [5] If (X, G) be a G-metric space, then The sequence {x,} is a G—Cauchy sequence if
and only if for every € > 0, there exists a positive integer N such that G(z,, T, Tm) < € for all
m >mn > N.

Definition 2.10. [13] Let (X,G) and (X ,G") be two G-metric spaces and f : (X,G) = (X ,G') be a
function, then f is said to be G-continous at a point a € X if and only if it is G sequentially continuous
at x, that is, whenever {x,} is G-convergent to x, {f(x,)} is G-convergent to f(x).

Definition 2.11. [6] A G metric space (X,G) is called symmetric G-metric space if G(x,y,y) =
G(y,z,x) for all z,y € X.

Definition 2.12. [10] A G—metric space (X,G) is said to be G-complete (or complete G-metric space)
if every G-Cauchy sequence in (X, G) is G-convergent in (X, Q).

Definition 2.13. [5] An element (x,y) € X x X; when X is any non empty set, is called a coupled fized
point of the mapping F: X x X — X if F(x,y) =z and F(y,z) = y.

Definition 2.14. [3] Let (X, G) be a G-metric space. A mapping F : X x X — X is said to be continuous
if for any two G-convergent sequences {x,} and {y,} converging to x and y respectively, F(xn,yn) is
G-convergent to F(x,y).
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Jleli and Samet [7] introduced a new type of contraction which involves the following set of all functions
¥ :(0,00) = (1, 00) satisfying the conditions:
(11) ¥ is non decreasing;
(1h4) for each sequence t, C (0, 00), lim ¥(tn) =1 if and only if ILm tn, = 0;
(15) there exist r € (0,1) and L € (0 oo] such that hm (?fl = L.

To be consistent with Jleli and Samet, we denote by \I/ the set of all functions ¢ : (0,00) — (1,00)
satisfying the conditions (¢ — 13).
Also, they established the following result as a generalization of Banach contraction principle.

Theorem 2.15. Let (X, d) be a complete metric space and f: X — X be a mapping. Suppose that there
exist p € ¥ and k € (0,1) such that x,y € X,d(fz, fy) # 0 implies (d(fz, fy)) < [¢(d(x,y))]*. Then
f has a unique fixed point.

In 2015, Hussain et al. [6] customized the above family of functions and proved a fixed point theorem
as a generalization of [6]. They customized the family of functions v : (0,00) — (1,00) to be as follows:
(11) 9 is non decreasing and 1(t) = 1 if and only if t = 0;

for each sequence {t,} C (0, 00), lirgo P(ty) = 1 if and only if nlggo t, =0;

(¥2)
(13) there exist r € (0,1) and L € (0, o0] such that tli]r(r){r % =1L
—
(4) Y(u+v) <p(u).ap(v) for all u,v > 0.

To be consistent with Hussain et al [6], we denote by ¥ the set of all functions ¢ : (0,00) — (1, 0)
satisfying the conditions (¢ — 1,).

Definition 2.16. [2] Let (X,G) be a G-metric space, and g : X — X be a self mapping. Then g is said
to be a JS-G-contraction whenever there exist a function ¢ € U and positive real numbers ry,r9,73,74
with 0 < ry + 3ro + 13 + 2ry < 1 such that

¥(G(97, 9y, 92)) < [V(G(2,y,2)]" [W(G(z, gz, 92))]"* [V (G (Y, 9y, 92))]"
[V(G(z, gy, gy) + G(y, gz, gz))]™ (2.1)

forall x,y,z € X
Jaradat et al. [8] proved the following theorem.

Theorem 2.17. Let (X, G) be a complete G-metric space and g : X — X be a JS-G-contraction. Then
g has a unique fized point.

Our first result is the following;

3. Main Results

Theorem 3.1. Let (X,G) be a G-metric space, and let f : X x X — X be a mapping. Suppose there
exist a function ¥ € U and positive real numbers r1,r9,1r3,74 with 0 <1y 4+ 3ro + r3 + 2ry < 1 such that

< WG, y,2)]" [P(Gla, [z, u), f(z,w)))]"
[Y(G(y, [y, v), f(z,w)))]"
[(G(z, [y, v), [y, 0)) + Gy, f(z,u), f(z,u)]™ (3.1)

V(G(f(x,u), f(y,v), f(z,w))

for all x,y,z,u,v,w € X. Then f has a unique coupled fixed point.
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Proof. Let g € X be arbitrary. For zo € X, we define the sequence {x,} by x, = f"(zo,uo) =
f(zn—1,un—1). If there exist ng € N such that (x,,,Un,) = (Tng+1, Ung+1), then (zp,,un,) is a fixed
point of f, and we have nothing to prove. Thus we suppose that x,, # x,41 that is

G(f(zn,un), f(xn,un), f(Xn,u,)) > 0 forall n € N. Now, we will prove that nh_}rrolo G(xp, Tpt1,Tni1) = 0.

from (3.1), we get that

1 <Y(G(@n, Tnt1, Tnt1)) =P(G(f(Tn-1,Un—1), f(Tn, un), f(Tn, un))
V(G (Tn—1,Tn, Tn))]"

[V(G(Zn—1, f(Tn-1,un-1), [(Tn,un)))]
[(W(G(@n, [(@n, un), fTn,un)))]™
V(G(@n-1, f(z, un), f(xn, un))

IN

T2

Q

+ (xnaf(xn 1, Up— 1) f(xn 1,’11,”71)))]“‘
= [W(G(zn-1,Tn, 2n))]" [Y(G(@n-1, Tn, Tn41))]"
[P(G(Tns X1, Tn 1) [Y(G(@n—1, Tng1, Tns1)

+ G(xn’xmxn))]”
= [w(G(xnflv Tn, xn))]rl [w(G(xn,l, T, anrl))]rz
[¢(G($n, LTn+1, xn+1))]rs [w(G(xn—lv LTn+1, xn+1))]r4

using (G5) and (¢,), we get

w(G(xnfla Tn, anrl))

2

Ty Tn, anrl))
QG(IL'n, Tn41, anrl))
2G($n, Tn+1, xn—‘,—l))

Ty y Tn+41, xn+1)

INIAIA

G(@n-1,2n, 2n)) [Y(G(@n, Tnt1, Tns1))]?
and
(G(xn—1,%n,xn) + G(Tn, Tnp1, Tni1))
(G(@n—1,Zn, 20))Y(G(Zn, Tnt1, Tnt1))
Therefore

L<P(G(@n; Tnt1, Tngr)) < [W(G(@n—1, Tn, 20)))" [(G (201, 20, 20))]"

)
[¢(G($n, LTn+1, xn+1))]2r2 W(G(ﬂfm Tn+1, xn+1))]r3
[(V(G(Tp—1,2n, 2n))]* [O(G (T, Trg1, Trg1))]™

by recording the product terms of the above inequality, then using the induction, we get that

r1+ro+ry

1 <P(G(zn, Zng1, Tni1)) < [W(G(Zn—1, T, Tn))| T 2727574

Titraotrg

S [¢(G(Z‘0, 1, xl))]( T—2rg—r3—714 " (32)

Taking limit as n — oo, and noting that Er=2rre— <1, we get
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nh—>Hgo V(G (Tn, Tpg1, Tpy1)) =1 (3.3)
which implies by 1, that
lim G(xp, Tni1,Tny1) = 0. (3.4)

From the condition 15, there exist 0 < r < 1 and L € (0, oo] such that

lim ¢(G($mxn+1,wn+1)) -1

= L.
n—o00 [G(xn, Tn+41, xn-‘rl)]r

Suppose that L < oco. In this case, let By = % > 0. From the definition of the limit, there exist ng € N
such that

V(G(@n, Tpg1, Tng1)) — 1

— L| < By,
| [G(xnaanrlaanrl)]r | - !
for all n > ng. This implies that
w(G(xnaanrlvanrl)) B ]‘ Z L _ Bl — £ — Bla
[G(xna LTn+1s $n+1)]r 2

for all n > ng. Then

NG (T, Trg1s Tng1)]” < AL [P(G(n, Tngr, Tny1)) — 1,

where A; = B%.
Now for L = oo, let By > 0 be an arbitrary number, from the definition of the limit, there exist
n1 € N such that

V(G (Tn, Tni1, Tny1)) —

1
> B,
[G(xnaanrlaanrl)]r | =02

for all n > ny. Then

n'[G(xmxn+1vxn+l)]T < AQ-”-[¢(G(xnvxn+lvxn+l)) - 1];

where Ay = B%.

Thus, in both cases, there exist A = mazx{A1, A2} > 0 and n, = maz{ng,n1} € N such that

n

NG (T, Tt Tng1)]” < An[W(G(@n, Tn1, Tni1))]® — 1], where , @ = 1t t0_ Byg,

1—27’2—7’3—7‘4
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n

Jim . [[(Glao, 2,0 = 1]
[ (G (o, 21, 21))]*" — 1]

= lim T
n—o0 =
n

a™.In(a).n(Y(G(zo, z1, 21 )3[[¢(G(xn, Toi1, Tny1))]*]

= lim
n—o0

n

= lim (=n?).a™.In(a).In((G(zo, z1, 1)) [V (G(Zn, Trni1, Tni1))]* ]

_ o 5Pn(@) (G o, 2, @) [P(G (@, Tngt, 1)) ]

—n?
= lim —-. lim In(a).In(¢(G(xo, z1,21))) [V (G(Zn, Tni1, Tng1))]”

n—0o (y N—00

= 0.In(a).In(Y(G(zo, 21, 21)))
=0

n

]

where a7 = =. ich implies that lim n.|G(x,,Zn11,2ne1)]” = 0, thus there exist ny € N suc a
h i Which implies that i G + +1)]" =0, thus th ist N h that
n— oo

G(Tn, Tni1,Tns1) < -, for all n > ny. Now, for m > n > ng, we have
n”

m—1 m—1 1 e’} 1
G(Tp, T, Tm) < Y0 G20, Tig1,Tiv1) < )0 T ). T
i=n i=n " i=11t"

o0
Since 0 < 7 < 1, then Y 2 is G-convergent and hence G(z,,, T, Zm) — 0 as m,n — oo. Thus, we
=117
proved that {z,} is a G-Cauchy sequence. Completeness of (X, G) ensures that there exists z* € X
such that x,, — =* as n — co. Now we shall show that (x*,u*) is a coupled fixed point of f. Using (G')

we get that

Ga™, 2% f(a",u")) <G(2", 2%, &ni1) + G(@ni1; Tng, f27,07))
G(a™, 2% xnt1) + G(f (@, un), f(@n, un), f(27,u7)) (3-5)

and

G(xna Ln41, f(x*v U*)) < G(xm Tn+1, x*) + G(x*’ x*’ f(x*v U*)) (3'6)

Hence, by the properties of ¢ we get that

PG (", 2", fa",u")) <SPG a", 2", 2n1))P(G(@ngr, Tng, f27507))) (3.7)

V(G (@n, T, (27, 0"))) < PG (@0, Trgr, 7)) (G (", 2%, f(27,u"))) (3.8)
Thus,

[(G (@, Tnsr, fla™u))]2 17 <[(G(wn, Tpg, 27))]72 T
[W(G(z™, ", fz*,u)))]m " (3.9)



COUPLED FIXED POINT THEOREMS OF JS-G-CONTRACTION ON G-METRIC SPACES 7
However, by using (3.1), (1,) and (3.9) we have

V(G (@, o, f(27,u7))) = O(G(f (@n, un), f (@0, un), f(27,u)))
G2, zn, 7)) [P(G (2, Tnpr, (27, 07)))]™
T, Tnt1, [ (27, 07)))]"™

Tn, Tnt1s Tnt1) + G(Tn, Tng1, Tnt))]
(@n, Tn, "))

Tny Tnt, f27,u7)))] 1T

Tpy g1, Tng1))]

G(@n, @n, o))" [P(G(2n, g1, 7))
x*,x*,f(x*,u*)) ]T2+’r3

xn;xn+1,xn+1))]2r4 (310)

= =

g

T4

QT Q

AN S S EE A

T Q

G
G

=

(
(

<

Now, substituting (3.10) in (3.7) we get that

P(G(a", 2", f(z",u")) S P(G(", 2", 2np1)) [V(G (@, 2, 7))
(G Y ,xn+17x*))]7“2+7’3

<

V(G

[W(G(™, 2", fa", u"))]"™ "

P(G(@ns Tnt1, Tngr)))? (3.11)

Hence,

1< [(Ga™,a®, fa*,u®)] 77 < (G, 2%, 2040)) [V(G (@0, Tny )]
[¢(G(xn7xn+1’x*))]rz+r3
[¢(G(xnaxn+1;xn+l))]2r4 (312)

By taking the limit as n — oo and using (3.4), (¢5), proposition (1.3) and the convergence of {z,, }
to z* in the above equation we get that

Y(G(x*, 2", f(x*,u"))) =1 (3.13)

which implies by (¢,) that G(z*,2*, f(z*,u*)) = 0 and so z* = f(z*,u*). Thus (z*,u*) is a coupled
fixed point of f. Finally to show the uniqueness, assume that there exist (z*,u*) # (z ,u ) such that
v = flz,u). By (G2), Gz ,x,2") = G(f(z ,u), f(x,u), f(z",u")) > 0. Thus, by (3.1) we get

(G2, a) = Y(Gf (' ), fla',u), f(z*,u)))
< WG, o, ) (G, f(z'u), fla®,u)))]™

G(x/’xljx*))]’rlJrTerTS

I
=

which leads to a contraction because 1 + ro 4+ r3 < 1. Therefore, f has a unique coupled fixed point. [J

The following result is a direct consequence of theorem 3.1 by taking 1 (t) = e¥* in (3.1)
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Corollary 3.2. Let (X,G) be a G-metric space, and let f: X x X — X be a mapping. Suppose there
exist a nonnegative real numbers ri,1e, 13,14 with 0 < rqy 4+ 3re +1r3 + 2r4 < 1 such that

VG(f(z,u), f(y,v), [(z,w))
<Gz, y, 2) + 1o/ Gz, fz,u), f(z,w))
) f
);

—|—T’3.\/G yvf y,'U ( ))
+ra/G(z, fy,v), f(y,0)) + Gy, f(a, ), f(z,u)) (3.14)

for all x,y, z,u,v,w € X. Then f has a unique coupled fixed point.

Remark 3.3. Note that condition (3.14) is equivalent to

G(f(@,u), f(y,v), f(z,w))

<r2.G(z,y,2) +r2.G(z, f(z,u), f(z,w))
+13.G(y, f(y,v), f(z,0))

+ 73 (G, fy,0), f(y,0)) + Gy, [z, u), fz,u))]

+ 2r1m0/ G2, y, 2)G(, f(z,u), f(z,w))

+2r1737/ G, y,2)G(y, f(y,0), f(2,w))

+2r174\/G(x,y,2)[G(x, f(y,v), fy,v) + Gly, f (@, u), f(z,u))]

+ 2ror3+/ G2, y, 2)[G(w, f (2, u), f(2,w)) + Gy, f(y,0), f(z,w))]

+ 2rora /G, f(z,u), f(z,w))[G(z, f(y,v), f(y,v) + Gy, f(x,u), f(x,u))]
20474 /Gy, 7500, o)) (G T 5,00, (5, 0)) + Gl (s w), F (@, )

Next, by taking ro = r3 = r4 = 0 in corollary (3.1), we obtain the following corollary.

Corollary 3.4. Let (X,G) be a G-metric space, and let f : X x X — X be a mapping. Suppose
there exists a positive real number 0 < r1 < 1 such that G(f(x,u), f(y,v), f(z,w)) < r?G(x,y, z) for all
x,y,z,u,v,w € X. Then f has a unique coupled fixed point.

Finally, by taking ¥ (t) = e Vi in (3.1), we get the following corollary.

Corollary 3.5. Let (X,G) be a G-metric space, and let f: X x X — X be a mapping. Suppose there
exist a positive real numbers r1,r9,13,74 with 0 < r1 4+ 3r9 + r3 + 2r4 < 1 such that

VG(f(x,u), f(y,0), f(z,w) < 1. 8/Gla,y, 2) + 2./ G(x, f(2,u), f(2,w))
+ r3. Q/G(yvf(y’v)’ f(z,w))
+ 4. T\L/G(ma f(yvv)v f(ya U)) + G(yv f(xvu)a f(l‘, u))

for all x,y, z,u,v,w € X. Then f has a unique coupled fixed point.

Remark 3.6. By specifying r; = 0 for some i € {1,2,3,4} in remark (3.1) and corollary (3.1), we can
get several results.

Example 3.7. Let X = [0,00) and let G(z,y,z) = max{|z —yl|, |y — 2|, |z — z|} for all ,y,z € X. Then
(X,G) is a G-metric space Let f(z,y) = Z and (1) = eV, Then clearly all conditions of theorem
3.1 are satisfied with r; = f’ 1=1,2,3,4, and (x,y) = (0,0) is a coupled fixed point of f.
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