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ABSTRACT: In this manuscript, we provide some new results for the existence of fixed points for a certain
contractive condition of Geraghty type in the setting of partially ordered G-metric space. Also, we provide an
example to illustrate the usability of results. Our results generalize or extend many well known results in the
literature.
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1. Introduction

In 2005 Mustafa and Sims [17] introduced the notion of new structure of metric spaces called G—metric
spaces and derived some fixed point theorems in the setting of G—metric spaces. Thereafter, various
researchers find the generalizations of contraction mappings in such spaces and obtained beautiful results.
In this paper, we provide some new results for the existence of fixed points for a certain contractive
condition of Geraghty type in the setting of partially ordered G-metric space. Also, we provide an
example to illustrate the usability of results obtained. Our results generalize many well known results
of Gordji [7], Aydi [4], Al-Mohiameed [23] and Sharma et al. [21] in the setting of partially ordered
G—metric spaces.

2. Preliminaries

We begin with the definition of known known class of generalized metric spaces and two important
known examples.

Definition 2.1. [17] Let X be a non-empty set, and let G : X x X x X — R*, be a function satisfying
the following

1. G(z,y,2)=0ifx =y =z,

2. G(z,z,y) >0 for all x,y € X, with x + y,

3. G(z,z,y) < G(z,y, 2), for all z,y,z € X with y # z,

4. G(z,y,2) =Gy, z,x) = G(z,x,y) = --- (symmetry in all three variables),

5. G(z,y,2) < G(z,a,a) + G(a,y, z), for all x,y,z,a € X (rectangular inequality).

Then the function G is called a generalized metric or more specifically a G—metric on X and the pair
(X, G) is a G—metric space.

Example 2.2. [27] If X is a non empty subset of R, then the function
G: XXxXxX —[0,00), given by G(x,y,2) = |z —y|+ |y — 2|+ |z — x| for all z,y,z € X, is a symmetric
G—metric on X.
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Example 2.3. [27] Let X = {a,b}. Define G(a,a,a) = G(b,b,b) =0, G(a,a,b) =1, G(a,b,b) =2, and
extend G to X3 by using the symmetry in the variables. Then it is clear that (X,G) is an asymmetric
G— metric space.

Definition 2.4. [23] Let (X, G) be a G—metric space, let {x,} be sequence of points of X, a point x € X
is said to be the limit of the sequence {xy,} if lim G(z,zy,xm) =0 and we say that the sequence {x,}
n,Mm—00

is G—convergent to x. Thus, if x, — x in a G—melric space (X,G), then for any ¢ > 0, there exists a
positive integer N such that G(x,x,, xmy) <€, for alln,m > N.

Definition 2.5. [19] Let (X,G) and (X',G') be G—metric spaces and let f : (X,G) — (X ,G) be a
function, then f is said to be G—continous at a point a € X if and only if, given € > 0, there exists
8 > 0 such that for all z,y € X; and G(a,x,y) < & implies G (f(a), f(x), f(y)) < €. A function f is
G—continuous on X if and only if it is a G—continuous at all a € X.

Definition 2.6. [17] Let (X, Q) be a G—metric space. The sequence {x,,} is said to be G— Cauchy if for
every € > 0, there exists a positive integer N such that G(z,, Tm,x;) < € for all n,m,l > N.

Definition 2.7. [17] A G—metric space (X, G) is said to be G— Complete (or Complete G—metric space)
if every G— Cauchy sequence in (X, G) is G—convergent in (X, G).

Definition 2.8. A partial order is a binary relation =< over a set X satisfying the following properties.
For all a,b and ¢ in X,

(1) Reflexivity : a =< a (every element is related to itself)

(2) Antisymmetry : If a < b and b < a then a =b

(3) Transitivity : If a <b and b < ¢ then a < ¢
A set X with a partial order < is called a partially ordered set(also called a Poset).
Example 2.9. The set of natural numbers equipped with the relation of divisibility is a Poset.

Definition 2.10. [21] For a,b elements of a partially ordered set X, if a < b or b =< a, then a and b are
comparable.

Definition 2.11. [21] Let (X, =) be a partially ordered set and f,g: X — X are said to be

(2.8.1) Weakly increasing if f(x) = g(f(x)) and g(x) = f(g(x)) for all x € X.

(2.8.2) Partially weakly increasing if f(x) < g(f(x)) for all x € X.

(2.8.3) Weakly increasing with respect to H : X — X if f(X) C H(X), g(X) C H(X), if and only if for
allz € X, f(x) 2 g(y), for ally € H(f(x)) , g(x) < f(y), for ally € H*(g(z)).

Example 2.12. [}] Let X = [0,1] be endowed with usual ordering and f,g : X — X be define by
f(x) = 2% and g(x) = Jz. Since f(x) = 2? < g(f(z)) = g(z?) = =z, it is easy to see that (f,g) is
partially weakly increasing. But g(z) = /x £ © = f(g(x)) for all x € X implies (g, f) is not partially
weakly increasing.

Definition 2.13. [21] Let (X, =) be a partially ordered set and f,g: X — X then
(2.9.1) [ is called weak annihilator of g if f(g(x)) < x for all x € X.
(2.9.2) [ is called dominating if x < f(x) for all z € X.

Example 2.14. [21] Let X = [0,1] be endowed with usual ordering and f,g : X — X be define by
f(z) =22 and g(z) = 23. Since f(g(z)) = 2% <z, for all x € X thus f is a weak annihilator of g.

Example 2.15. [21] Let X = [0,1] be endowed with usual ordering and f : X — X be define by
flz)= x3 since x < 13 = f(x) for allx € X so [ is a dominating map.

Definition 2.16. [21] A subset W of a partially ordered set X is called well ordered if every pair of
elements of W are comparable.
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Definition 2.17. [21] Suppose [ and g are self maps of a G—metric space (X,G). If
lim G(f(g(zn)), 9(f(zn)), g(f(xn))) = 0 for every sequence {xy} in X with lim f(z,) = lim g(x,) =u
n—oo n—o00 n—oo

for some u € X, then the pair (f,g) is said to be compatible.
Weakly compatible if they commute at their coincidence points, that is, if f(x) = g(x) for some v € X

then f(g(x)) = g(f(2)).

Now, we define a more general class of functions.
Definition 2.18. F is the family of functions a: RT — [0,1) with
(1) Rt ={te R:t > 0},
(2) a(t,) — 1 implies t, — 0.
Note 1. (1) We do not assume that « is conlinuous in any sense.

(2) We only require that if « gets near one, it does so only near zero.

3. Main Results
Our first new result is the next:

Theorem 3.1. Let (X, <) be a partially ordered set and there exists a metric G in X such that (X, Q) is
a complete metric space and f : X — X be a non-decreasing self mapping such that there exists xg € X
with o = f(xo) satisfying

(3.1.1) G(f(x), f(y), () < a(G(z,y, 2))G(x,y, 2), for all z,y,z € X withx 2y < z;

(3.1.2) either f is continuous or there exist a non-decreasing sequence {x,} in X such that

Ty — x then x, X, for alln € N. Then f has a fived point in X. Further, if assume the following
(8.1.3) For any x,y,z € X, there exists u € X which is comparable to x,y,z. Then [ has a unique fized
point in X.

Proof. Assume that zo be an arbitrary point in X with z¢g < f(z,). Define x,, = f™(z¢),n =1,2,3,---.
Since f is a non-decreasing function, by induction we obtain that

2o = f(wo) 2 fP(wo) =+ = fM(wo) =2 [T (wo) =+ (3.1)
Since x;,, = Zp41 for each n € N then by (3.1.1), we have

G(xn+1vxn+2vxn+3) = G(xn+1axn+2vxn+3)
= G(f"wo, [ Pao, M Ha0)
< a(G(f"wo, [ ao, [T 220))G(f o, 1 o, f1 o)
< a(G(Tn, Tpyt, Tni2))G(Tn, Tnit, Tni2)
< G(Tn, Tng1, Tnta).
Therefore, the sequence {G(xy, Tpt1,Tni2)} i non-increasing and bounded below. Thus there exists
t > 0 such that 'rnggo G(Zn, Tpt1, Tng2) = t. Since a(t) — 1 implies ¢ — 0 then there exist r € [0,1) and

€ > o such that a(t) — r for all t € [t,t + €]. We can take v € N such that ¢t < G(zp, Tpt1, Tni2) <t +e,
for all n € N with n > v. Since

G(Znt1, Tnt2, Tnys) < (G (Tn, g1, Tny2))G(Tn, Tnyt, Tngz)
S TG(xn,Z‘n+1,$n+2), (32)

for all n € N with n > v. Therefore, we have

o0

(G(xna Tn41, xn+2)) S Z(G(xna Tn41, xn+2)

1

n=1 n

r"(G(xy, Tyt1, Tyia) < 00.

+
WK

n=1
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Hence {z,} is a G— Cauchy sequence. Since X is complete, {x,} converges to some point of u € X.
Now, we prove that u is a fixed point of f. If f is continuous, then

uw= lim z, = hm fM(xo) = hm " (o) = f(lim f™(z0)) = f(u). (3.3)

n—0o0 n— n— 00

Hence u = f(u).
Suppose that there exists a non-decreasing sequence {z,} in X such that x,, — z. Consider

G(f(u),u,u) < G(f(u), f(an), f(2n)) + G(f(zn), f(2n),u)

< a(G(zn, Tn, u))G(Tpn, T, u) + G(Tpt1, Tnt1, u)
< G(xp, T, u) + G(Tpt1, Tngt, w).
since G(xy,, Tpn,u) — 0 then we get f(u) = u.

To prove the uniqueness of the fixed point, assume that w (w # u) is another fixed point of f.
From (3.1.3), there exists € X which is comparable to v and w. Monotonically implies that f™(z) is
comparable to f"(u) = u and f"(w) =w for n =10,1,2,---

Moreover,

Gu,w, f"(2)) = G(f"(u), f"(w), " (x))
(G (u), f7 7 (w), [ ()
FrH ), 17 (w), f 7 (@)
G(f"Hw), [ (w), f* 7 (@)
G(u,w, f*~(x))

Consequently, the sequence & = G(u,w, f™(x)) is non-negative and decreasing and
so lim G(u,u, f"(x)) = &£, € X. Similarly we can show that the sequence &, = G(w,w, f™(x)) is non
n—oo

IN

G

IN X2

negative and decreasing and so lim G(w,w, f*(z)) =¢, € X.
n—roo

Now similarly the above method we can choose r1,72 € [0,1) and ¢ € N such that

G(u,u, [*(2)) < (G(u,u, f*7H(2))G (u,u, 17 ()
< rG(u,u, f*H(2))
G(w,w, f"(x)) < a(G(w, w, f*(2)))G(w, w, f*(x))
< roG(w,w, f(x)), (3.4)

for all n € N with n > ¢;. Finally

Gu,u,w) < G(u,u, f"(x)) + G(f" (z), w, w)
<TG (u,u, [ (20)) + 5 Gw, w, £ (20)) (3.5)

for all n € N with n > ;. Therefore by taking n — oo in (3.5), we have G(u,u,w) = 0. Therefore u = w.
O

Now we announce our second new result:

Theorem 3.2. Let (X, <) be a partially ordered set and there exists a metric G on X such that (X, Q)
is a complete G— metric space. Let f,g,h,S,T and U : X — X be given mappings satisfying

(8.2.1) f(X) CU(X), g(X) CT(X) and h(X) C S(X),

(8.2.2) for every comparable elements x,y,z € X,

G(f(x),9(y), h(z)) < a(G(S(x), T(y),U(2)))G(S(x),T(y),U(z)) where o € F

(8.2.3) The pairs (U, f), (T, g)and (S, h) are partially weakly increasing,

(8.2.4) [,g,h are dominating and weak annihilator maps of U, T and S respectively.
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(3.2.5) there exist a non decreasing sequence {x,} with x, =y, for all n and y, — u implies x, =< u.
(3.2.6) either
(8.2.6.1) (f,9), (9,T) are compatible, pair (h,U) is weakly compatible and f, g or S, T are continuous

maps.
(OR)

(8.2.6.2) (g9,T), (h,U) are compatible, pair (f,S) is weakly compatible and g, h or T, U are continuous

maps.
(OR)

(8.2.6.3) (h,U), (f,S) are compatible, pair (g,T) is weakly compatible and h,f or U, S are continuous
maps. Then f,g,h, S, T and U have a common fixed point. Moreover,f,g,h,S, T and U have one common
fized point if and only if the set of common fized point of f,q,h,S,T and U is well ordered.

Proof. Let zp be an arbitrary point in X. Since f(X) C U(X), g(X) C T(X) and h(X) C S(X), we
can construct sequences {z,}, {yn} and {z,} in X such that ys,—1 = f(z3n—2) = U(T3n-1), Ysn =
g(x3n—1) = T(x3,) and ysn+1 = h(ws,) = S(x3n41) for all n € N. From (3.2.4), we write

3n—2 X f(w3n—2) = U(z3n-1) =2 f(U(23n-1)) = T3n_1,

Tan—1 = g(z3n-1) = T(x3n) 2 T(g(z3n)) = 230

and
Tan = h(T3n) = S(T3n+1) 2 S(h(z3n11)) = Tant1-

Thus, we have x,, < @41, for all n > 1. Put @ = x3,,y = T3n+1,2 = T3nt2 in (3.2.2), we get
G(f(x3n)a g(x3n+1), h($3n+2)) < O[(G(S(J)gn), T($3n+1), U(x3n+2)))G(S(x3n); T(x3n+1)7 U(x3n+2));

that is,

G(Y3n+1,Y3nt2, Y3n+3) < (G (Y3n: Y3n+1 Ysn+2))G(Y3n: Ysn+1, Y3nt2)- (3.6)

If there exist n € N such that G(ysn, Ysn+1, Ysnt2) = 0 then it follows from (3.6) that ys, = Ysnt+1 = Ysnto.
This leads to ¥m = Y3nt1 for any m > 3n. This implies that {y,,} is a G— Cauchy sequence.
We shall show that

lim G(Yn,Ynt1,Ynt2) =0 (3.7)

n— 00
Now suppose that G(ysn, Ysn+1,Ysnt+2) > 0 for all n € N. Put © = 3,42,y = X3n+1 and z = x3, in
(3.2.2), we get

f(@sn42), 9(T3n41), M(T3n))
Y3n+3, Y3n+2, y3n+1)

(
(

< a(G(S(@3n+2), T(@3n+1), Ul230)))G(S (@3n+2), T(23n+1), Ulzsn))
< (G (Y3n+2: Y3n+1:Y3n) )G (Y3n+2: Y3nt1, Yan)- (3.8)
Using 0 < a < 1, we get
G(Y3n+3: Ysn+25 Ysn+1) < G(Y3n+2, Yn+1, Yan)- (3.9)
similarly we write
G(Ysn+2,Yan+1,Y3n) < G(Y3n+1,Y3n, Ysn—1)- (3.10)

for © = x3,, ¥y = 3,41 and z = x3,492 in (3.2.2). From (3.9) and (3.10), for any n € N, we get

G(yn+27yn+1;yn) S G(yn+17ynayn—1)' (311)
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Therefore the sequence {G(Yn+1,Yn,Yn—1)} is monotonic decreasing. Hence, there exists r > 0 such that
lim G(Yn+t1,YnsYn-1) =7 (3.12)
n—oo

From (3.8), we have
G(Y3n+3; Y3nt2: Yan+1)
G(y3n+2a Y3n+1, an)

Letting n — oo in the above inequality, and using (3.12), we get lim a(G(ysn+2,Ysn+1,Ysn)) = 1. By
n—oo

the property of «, it follows that » = 0, hence (3.7) holds.

Now to check that {y,} is a G— Cauchy sequence. It suffices to prove that {ys,} is a G— Cauchy
sequence. To do this, we proceed by contradiction. Suppose that {ys,} is not a G— Cauchy sequence.
Then for any ¢ > 0, there exists three sequences of positive integers m(k) and n(k)such that for all
positive integers k, m(k) > n(k) > k, we have

< (G(Y3nt2, Y3nt+1,Y3n)) < 1.

G (Y3m(k)s Y3n(k)» Ysn(k)) > €
G (Y3m (k) Y3n(k)—2> Ysn(k)—2) < € (3.13)

Therefore we use (3.13) and triangular inequality, we get

€ < G(Y3m(k)» Yn(k)s Yan(k))
< G(Ysm(k)s Ysn(k)—2> Y3n(k)—2) + G (Usn(k)—25 Ysn(k)—1> Y3n(k)—1) + G (Usn(k)—1> Y3n(k)—1> Y3n(k))
< e+ G(Wsnik)—2, Y3nk)—1> Yank)—1) T G(Ysnk)—15 Ysn (k) Y3n(k))-

Letting k — oo in the above inequality and using (3.7) we get
Jm G(Y3m(k)s Y3n(k)> Yan(k)) = € (3.14)

Again using the triangular inequality, we have
G(Y3n(k)> Yam k) Yank)) < GWsnik)s Yamk)—15 Ys3mk)—1) + G(Ysm(k)—1> Y3m(k)> Ysn(k))

|G (Y3n(k)> Y3m (k) — 1 Yam (k) - 1) = G(Y3n(k)s Yam(k)> Y3nk))| < G(Y3mk)> Y3mk)—1, Yn(k))-
Letting again k — oo in the above inequality and using (3.7) and (3.14) we get

klggo G(Y3n(k)» Y3m(k)—1> Ysm(k)—1) = €. (3.15)
On the other hand, we have

G (Y3n(k)s Ysm(k)s Yan(k)) < G(Ysn(k) Ysn(k)+1> Ysn(k)+1) T GYsn(k)+1> Y3m(k)> Y3n(k))
= G(y3n(k)ay3n(k)+1a y3n(k)+1) + G(fx3n(k)agx3m(k)—1a hxgn(k)—l)

using (3.7) and (3.14) and letting £ — oo in the above inequality, we get
e< lim G(fr3n k) 9T3m(k) -1, W30 (k)—1)- (3.16)
Choose & = x3,,() and y = gy (k)—1 and 2 = Tgp(r)—1 in (3.2.2), we get

G(f23n(k)» 9T3m(k)— 1 M3m(k)—1) < UG (S(@3n(k))s T (@3m(k)-1), U(T3m(r)-1)))
G(S(xgn(k)), T(xSm(k)—l)v U(xSm(k)—l))
< G(S(T3nk))s T(T3m(k)—1)> U(T3m(k)—1))-

Letting again k — oo in the above inequality and using (3.7) and (3.15), we get

Jim G(f23n(k), 9T3m(k)—1> MT3m(k)—1) < €. (3.17)
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Combining (3.16) and (3.17), we get klim G(fT3n(k)) 9T3m(k) =1, MT3m(k)—1) = €. SINCE Y3 (k) # Y3m(k)—1
—00
then

G(fT3n(k)> 9T3m(k)—15 PT3m(k)—1)
G(S(x3n(k) )7 T(xb’m(k)—l)v U(xSm(k)—l))

Using the fact

< a(G(S(@3n(k)), T(3m(k)—1), U(T3m()-1))) < 1.

€= klglgo G(fT3n(k)» 9T3m(k)—15 MT3m (k) —1) = klglgo G(S(z3n))s T(@3m)—1), U(T3m0k)—1))-

Hence we get klim a(G(S(w3nk))s T(T3m(k)=1): U(T3m(r)—1))) = 1. Using the property of a, we get
—00
klggo G(S(23n(k)), T(T3m(k)-1), U(T3m(r)—1)) = 0. Hence klglgo G (Y3n(k)» Y3m(k)—1> Y3m(k)—1) = 0, which is

a contradiction with (3.14). Therefore, {ys,} is a G— Cauchy sequence. Since (X, G) is a complete G—
metric space, there exists u € X such that

lim ysz, = u. (3.18)
n—oo
Therefore
lim ysp+1 = lim U(agnyr) = lim f(z3,) = u. (3.19)
n—00 n—00 n—00
lim Y340 = lim T(x3,42) = lim g(z3p41) = u. (3.20)
n—00 n—00 n—>00
lim ysp43 = lim S(zgnis) = lim A(x3,42) = u. (3.21)
n— 00 n—oo n—oo

Assume that S is continuous. Since f, S are compatible, we have

lim f(S(x3n+2)) = T}L)IIOIO S(f(x3nt2)) = S(u). (3.22)

n—oo

Also, 23,41 = gr3n11 = Tw3,42. Now,

G(f(S(z3n+2)), 9(x3n+1), h(x3n11)) < a(G(S(S(x3n+2)), T(x3n+1), U(T3n+1)))
G(S(S(x3n+2)), T(@3n+1), U(T3n41))-

Letting n — oo in the above inequality and using (3.20) and (3.22)
we get G(S(u),u,u) < G(S(u),u,u), hence S(u) = u. Now (z3,41) = g(z3n+1) and g(x3,41) — u as
n — 00, T3p+1 = u and (3.2.2) becomes

G(f(u), 9(x3n+1), M(w3n+1)) < a(G(S(u), T(x30+1), U(T30+1)))G(S (), T(230+1), U(T30+1))-

Letting n — oo in the above inequality and using (3.19) we get G(f(u),u,u) < G(S(u),u,u), hence
f(u) = u. Since f(X) C U(X), there exist a point v € X such that f(u) = U(v). Suppose that h(v) #
U(v). Since v = f(u) = U(v) < f(U(v)) < v implies u < v. From (3.2.2) we obtain G(U(v), h(v), h(v)) =
G(f(u),h(v),h(v)) < G(S(uw),U(v),U(v)) = G(u,u,u) = 0, which is a contradiction. Hence U(v) = h(v).
Since h and U are weakly compatible, therefore h(u) = h(f(u)) = h(U(v)) = U(h(v)) = U(f(v)) = U(u).
Thus u is a coincidence point of h and U. Now, since x3, = f(x3,) and f(z3,) — was n — oo, implies that
Zan, = u. From (3.2.2) we get G(f(x3n), h(uw), h(u)) < a(G(S(x3,), U(u),U(w)))G(S(x3y), U(u), U(u)). If
nlggo G(S(x3n),U(u),U(u)) = 0 then G(u,U(u),U(u)) = 0. Hence U(u) = u.

If lim G(S(z3n),Uu),U(u)) # 0. Letting n — oo in the above inequality and using (3.21), we get
n— 00

Gu, h(u), h(w))  Jm G(f(wsn), h(u), h(u)) |
Gu,U(u),Uw))  lim G(S(z3n),U(u),U(u)) < lim a(G(S(2s0), U(u), U(u))) < 1.

n— 00

1=
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Using property of «, we get ILm G(S(x3n),U(u),U(u)) = 0, which is a contradiction. Hence u = U (u).
Therefore, f(u) = h(u) = S(u) = U(u) = u. Assume that T is continuous since g and T are compatible,
we have

lim g(T(w3n13)) = lim T(g(asnss)) = T(u).

n—roo n—r oo

Also (x3n+2) j h(x3n+2) = S(x3n+3). Now

G(f(z3n+2), 9(T(23n+3)), M(T3n+2)) <a(G(S(3n42), T(T(T3043)), U(T3n+2)))
G(G(S(x3n+42), T(T(23n43)), U(x3n12)))-

)
Letting n — oo in the above inequality, we get G(u, T (u),u) < G(u,T(u),u), hence T(u) = u. From
(3.2.2) becomes G(f(u), g(u), h(u)) < a(G(S(u), T(u),U(u)))G(S(u), T(u),U(u)) implies G(u,gu,u) <
G(u,u,u) < 0. Hence g(u) = u. Therefore, from above, we have f(u) = g(u) = h(u) = S(u) = T(u) =
U(u) = w. Similarly, the result follows when (3.2.6.2) holds, (3.2.6.3) holds. Suppose that the set of
common fixed points of f,g,h,S,T and U is well ordered and u and v (u # v) are any two fixed points
of f,g,h,S,T and U. From (3.2.2), we have

which is a contradiction. Therefore u = v that is unique common fixed point of f,g,h,S,T and U.
Conversely, if f,g,h,S,T and U have only one common fixed point then the set of common fixed point
of f,g,h,S, T and U being singleton is well ordered. O

On the similar lines of Theorem 3.2, we have the following results.

Theorem 3.3. Let (X, <) be a partially ordered set and there exists a metric G on X such that (X, Q)
is a complete G— metric space. Let f,g,h, S, Tand U : X — X be given mappings satisfying

(3.3.1) (X) CU(X), 9(X) C T(X) and h(X) C S(X),

(8.3.2) for every comparable elements x,y,z € X,

G(f(w),9(y), h(2)) < a(G(S(2), T(y), U (=) G(S(x), T(), U(2)) , where a € F

(3.3.8) The pairs (U, ), (T, g)and (S, h) are partially weakly increasing,

(8.3.4) [,qg,h are dominating and weak annihilator maps of U, T and S respectively.

(3.8.5) there exist a non decreasing sequence {x,} with x, =y, for all n and y, — u implies x, = u.
(3.5.6) either

(8.3.6.1) (f,S), (g,T) are compatible, (h,U) is weakly compatible and f, g or S, T are continuous maps.

(OR)
(8.3.6.2) (9,T), (h,U) are compatible, (f,S) is weakly compatible and g, h or T, U are continuous maps.
(OR)

(8.3.6.3) (h,U), (f,S) are compatible, (g, T) is weakly compatible and h,f or U, S are continuous maps.
and (3.5.7) G(f(x), 9(y), M(2)) < a(M(z,y,2))M(z,y, z), where

M (z,y, z) =max{G(S(x), T(y),U(2)), G(f(x), S(x), S(x)),G(9(y), T (y), T (y)), G(h(2),U(2),U(2)),
1

3(G(5(2),9(y), h(z)) + G(f(2), T(y), h(2)) + G(f(2), 9(y), U(2)))}

for allr,y,z € X with x X y < z and o € F. Then f,g,h,S,T and U have a common fixed point.

Moreover, the common fixzed point of f,g,h,S,T and U is unique if and only if the set of common fixed

point of f,g,h, S, T and U is well ordered.
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Proof. Let xg be an arbitrary point in X. Since f(X) C U(X) then there exists 1 € X such that
f(zo) = U(z1), since g(X) C T(X) then there exists zo € X such that g(z1) = T'(z2), since h(X) C S(X)
then there exists 3 € X such that h(z2) = S(x3). on continuing this process, We can construct sequences

{zn}, {yn} and {z,} in X such that y3,—1 = f(23n-2) = U(z3n-1),¥3n = 9(23n-1) = T(22n), Y3041 =
h(zsn) = S(xops1) foralln =1,2,3, -+ From conditions (3.3.3) and (3.3.4) we have x3,—2 < f(23,-2) =
U(zzn—1) < f(U(x3n-1)) < 2301, %301 < 9(x3n—1) = T(w2,) < T(g(x30)) < 230 and w3, < h(w3,) =
S(zsnt1) < S(h(zsnt1)) < x3p41. Thus, for all n > 1 we obtain 1 < zo < ....... < xp < Tpqp. that is a
non decreasing sequence. Now we prove that y,, is a G— Cauchy sequence in X. For this let us consider

that G(Ysn, Ysn+1, Ysnt2) > 0 for every n. If not then ys, = ysnt1 = Ysnt2, for some n, therefore using
(3.3.7) we have

G(Y3n+1, Y3n+2, Y3nt3) = G(f(23n), 9(@3n+41), h(T3n42)) < (M (23n, T3nt1, T3nt2)) M (230, T3nt1, T3ny2)

where

M (230, 3041, Tan+2) =maz{G(S(w3n), T(T3n+1), U(T3n+2)), G(f(T30), S(73n), S(¥3n)),
G(9(@3n+1), T(w3n+1), T(T3n+41)), G(M(T3n+2), U(T30+2), U(T3n+2)),

%(G(S(x&’b)v 9(w3n+1), h(T3n42)) + G(T(230+1), f(T30), A(T3042))

+ G(U(x3n42), [(73n), 9(T3041))) }
=mar{G(Y3n, Ysn+1,Y3n+2), G(Y3n+1, Y3n: Y3n)s G (Y3n+2, Y3n+1, Y3n+1),

G (Y3n+3, Ysn+2; Yan+2), %(G(%m Y3n+2, Ysn+3) + G(Yan+1, Ysn, Yan+3)
+ G(Y3n+2: Y3n+1,Y3n+2)) }
=maz{0,0,0, G(Y3n13, Y3n+2, Y3n+2) é(G(anv Y3n+15Y3n+3)
+ G(Y3n, Y3n+1,Yan+3) +0)}
) g(G(ysn, Y3n+1,Y3n+3)}
=G(Y3n, Ysn+1:Y3n+3) = G(Ysn+1, Y3nt2, Yan+3)

:max{o’ 0,0, G(y?ma Y3n+1, y3n+3)

hence

G(y3n+17 Y3n+2, y3n+3) ZG(f(333n), g($3n+1), h($3n+2))
SOC(G(an—Hv Y3n+2, y3n+3))G(y3n+1; Y3n+2, y3n+3)

using 0 < o < 1, we get

G(Y3n+1:Y3n+2, Y3n+3) < G(Y3n+1, Y3n+2, Y3n43)

which is a contradiction. Hence we must have Y341 = Ysnt+2 = Ysnt3. Similarly, we obtain ys,10 =
Ysn+3 = Ysnta and so on. Thus {y,} be a constant sequence and {ys,} is the common fixed point of
fyg,h, S, Tand U. Now we suppose G(Ysn, Ysn+t1,Ysnt+2) > 0 for every n, since x = x3,, ¥ = T3,41 and
z = T3,+2 are comparable elements so using (3.3.7), we have

G(Y3nt1:Y3n+2, Yan+3) = G(f(23n), 9(x3n41), h(T3n+42))
< a(M(x3n, Tant1, Tan+2)) M (Tan, Tant1, Tant2) (3.23)
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where

M (230, T3n+1, Tant2) = max{G(S(x3n), T (¥3n+1), U(T3n12)), G(f(T3n), S(3n), S(x3n)),
G(9(@3n+1), T(w3n+1), T (23n+41)), G(h(@3n12), U(3042), U(T3n+2)),
(

é(G( (z3n), 9(x3n+1), M(@3n12)) + G(T(23041), f(T30), M(T30+42))

+ G(U(z3n+2), f(23n), 9(230+41))}
= maX{G(y3m Y3n+1, Y3n+2), G(Y3n+1, Y3n, Y3n)s G(Usn+2, Ysn+1, Y3n+1),

1
G(Y3n+3, Y3n+2: Y3n+2); 3 (G(Y3n: Y3n+2, Y3n+t3)

+ G(Y3n+1, Y3n+1, Ysn+3) + G(Usnt2, Y3n+1, Ysn+2)) }
= max{G(y3n, Y3n+1, Y3n+2), G(Y3n+1, Y3n+2, Y3n+3),

1
g(G(y:sn, Y3n+1, Ysnt2) + 0+ 0)}

= max{G(y3n, Y3n+1, Y3n+2), G(Y3n+1, Ysnt2, y3n+3)}

Now M (235, 3n+1, T3n42) is either G(23n, T3n11, T3nt+2) OF G(Y3n+1, Y3n+2: Y3n+3)-
If M(z3n, Z3n+1, T3nt+2) = G(Ysn+1, Ysn+2, Ysn+3) then from (3.3.7), we have

G(y3n+17 Y3n+2, y3n+3) = G(f(%“sn), g(x:}n—i—l)a h($3n+2)) < a(G(y3n+1; Y3n+2, y3n+3))
G(Y3n+1:Y3n+2> Y3n+3)

using 0 < o < 1, we get G(Ysn+1,Ysn+2, Ysn+3) < G(Ysnt1,Ysn+2, Ysnt+s) which is a contradiction. hence
M (230, 3n+41, T3n+2) = G(Y3n, Y3n+1,Y3n+2) and from (3.3.7), we have

G(Y3n+1,Y3n+2, Ysnt3) = G(f(23n), 9(T3n+1), M(T3n+2)) < UG (Y3n, Y3nt1, Ysn+2))G(Y3n, Y3n+1, Ysn+2)
(3.24)

using 0 < o < 1, we get G(Ysn+1, Y3n+2, ¥Y3n+3) < G(Y3n, Y3n+1, Y3nt2). Similarly put z = 23,1,y = 3,
and z = 3,41 in (3.3.7), we have G (Y3n, Y3n+1, Yan+2) < G(Y3n—1,Y3n, Y3n+1)-

Hence for any n, G(Ysn, Ysn+1:Ysn+2) < G(Ysn—1,Ysn, Ysnt+1) < .eeee < G(y2,y1,y0) implies that the
sequence {G(Yn+2,Yn+1,Yn)} is monotonically non increasing sequence. Hence there exist r > 0 such
that

lim G(yn+2a Yn+1, yn) =T (325)

n—oo

; GYsn+1,Y3n42,Y3n . .
using (3.24), we have ((;@Silyi’jgzi’:;f) < a(G(Ysns Ysn+1, Ysn+2)) < 1, letting n — oo and using (3.25),

we have lim «(G(Ysn, Ysn+1, Ysnt2)) = 1, since o € F yields that » = 0. Consequently
n—oo

lim a(G(ynJerynJrla yn)) =0 (326)

n—oo

Now we claim that {ys, } is a G—Cauchy sequence. suppose on the contrary that {ys,} is not a G—Cauchy
sequence then for any € > 0 and there exist an integers 3my and 3ng with 3myg > 3ng > k for all k£ > 0
such that G(yzm,,Y3ny,, Y3n,) > € and

G(Y2my,—2> Y2ne—1,Y2p;,) < € (3.27)
from triangle inequality, we have

€ < G(Y3ma > Y3ne: Ysng) = G(Y3mu > Yng—25 Ysne—2) T G(Y3n,—25Ysnp—1, Y3ne—1) + G(Y3n,—1, Y3ne > Y3ns )
<e+ G(y3nk—27 Y3ny—1, y3nk—1) + G(y3ﬂk—1v Y3ny,» y3nk)'
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Letting k — oo and using (3.26), we have
lim G(y?)’mk » Ysng s ank) =€ (328)
k—o0
Now for all £ > 0 from (3.26) and (3.27), we have
€ < G(Y3mus Y3nus Y3ny)
< G(Y3mus Ysmi—1, Y3miu—1) + G(Y3my—1, Yany,, Yan,,)
implies that e < klim G(Y3mp—15Y3ny» Y3n,, ) on the other hand from (3.26)and (3.28), we have
—00
G(y3m1c—1) Z/3nkay3nk) < G(y3mk—1ay3mk793mk) + G(ygmk,ygnk,ygnk) implies that

lim G(ygmk_l,ygnk,ygnk) S e. Hence
k—o00

m G(y3m,—1, Y3 Ysn,) = € (3.29)
k—o00

Similarly for all k, from (3.26) and (3.27), we have

G(y3mk y Y3ng y3nk) < G(y3mk » Y3ng,+1, y3nk+1) + G(y3nk+1a Ysny,» y3nk) implies that
€< klim G (Y3my s Ysng+15 Y3n,+1) on the other hand from (3.26)and (3.28), we have
—00

G(Y3mp Ysnp+1> Ysne+1) < G(Ysng > Ysne Ysne+1) + G(Y3ne Ysne+1, Y3m, ) implies that
klgfolo G(Y3my» Ysnp+1, Ysne+1) < €. Hence

klggo G(Y3mu» Y3y, +1, Y3n,+1) = € (3.30)

G(y3nk+1’ Y3ne+1, mek) :G(f(xBnk)’ g(x3nk)’ h(x?ﬂnk*l))
S Oé(M(xgnk+1, xSnk 3 mek—l))M(x&zk ) xg'nk 9 x3mk—1) (331)

where

M(x3nk » L3ny, s x3mk—1) :max{G(ngnk ) Tx3nk7 Ux3mk_1))’ G(f(x3nk )7 S(x3ﬂk)a S(x3nk))v
G(g(xl}nk)v T(x3nk)7 T(x3nk))a G(h(x3mk—1)a U(x3mk—1)a U(x3mk—1))a

%(G(S(x&w)a g(x3nk)’ h(x3mk—1)) + G(T(x3nk)a f(x3nk+1)v h(x3mk—1))+

G(U(J?gmk__l), f(x3nk-)a g(x3nk )))}
:max{G(%nk >y Ysny s y3mk—1), G(y3nk.+1, Y3ny s y3nk)7
G(Y3n+15Y3nw > Y3ne )s G(Ysmy » Ysmp—15 Y3mp—1),

1
g (G(y3nk ) Y3ng+1; y3mk) + G(y3nk » Y3ng+1s y3mk)+

G(Y3my—15Y3ng+15 Y3np+1) }
letting k£ — oo and using (3.26), (3.29) and (3.30), we have
Hm M (23n,, Z3n,,, 3m, —1) = max{e,0,0,0, %(e +ete)}=e

k—o00
Therefore from (3.31) G(fg\gf{;’;)’g(;;”’“);g(mml"j*l)) < a(M(23n, 5 T3ny > T3my—1)) < 1.
npT3np T3my, —

Using fact that e = klim G(f(x3n,)s 9(xan, ), M(X3m,—1)) = klim M (x50, , T30, T3me—1), We get
—00 —00

klim a(M(z3n, , T3n, , T3m,—1)) = 1 since o € F, hence M (x3n,,, Z3n,, T3m,—1) = 0 which is a contradic-
— 00

tion. Hence ys, is a G— Cauchy sequence by completeness of X there exist a point w in X such that
{ysn} and its subsequences {ysn+1}, {ysnt2} and {ysn+3} are also converges to u . That is

lim ysp41 = lim U(zgpyr) = lim f(xs,) =u (3.32)
n—oo n—oo n—>00
lim ys,40 = lim T(xop42) = lim g(x3,41) = u (3.33)
n—00 n—o00 n—oo

lim yzni3 = lim S(zan43) = lim A(xs,42) = u. (3.34)
n—oo n—oo n—>00
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Suppose that S is continuous and by compatibility of (f,.S), we have
Jim f(S(z3n42)) = lim S(f(z3n+2)) = S(u). (3.35)
Again since x3,41 < g23nt+1 = T 3,42, using (3.3.7), we have
G(f(3nt1), 9(T3n+41), A(wsn1)) =G(f(S(3n+2)), 9(T3nt1), M(@3n41))

< a(M(S(z3n+2), T3nt1, T3nt1)) M (S(Z3n+42), Lant+1, L3n+1) (3.36)

where

M(S(3n+2); T3n+1, T3nt1) =maz{G(S(Szan+2), T(T3n+1), U(T3n+1)),
G(f(S(z3n+2)), S(S(T3n+2)), S(S(¥3n+2)))s
G(9(w3n+1), T(w3n+1), T (T3n+41)),
( (z3n42), U(@snt1), Ulxant1)),
(

G(S(S(73n+2)), 9(T3n41), M(T3041))

G(T(w3n+1), f(S(T3n+2)), M(T3n+1))
G(U(x3n+1), F(S(¥3n+2)), 9(T3n+1)))}
d

letting n — oo and using (3.32), (3.33), (3.34) and (3.35), we have

lim M (S(23n+2), T3n+1, Tant+1) =max{G(S(u),u,u), G(S(u), S(u), S(u))G(u, u,u), G(u, u,u),

%(G(S(u),u, u) + G(u, S(u),u) + G(u, S(u),u))}

=maxG(S(u),u,u),0,0,0, G(S(u),u,u)
=G(S(u),u,u).

Therefore from (3.36) as n — oo, we have
G(S(u),u,u) < a(G(S(u),u u))G(S(u) yu) < G(S(u), u,u) yields that

S(u) = wu. (3.37)
Since 341 < gT3n41 and grs, 41 — u as N — 00,x3,41 < u. From (3.3.7), we have

G(f(z3n+1), 9(x3n41), M(@sn41)) =G(f (), 9(x3n41), M(@3n41))
< a(M(u, x3n+41, Tant1)) M (U, T3p41, T3n41) (3.38)

where

M (u, T3n1, T3n41) =maz{G(S(u), T (x3n41), U(wsnt1)), G(f (), S(u), S(u)),
G(g(xsnt1), T(x3n11), T(23n41)), G(h(23n+1), Ul2snt1), UlZsnt1)),
S (G(5(),g(ens1), Asn 1)) + GOT (ans), (1), Asn 1)
+ G(U(23nt1), f(u), 9(x3n+1)))}
letting n — oo and using (3.32), (3.33), (3.34) and (3.37), we have

lim M (u,z3n+1, Tant+1) =maz{G(u,u,u), G(f(u),u,u), Gu,u,u),

G(u,u,u), é(G(u, u,u) + G(u, f(u), f(u)) + G(u, f(u),u))
:max{O,G(f(u),u,u),0,0,;G(f(u),u,u)}

=G(f(u),u,u).
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Therefore from (3.38) as n — oo, we have
G(f(u),u,u) < a(G(f(u),u,uw)G(f(uw),u,u) < G(f(u),u,u). yields that

fw) = u. (3.39)
Suppose that T is continuous and by compatibility of (g, T), we have
lim g(T(sea)) = lim T(g(rsea)) = Tu). (3.40)

Again since z3y,49 < hxgny2 = Sxnys, using (3.3.7), we have

G(f(x3n+2), 9(T(x3n43)), M(w3n12)) < (M (3042, TT3043, Tang2)) M (x3n42, TT3n43, Tani2)  (3.41)
where

M (z3n+2, TT3n+3, Tant2) =maz{G(S(xzn+2), TT(x3n+3), U(T3n+2)),
G(f(z3n+2), S(w3nt2), S(w3n+2)), G(9(T(x3n+3)), T(T(23n+3)), T(T (T30+3))),

G(Mz3n+2), U(zsn+2), U(zsn+2)), %(G(S(mnw), 9(T(z30n+3)), M(T3n42))+
G(T(T(x3n+3)), f(T3nt2), h(wsnt2)) + G(U(T3n+2), f(23n+2), 9(T(w3n+3)))) }

letting n — co and using (3.32), (3.33), (3.34) and (3.35), we have

lim M (xsn+2, T(x3n+3), Tant2) =maz{G(u, T(u),u), G(u,u,u), G(T(uw), T(u), T(u)), G(u, u, u),

%(G(u, T(w),u) + G(T(w), u, ) + Glu, uw, T(w))}
=maxG(T (u),u,u),0,0,0,G(T(u),u,u)
=G(T(u),u,u).

Therefore from (3.41) as n — oo, we have
Gu, T(u),u) < a(G(T(u),u,u))G(T(u),u,u) < G(T(u),u,u). yields that

T(u) = u. (3.42)
Since 342 < h(z3n42) and h(zs,12) = u as n — 00,&3,42 < u. From (3.3.7), we have

G(f(w), g(w); h(w3nr2)) < (M (u; u, x3n19)) M (u, u; T3n12) (3.43)

where
M (u, u, 23n42) =max{G(S(u), T (u),U(z3n+2)), G(f (u), S(u), S(u)), G(g(u), T (u), T(u)),
G(Mx3n+2), Ul(xsnt2), U(zsn+2)), %(G(S(u), g(u), M(xsn42))+
G(T(u), f(u), M(w3nt2)) + G(U(23n12), f (1), g(w)))}
letting 7 — oo and using (3.32), (3.33), (3.34) and (3.37), we have

lHm M (u,w, x3n42) =maz{G(u,u,u), G(u,u,u), G(g(u),u,u), G(u,u,u),

n—oo
1

3(Gu, g(u),uw) + Glu, u,u) + Glu, g(u), w))}

= maz{0,G(g(u), u,u),0,0, %G(g(u), u,u)}
= G(g(u),u,u).
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Therefore from (3.43) as n — oo, we have
G(f(u), gu, hirsn2) < a(G(g(u),u,u))G(g(u), u,u) < G(g(u), u,u). yields that
g(u) = u. (3.44)

Since f(X) C U(X) then there exists a point v € X such that u = f(u) = U(v).
Suppose that h(v) # U(v). Since u < f(u) = U(v) < f(U(v)) < v implies that u < v and using (3.3.7),
we have

G(U(v),h(v), h(v)) = G(f(u), h(v),h(v)) < a(M(u,v,v))M(u,v,v) (3.45)

where

1

3 b
=maz{G(u,u,u), G(u,u,u), G(h(v),U),U)),G(h(v),U(v),U(v)),

1(G(U(U) h(v), h(v)) + G(U(v), U(v), h(v)) + G(U(v),U(v), h(v)))}

—G(U(®v), h(v), h(v)).

Therefore from (3.45), we have G(U(v), h(v), h(v)) < G(U(v), h(v), h(v)) yields that Uv = hv. Now by
the weakly compatibility of the pair (h,U), h(u) = h(f(u)) = h(UW)) = U(h(v)) = U(f(u)) = U(u).
That is w is a coincidence point of h and U. Next since xg, 12 < h(23n42) and h(xs,12) — w as n — 0o
implies 35,42 < u. From (3.3.7), we have

G(f(u), g(u), h(x3n+2)) < a(M(u,u, x3n42)) M (u, u, T3n+12) (3.46)
where

M(uv u, x3n+2) :max{G(S(u)v T(u)v U(x3n+2))’ G(f(u)’ S(u)v S(u))’ G(g(u)v T(u)v T(’LL)),

G(hMz3n+2), U(x3n+2), U(T3n+2)), %(G(S(U)v g(u), h(x3n12))

+ G(T(u), f(u), M@3ni2)) + G(U (z3n12), f(u), g(u)))}
letting n — oo and using (3.32), (3.33), and (3.34), we have

lHm M (u,w, x3n2) =maz{G(u,u,u), G(u,u,u), G(u,u,u), G(hu,u,u),

n—0o0

gGmew»+G@wwmw»+wam»}

=max{G(h(u),u,u),0,0,0, G(h(u),u,u)}

=G(h(u),u,u).
Therefore from (3.3.31) as n — oo, we have
G(fu,g(u), h(uw)) < a(G(h(u),u,u))G(h(u),u,u) < G(h(u),u,u). Therefore h(u) = u. Therefore f(u) =
g(u) = h(u) = S(u) = T(u) = U(u) = u. Therefore u is a common fixed point of f, g, h, S, T,U.
Suppose that the set of common fixed points of f, g, h, S, T and U is well ordered and let u and v be any
two distinct fixed points of f, g, h, S, T and U then from (3.3.7), we have

G(f(u),g(v), h(v)) < a(M(u,v,v)) M (u,v,v) (3.47)
where
M (u,v,v) =maz{G(S(u), T(v),U(v)), G(f(u), S(u), S(u)), G(g(v),T(v), T(v)), G(h(v), U(v),U(v)),
1

3(G(5(w),9(v), h(v)) + G(T (v), f(u), h(v)) + G(U(v), f(u), 9(v)))}

—ma G, v, ), Gl ), G, v,0), G, 0), 5(Cw v, ) + Gl 0) + Gl 0)
=G (u,v,v).
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From (3.3.32), we have G(f(u), g(v), h(v)) < a(G(u,v,v))G(u,v,v) implies G(u,v,v) < G(u,v,v) which
is a contradiction. Therefore u = v. Therefore common fixed point of f,g,h,S,T and U is unique.
Conversely, if f,g,h,S,T and U have only one common fixed point then the set of common fixed point
of f,g,h, S, T and U being singleton is well ordered. O

In the sequel we give some corollaries of our theoretical results:
If we take f =g =h and S =T = U in the Theorem 3.2, we have the following result.

Corollary 3.4. Let (X, =) be a partially ordered set and there exists a metric G on X such that (X, G)
is a complete G— metric space. Let f,T : X — X be given mappings satisfying

(1) [(X) € T(X),

(2) for every comparable elements x,y,z € X,
G(f(z), f(y), f(2) < (G(T (), T(y),T(2))G(T(2),T(y), T(2)), where oo € F

(3) The pairs (T, f) are partially weakly increasing,

(4) [ is dominating and weak annihilator maps of T.

(5) there exist a non decreasing sequence {xy} with x, =<y for all n and y, — u implies x, < u.
(6) (f,T) is compatible, weakly compatible and f or T is continuous map.

Then f,T have a common fixed point. Moreover, f, T have one common fixzed point if and only if the set
of common fized point of f, T is well ordered.

If we take f =g =h and S =T = U in the Theorem 3.3, we have the following result.

Corollary 3.5. Let (X, =) be a partially ordered set and there exists a metric G on X such that (X, G)
is a complete G— metric space. Let f,T : X — X be given mappings satisfying

(1) f(X) cT(X),

(2) for every comparable elements x,y,z € X,
G(f(2), F(), £(2)) < a(G(T(@), T(y), T())G(T(x), T(y), T(2)), where a € F

(3) The pairs (T, f) are partially weakly increasing,
(4) [ is dominating and weak annihilator maps of T
(5) there exist a non decreasing sequence {xy} with x, =<y for all n and y, — u implies x, < u.

(6) (f,T) is compatible, weakly compatible and f or T is continuous map.

(7) G(f(x), f(), [(2)) < (M, y,2))M (z,y, 2), where

M(z,y,z) =max{G(S(z),T(y),U(2)), G(f(x),5(x), S(x)), G(g(y), T(y), T (y)), G(h(2),U(2),U(2)),
1

3(G(5(2),9(y), h(z)) + G(T(y), f(2), h(2)) + G(U(2), f(2), 9(y)))}

forall x,y,z € X withx <y =Xz and o € F Then f,T have a common fixed point. Moreover, f,T have
one common fized point if and only if the set of common fixed point of f,T is well ordered.

The following example support our theoretical results:
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Example 3.6. Let X = [0, 00) be endowed with the usual G— metric G(x,y,z) = |z —y|+|y—z|+ |z — x|,
and < be the usual ordering on R. We define a new ordering < on X such that x =<y if and only if y < x,
for all x,y € X. Define f,g,h,T,S,U: X = X as f(x) =In(1+5), g(x) = In(1+35), h(z) =In(1+ %),

U(z) = e —1, T(x) = e'?* —1 and S(x) = ¥ — 1. Here f(X ) U(X), g(X) CT(X), h(X )CS( ).
NowforeachxeXwehavel—i—%Se I+ 45 <e®, 1+ <€ so f(r) = In(l+ %) < o,
g(x) = In(1+ 55) < =z, h(z) = In(1 + %) < = It zmplzes that = < f(x), x = g(z), = < h(z). So
f,9,h are dominating maps. Also for each v € X, we have f(U(z)) = In(1 + )) =In(1+ 6616_1) =

6
ln(#) = In(e3® W) = Sx—i—ln(%) > x. This implies that f(U ( ) <. Also, g(T(x)) =
In(1+ Sl(g)) In(1 + ¢ el e )= ln(lH—em) In(e”. M) = Gx—l—ln(ue e’ Z) > x. This implies
that g(T(x)) < x. Further, h(S(z)) = In(1 + %) =In(1 + ¢ el =) = ln(l”—e) = In(e" %) =
9z + 1n(%) > x. This implies that h(S(x)) < . hus fsg, h are weak annihilators of U, T
and S respectively. Since f(U(x)) < z,z < f(x), f({U(x)) < f(x). Hence (U, f) is partially weakly
increasing. Also since, g(T(z)) < z,z < g(x), g(T(z)) < g(z) and hence (T,g) is partially weakly
increasing. Similarly h(S(z)) < z,z < h(z), h(S(z)) < h(z) and (S, h) is partially weakly increasing.
Now there exist a non-decreasing sequence {z,} = L in X such that £ — 0, f(z,) = In(1 + Z&) =
In(14 &) = 0 and S(z,) = e'¥ —1 = e —1 =0 asn— co. Also f( (xn)) =In(1+ (w”)) — 0 and
S(f(xzn)) = e @) —1 0. Therefore lim G(f(S(zn)),S(f(xn)), S(f(xn))) =0, that is the pair (f,S)
is compatible and continuous maps. Szmzlarly the pair (g,T') is also compatible and continuous maps. 0

is the coincidence point of the pair (h,U) and we have h(U (0)) h(0) =0=U(0) = U(h(0)). Therefore
the pair (h U) is weakly compatzble Now, we define o(t) = 1—+t zft € (0,00) and a(t) =0 if t = 0 then

fort, =L, lim a(t,) = lim —L — 1. It implies that lim t, = X — 0. Thus o € F. For z,y,z € X,
"' n—oo n—>00 1+E n—o00 n

we have

G(f(@),9(y), h(2)) = [f (@) = g()| + [9(y) — h(z)| + |h(z) — f(x)
:|1n(1—|—6) In(1 + )|—|—|1n(1—|—1y) In(1 +

18)| + 1+ )~ In(1 + %)|
S|1+__1__|+|1+E_1__|+|1+1_8_1_%|
< El2x—y| + —I3y—2z| + EIz—?mI
_ %|12x 6yl + 216|18y 122 + L|6z 184
< %|612r T 216|618y 127 4 1(1)8| 62 _ o187]
= %G(T(x)»U(y) U(y))+2—166'(5( y),T(2), T(2)) + 1_08G( (2),S(z), S(x))
< %[éc:(:ﬁ(x), Ul), U ) + SGSW). T(),T() + 5GULE), S@), S
< %M(x Yy, 2) < a(M(z,y, 2))M(2,y, 2).

It holds if % < a(M(z,y,2)) <1, forall z,y,z € X. Thus all the conditions of Theorem 3.3 are satisfied
and 0 is the unique common fized point f,g,h,S,T and U.
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