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Necessary and sufficient Tauberian conditions under which convergence follows from A™°
summability method for double sequences *

Cagla Kambak and Ibrahim Canak

ABSTRACT: Let # = (Zmn) be a double sequence of real or complex numbers. The A™J-transform of a
sequence (Tmn) is defined by

n

m
Z (1+r) 1+5k)xjk, 0<rd<l1

AT’é mn = :n[zz. =
(A0 5)n = (o) = s

The A™* and A*% transformations are defined respectively by

(Ar’*x)mn = Um:z.(x) =

Nejn, 0<r <1,

and

(A2 n = ol (@ Zl+6 T, 0<6< 1.

We say that (zmn) is (A™%1,1) summable to [ if (amn(x)) has a finite limit {. It is known that if
limym,n—soco Tmn = and (@mn) is bounded, then the limit limmy, n—oo cr:n‘;(a:) = [ exists. But the inverse of
this implication is not true in general. Our aim is to obtain necessary and sufficient conditions for (A"%,1,1)
summability method under which the inverse of this implication holds. Following Tauberian theorems for
(A™9,1,1) summability method, we also introduce A™* and A*?¢ transformations of double sequences and
obtain Tauberian theorems for the (A™*,1,0) and (A4*%,0,1) summability methods.

Key Words: (A™9,1,1), (A™*,1,0) and (A*9,0, 1) summability methods, Pringsheim’s convergence,
slow decrease and slow oscillation in different senses, Tauberian conditions and theorems.
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1. Introduction

Let £ = () be a double sequence of real or complex numbers. The A™9-transform of a sequence
(Zymn) is defined by

1 m n
7,0 0 _ k .
(A0 = 71 = oy D) 2 2 (0 + i,
j=0 k=0
where 0 < r,0 < 1. If
lim ol (z) =1, (1.1)

then we say that (2,,,) is summable to [ by (A™?,1,1) summability method.
The A™* and A*° transformations are defined respectively by

% % 1 G j
(147 x)mn:UMn(x):m—H;)(l-l-’f’J)xjn, O<r<1
and
(A2 = 00 (2) Vemk, 0<0<1.
k:O

A double sequence (z,,,,) is said to be convergent in Pringsheim’s sense (or P-convergent) to ! if for every
€ > 0 there exists a positive integer ng = ng(€) such that |z, — | < € whenever m,n > ng (see [4]). The
number [ is called the Pringsheim limit of z and we denote by P — limy, n—o0 Tmn = [

If

plm o (@) =1 (1.2)
or
. *,0 _
im0 (z) =1, (1.3)

then we say that (x,,,) is summable to I by (A™*,1,0) or (A*9,0,1) summability method, respectively. It
is easy to check that if the limit
lim 2, =1 (1.4)
m,n—00
exists and (z,,,) is bounded, then we also have (1.1). However, the converse implication is not true
in general. If we define the sequence (Zmn) by Zmn = (—=1)™" (1 +r™)(1 4 6™)) " for all nonnegative
integers m and n, then it is easy to see that

(A7) = 073, (2) =

(m—|—1 Y(n+1) ZZ(_

j:O k=0

Hence, we have 070 (z) — 0 as m,n — co. This shows that (z,,,) is (A™,1,1) summable to zero, but it
is not convergent. We notice that (1.1) implies (1.4) under certain condition, which is called a Tauberian
condition, imposed on the sequence (z,,). Any theorem which states that convergence of sequences
follows from its (A™%,1,1) and some Tauberian condition(s) is said to be a Tauberian theorem for the
(A™9.1,1) summability method.

As an extension of a classical Tauberian theorem for Cesaro summability method [2], Méricz [3] de-
rived necessary and sufficient Tauberian conditions for Cesaro summability method. Following Méricz [3],
Talo and Bagar [6] obtained necessary and sufficent Tauberian conditions for the A” summability method
which was introduced by Basar [1]. In this paper, we extend their results in [6] to (A™?,1,1) summability
method for double sequences and introduce necessary and sufficient conditions for summability (A™,1,1)
under which the existence of the limit (1.4) follows from that of (1.1). Following Tauberian theorems
for (A™9,1,1) summability method, we also introduce A™* and A*° transformations of double sequences
and obtain Tauberian theorems for the (A™*,1,0) and (A*?,0, 1) summability methods.



NECESSARY AND SUFFICIENT TAUBERIAN CONDITIONS UNDER WHICH CONVERGENCE FOLLOWS FROM A™? 3

2. Tauberian theorems for (A™%,1,1) summability method

2.1. An auxiliary result

We prove the following lemma which is needed in the sequel. We denote the integer part of the

product A and n by A, := [An].

Lemma 2.1. If a sequence (Tymy) is (A™0,1,1) summable to a finite number 1, then

lim 3 Z Z (14 79)( 1—|—5)x]k—l
m,n—>oo( m — m j m+1 k=n+1

for every A > 1 and

lim ! 0 NN )+, =1

min=00 (m = Am)(n = J=Am A1 k=An+1
for every 0 < X < 1.

Proof: Case A\ > 1. By definition, we have

T = 5y Z Z (14 r7)( 1+6)xjk
(m_m) j =m+1 k=n-+1
Am

3
>

n

j kg
B E ST w— (IT+77)(1 40"z

<.
I
o

>

3
bl ol
[+ I
(=) o

1

- 7 LAY
()‘m_m)()\n—n) (1+ )(1+6 ) Jk

<.
Il
o
kg

_ 1
A —m)(Ap, — n)

o

(1) (1 + 0

j=0 k=0
1 iy i .
+(Am_m)(An_n)§)kZ:O(1+r)(1+5)xjk
~ (Am +1)(/\ )Um; ()\m—|—1)(n+1) o
T O —m)n =) A (A —m) (A, =) A
B (m+1)(/\ +1) o0 (m+1)(n+1) o0
(A —m)(An —n) ™A (A —m) (A =) """
Qm + DA +1) s

o = 110) O — 1) " Y SR 5} )
_<_)\n+1 v O+ D0 +1 oo >
+

Ao — A T T m) (O,

_( Am +1 5 ()\m+1)()\n+1)) "o >

D\ +1)

N _)‘m+10.m5 An 4—10T6+ ()\
Am=—m ™ XNy =n " (A = m) (A, —

Arranging the terms on the last identity gives

7,0 0 ()\m + 1)()‘71 + 1) 7,0 7,0 0 0
Ton = Tmn * (Am - m)(An - n) ( Am’)‘ 0-)‘7717" - Um An + Tmn
Amt 1, o Aatl, .
+ (050 = ) + (0705, = Thin):

A, — M

S+t ).
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It is clear that for all A > 1 and large enough m and n,

2 2
N Qe+ DOatD) 3

24
200 =12 = A —m)(An —mn) ~ 2(A=1)2 (24)

and A A 1 3\

m +
< . 2.
20—1) = dw—m =21 (25)
It follows from (1.1), (2.4) and (2.5) that lim,, »—eo 700, = L.
ii-) Case 0 < A < 1. By definition, we have, as in the case A > 1,
T r (/\m + 1)()‘" + 1) 7,0 7,0 7,0 T
Trr’fn = U'rr’gz + (m . /\m)(n . /\n)( AsAn O Aman Um An + Um(j’b)
)\m +1 T, T, )‘n +1 T, T,
+ P (O-Ai,n - JA6 )t P (Jm‘?An A,i,A )- (2.6)
It is clear that for all 0 < A < 1 and large enough m and n,
2 2
A < A+ 1)\ + 1) < 3\ (2.7)
20=X)2 — (m=Apn)(n—X,) ~ 2(1=X)2
and A A 1 3\
m +

< < . 2.8
20—=X) " m—=X\, ~ 2(1—-2) (28)
It follows from (1.1), (2.7) and (2.8) that lim,, ;00 750, = I. O

2.2. Main results

First, we consider double sequences of real numbers and prove the following one-sided Tauberian
theorem.

Theorem 2.2. If (x,,,) is a sequence of real numbers which is (A™,1,1) summable to a finite limit [,
then (1.4) holds if and only if the following two conditions are satisfied:

sup lim inf Z Z ( (L4 77)(1 + %) i, — xmn) >0 (2.9)
A>1TTRTO0 (Am - j =m+1 k=n+1
and
1 m n
sup liminf (xmn — (1 +)(1+ 6"z k) > 0. 2.10
2w it ey Y Y (14 79)(1 + 6)a (2.10)

A sequence (Z,,,) of real numbers is said to be slowly decreasing in sense (1,1) if

lim liminf min (z;, — 2 > 0. 2.11
A1+ m,n~>00m<j§>\m( / mn) 2 (2.11)
n<k<A,

Note that condition (2.11) can be equivalently reformulated as follows:

lim liminf min (@, — %) > 0. (2.12)
A—1— m,n—00 A, <j<m
An<k<n

Note that the concept of slow decreasing was introduced by Schmidt [5] for the sequences of real numbers.



NECESSARY AND SUFFICIENT TAUBERIAN CONDITIONS UNDER WHICH CONVERGENCE FOLLOWS FROM A™ 5
Corollary 2.3. Let (1.1), (1.2) and (1.3) be satisfied. If a sequence (tmn) of real numbers is slowly
decreasing in sense (1,1), then (1.4) is satisfied.

Remark 2.4. If conditions (1.1) and (1.4) or equivalently, conditions (1.1), (2.9) and (2.10) are satisfied,
then we necessarily have

lim Z Z (1+w 1+5’<)xjk—xmn):o (2.13)

m,n—o0 (\,, —
( m j =m+1 k=n-+1

for every A > 1 and

lim i zn: ( 1+7‘])(1+5k)xjk):() (2.14)
An+1

m,n—oo (M — \
( m) J Am+1 k=X,

for every 0 < X < 1.

Remark 2.5. Theorem 2.2 remains true if conditions (2.9) and (2.10) are replaced by their symmetric
counterparts:

inf lim sup
A>1nyn—ﬂm(Anz_

Z Z (4 77)(1 + ) = 2n ) <0 (2.15)

j m—+1 k=n+1

and

J k <
0<1r){f<11;rr:biu£ (m—)\ Z Z ( (I+r)(1446 )xjk) 0. (2.16)

j )\"L+1k A'L+1

Second, we consider double sequences of complex numbers and prove the following two-sided Tauberian
theorem.

Theorem 2.6. If (z,,,) is a double sequence of complex numbers which is (A™,1,1) summable to a
finite limit 1, then (x,,,) converges to the same limit if and only if one of the following two conditions is
satisfied:

inf lim sup ( (14 )1 + 6"z — xmn) =0 (2.17)
A>1m n—oo (Anl_’ J égilkjgil J

or

£ i ( (1+r7)(1 + o ) —0. 2.18
0<11§<172n;11:u£ m = )\2: Z + 1)1+ 8z ( )
J mt1lk=An+1

We recall that a sequence (,,,) of complex numbers is said to be slowly oscillating in sense (1,1) if

lim limsup max |Tjx — Tmn| =0. (2.19)
A—1+ m,n— oo m<j<Am
n<k<A
The concept of slow oscillation was introduced by Hardy [2] for the sequences of complex numbers. An
equivalent reformulation of (2.19) can be given as follows:

lim limsup max |Tmn, — 2| =0. (2.20)
A=17 m,n—o0 Am<j<m
An<k<n

We have the following corollary of Theorem 2.6.

Corollary 2.7. Let (1.1), (1.2) and (1.3) be satisfied. If a sequence (Xmn) of complex numbers is slowly
oscillating in sense (1,1), then (1.4) is satisfied.
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2.3. Proofs

Proof of Theorem 2.2
Necessity. Assume that (1.1) and (1.4) are satisfied. Then Lemma 2.1 yields (2.9) in case A > 1 and

(2.10) in case 0 < A < 1.
Sufficiency. Assume that (1.1), (2.9) and (2.10) are satisfied. First we consider the case A > 1. Let € > 0

be given. By (2.9), there exists some A > 1 such that

lim inf Z Z ( (14779)(1 + 5k)a:jk — xmn) > —e. (2.21)

m,n— o0 —
’ ( m ] =m-+1 k=n+1

By (2.3), we have

0 ()\m + 1)()‘" + 1) r,0 0 7,0 0
o 0.",7"” - (>\m - m)()\n - n) (U’nZLn - U)\m’n - Um,An + UAm’)\n)
>\m+1 r,é T(S )\’I’L—’_]- T,(S T(S
+ )\m_m(okm,n_o' )+)\n_n( mAn_Jrr’Ln)
- o Z Z ( (1+17)(1 + 6%) a0 — xmn) . (2.22)

] m~+1 k=n-+1

By (1.1), (2.4) and (2.5), the first three terms on the right hand-side of (2.22) vanish as m,n — oo.
It follows from (2.22) that

lim Sup(mn — o7p0,)
m,n— 0o

< — liminf Z Z (1—|—N 1+5k)xjk xmn)

m,n— 00 —
( m j =m+1 k=n-+1

Consequently, we have

lim sup mn <1l +e. (2.23)

m,n— 0o

Second, we consider the case 0 < A < 1. Let € > 0 be given. By (2.10), there exists some 0 < A < 1 such
that

lim inf zm: Z (xmn —(14rH(1+0s )xjk) > —e. (2.24)

n
m,n—o0 (M — A\,
J A'71+1k: A'L+1

By (2.6), we have

T, 6 _ (/\m + 1)()‘77« + 1) 7,0 r,0 r,8 8

Tmn — U AmsAn B O-)\'m;n - Um An + Umn

/\m+1 r,0 0 An—’—l 0 0
(O3 =N 3) Y (Tomn, — T n)

+ Z Z ( 1+7"J)(1+5’“)xjk). (2.25)

(m—)\
] A1 k=An+1

By (1.1), (2.7) and (2.8), the first three terms on the right hand-side of (2.25) vanish as m,n — oo.
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It follows from (2.25) that

lim inf (2, — o722)

mn—}OO
_— S Y (e e

™m,n— 0o (m — A
J:Am+1 k=An+1

> —€

Consequently, we have

liminf z,,, > 1 —e. (2.26)

m,n— 00
Combining (2.23) and (2.26) yields

[ —e < liminf z,,, < limsupz,, <[ +e.
m,n—00 m,n— oo

Being ¢ arbitrary small, hence (1.4) follows. O

Proof of Corollary 2.3. For A > 1, we have the following inequality:

Ey—— Z Z (l—H“J 1+6k)xjk_$mn)

j =m+1 k=n-+1

> min (5wk+rjxk+r95xk)+ min (x; —x .
= 8 J J J 2 (z; mn)
n<k<A, n<k<A,

It follows from the definition of ¢7:% (x) that

Tmn (m + 1)(” + 1)0-:7,1(; - (Tl + 1) m 1 n (m + 1) :n[sn 1 + m?’LO'm(S 1,n—1

mn mn(l+rm)(1446")

Since (Zy,) is (A™%,1,1) summable to I, then we have x,,,/mn — 0, as m,n — oo. Therefore,
6" Ly — 0 as m,n — co. By the definition of o7 (z) and o2 (x), we have

T (M + Dol —mo?,

m m(1l+rm)

1,n

and

Tmn (TL + 1)0-(7;nn - naén,n—l

no n(l+46") ’

respectively. Since (L) is (A™*,1,0) and (A*°,0,1) summable to [, then we have ,,,/m — 0 and
Tmn/n — 0 as m,n — oo, respectively. Hence, r™x,,,, — 0 and 6" @y, — 0 as m,n — 0o. So, condition
(2.11) clearly implies condition (2.9). Similarly, (2.12) implies (2.10). By Theorem 2.2, we have (1.4). O

Proof of Theorem 2.6
Necessity. The proof is similar to the proof of the necessity part of Theorem 2.2.
Sufficiency. Assume that (1.1) and one of conditions (2.17) and (2.18) is satisfied. Let any ¢ > 0 be
given. By (2.17), there exists some A > 1 such that

lim su

Z Z ( (14 7)1+ 6%)ajp — wmn) <e (2.27)

] =m+1 k=n-+1
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By (1.1), (2.4) and (2.5), we have

lim sup |xmn - Jr{zn'

m,n— 00
<1' 3 (1 J 1 5k ik — mn)
e e U M G TR

] =m+1 k=n-+1

<e (228)
Let any € > 0 be given. By (2.18), there exists some 0 < A < 1 such that
lim sup Z Z (xmn — 1+ +6 )xjk) <e.
e /\m XL k=An 1
By (1.1), (2.7) and (2.8), we have
lim sup |z, — 0}, o
m,n—oQ
<li (2 = (179 (14 05 )az0)
o Y M TR
j Am+1 k=An+1
<e (229
By (2.28) or (2.29), in either case we obtain
lim sup |Zpmn — o722 | = 0 (2.30)
m,n—oo
whence it follows that
lim |z, — o070 = 0. (2.31)
m,n—00
Now we conclude (1.4) from (1.1) and (2.31). O

Proof of Corollary 2.7. For A > 1, we have the following inequality:

(Am —m Z Z (14’7"] 1+5k)xjk—$mn)

] =m+1 k=n+1
< max |0"zj + a4+ 176" x3k|—|— max |x]k — Tnl

m<j<Am
n<k<An n<k<A

As in the proof of Corollary 2.3, we have x,,,/mn — 0 as m,n — 00, Tyn/m — 0, as m,n — oo and
Tmn/n — 0, as m,n — oo. Hence, 16" xpmpn — 0, 7Ty — 0 and 6"y — 0 as m,n — oco. Hence,
condition (2.19) clearly implies the condition (2.17). Similarly, (2.20) implies (2.18). By Theorem 2.6,
we have (1.4). O

3. Tauberian theorems for (4™*,1,0) summability method
3.1. An auxiliary result

Lemma 3.1. If a sequence () is (A™*,1,0) summable to a finite limit I, then

Am

> (1 )a, =1 (3.1)

Jj=m+1

lim
m,n— 00 )\m —-m
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for every A > 1 and

m

lim ! S )z, =1 (3.2)

Mn—00 M — Ny, .
’ M j=Am 1

for every 0 < A < 1.

Proof of Lemma 3.1. i-) Case A > 1. By definition of o7:* | we have

mn?

A m
- s 1 = - 1 -
O')\’m,n - Unan = )\m +1 Z(l + Tj)xj“ - m—‘f'l Z(l + Tj)xjn
7=0 7=0
1 m 1 Am 1 m
:)\m+12(1+r)xjn+)\m+1‘z (1+r)z), — +1Z(1+7‘)xm
7=0 j=m-+1 Jj=
1 1\ & &
fd _ 1 n 1 J n
(- ) 0 e+ g 3 e
7=0 j=m+1
m—A " 1 a
7=0 j=m+1
A
m— A\ 1 =
— m o 1 J "
Jj=m+1
Multiplying both sides by 3 n , we have
A + 1 1 Am
R = ) = T+ e 2 (L (3.3)
Jj=m+1
It follows from (3.3) that
1 o J % )\m + 1 T,% *
)\m —m Z (1 +r )xjn = Omn + )\m — m(UAm,n - 0.77’7/]1) (34)
j=m+1
Taking (1.2) and (2.5) into account, we have (3.1) from (3.4).
ii-) Case 0 < A < 1. By definition, we have
]' . ] % )\m + ]- % %
J=Am+1
Taking (1.3) and (2.8) into account, we have (3.2) from (3.5). O

3.2. Main results

Theorem 3.2. If (x,,,) is a sequence of real numbers which is (A™*,1,0) summable to a finite limit [,
then (1.4) holds if and only if

Am

> (A +1)zjn — Tmn) 20 (3.6)

j=m+1

sup lim inf

A>1 m,n—oQ m
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and

m

sup liminf Tn — (L +1)25,) >0, (3.7)
0<A<1 MN—00 1M, — mj:)\zm.H( J )
in which case we necessarily have
1>
i s 3 (A ) =0
j=m+1
for all A > 1 and
. 1 - ;
plim e 30 (= (L)) =0
J=Am+1

forall 0 < XA < 1.
A sequence (Z,,,) of real numbers is said to be slowly decreasing in sense (1,0) if

1i lim inf . o >0 3.8
i iy (e = ) 2 .

Note that condition (3.8) can be equivalently reformulated as follows:

lim liminf min (Tpn — 2jn) >0 (3.9)
A—1- m,n—00 Ay <j<m

Corollary 3.3. Let (1.2) be satisfied. If a sequence (Ty,y,) of real numbers is slowly decreasing in sense
(1,0), then (1.4) is satisfied.

Theorem 3.4. If () is a sequence of complex numbers which is (A™*,1,0) summable to 1, then (xmn)
converges to the same limit if and only if one of the following two conditions is satisfied:

>\m
inf li 1472 — Zn)| = 0 3.10
ol lmsup |- D (L r)wgn =) (3.10)
Jj=m+1
or
) ) 1 U .
Oélklilglgiuog m— Ap, j*)Zﬂ (ﬂfmn -+ rj)xjn) =0. (3.11)

We recall that a sequence (x,,,) of complex numbers is said to be slowly oscillating in sense (1,0) if

lim limsup max |z, — =0. 3.12
Hﬁm,nﬁogmqsxm' . | (3.12)

An equivalent reformulation of (3.12) can be given as follows:

lim limsup ma Tmn — Tin| = 0. 3.13
A—1— m,n—)oIC)J >\m<j}§(m | mn jn| ( )

Corollary 3.5. Let (1.2) be satisfied. If a sequence (Tpmp) of complex numbers is slowly oscillating in
sense (1,0), then (1.4) is satisfied.
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3.3. Proofs

Proof of Theorem 3.2.
Necessity. Assume that (1.1) and (1.2) are satisfied. Then Lemma 3.1 yields (3.6) in case A > 1 and (3.7)
in case 0 < A < 1.
Sufficiency. Assume that (1.1), (3.6) and (3.7) are satisfied. First, we consider the case A > 1. Let € > 0
be given. By (3.6), there exists some A > 1 such that

Am

%W%‘;%afgifu+ﬂmm—xmﬂ>—e (3.14)
It follows from (3.4) that
A1, . 1> ,
P = i = S R = ) 3 2 (A7) = ). (3.15)

By (1.2) and (2.5), the first term on the right hand-side of (3.15) vanishes as m,n — oco. It follows
from (3.15) that

Am

. X o 1 ;
limsup(enn —o7) < = lminf 5 3 (L r)ajn — )
5 j=m+1
< €
Consequently, we have
lim sup @, <1+ e. (3.16)
m,n— 00

Second, we consider the case 0 < A < 1. Let € > 0 be given. By (3.7), there exists some 0 < A < 1 such
that

m

1 .
iminf —— _ VAV _
Erginofo p— Z (@mn — (L +717)xj0) > —e. (3.17)
j:>\'m+1
It follows from (3.5) that
Tk )\m + 1 T, % Tk 1 i ]
Tmn — Opyp = m—i)\m((jw’m — O')\m,n) + m Z (xmn — (1 + T‘J)Z‘jn) . (318)

J=Am+1

Using a similar argument as above, we conclude by (3.18) that

1 i :
. o R B N
bnint o = oF) > Mt 2 30 (o = 11
J=Am+1
> —e.
Consequently, we have
liminf @, >1—€. (3.19)

m,n— 00
Combining (3.16) and (3.19) yields

Il — e < liminf z,,, <limsupz,, <Il+e€.
m,n—00 m,n— oo
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Being € arbitrary small, hence (1.4) follows. O
Proof of Corollary 3.3. For A > 1, we have the following inequality:

A
1 m ‘
Aoy — o ()2 = zmn)
m T
> i Jo i - .
> mgjugn)\m(r Tjk) + mglﬁn}\m(xm Tomn)
‘We have
Tmn o (m + 1)0-:;7.?1 - mO':;Lth
m m(1+rm)

Since (Zy) is (A™*,1,0) summable to [, then we have x,,, /m — 0 as m,n — oo. Therefore, 1™z, — 0
as m,n — oo. So condition (3.8) clearly implies the condition (3.6). Similarly, (3.9) implies (3.7). By
Theorem 3.2, we have (1.4). O

Proof of Theorem 3.4.
Necessity. The proof is similar to the proof of the necessity part of Theorem 2.6.
Sufficiency. Assume that (1.2) and one of conditions (3.10) and (3.11) is satisfied. Let ¢ > 0 be given.
By (3.10), there exists some A > 1 such that

A,
1 m .
lim sup Z (L + 7)) jn — i) | < €. (3.20)
m,n— 00 m .
’ j=m+1
By (1.2), (2.4) and (2.5), we have
lim sup | — ok | <
m,n— 00
1
lim sup — Z ((1 +r))xj, — xmn)
m,n—oo m j=mt1
<e (3.21)
Let any € > 0 be given. By (3.11, there exists some 0 < A < 1 such that
lim sup ! i (xmn -1+ rj)x n) <€
myn—soo | M — Am ’
' J=Am+1
By (1.2), (2.7) and (2.8), we have
lim sup |z, — oy | < limsup Z (Tmn — (L4 17)z5)
m,n— o0 m,n—soo | Tl — Am L
]7>\'m+1
<e (3.22)
By (3.21) or (3.22), in either case we obtain
lim sup | — ol | =0
m,n— 00
whence it follows that
lim |2y — o] =0. (3.23)

m,n— oo

Now, we conclude (1.4) from (1.2) and (3.23).
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4. Tauberian theorems for (A*%,0,1) summability method

The symmetric counterparts of Theorem 3.2 and Corollary 3.3 are also valid, when we consider summa-
bility (A*9,0,1) instead of (A™*,1,0).

Lemma 4.1. If a sequence (xmn) is (A*,0,1) summable to a finite limit 1, then

A,
) 1 n k:
LN w—— kZHﬂ + ") =1 (4.1)

for every A > 1 and

n

Z 1 + (5 xmk = (4'2)
k=X

lim
m,n—o0 N, —

for every 0 < X < 1.

Theorem 4.2. If (2,,,) is a sequence of real numbers which is (A*%,0,1) summable to a finite limit I,
then (1.4) holds if and only if

An

lim inf (1 ’“m_mn)> 4.
ililiri,rginoo)\n—n Z (146 amp — >0 (4.3)
k=n-+1
and
sup liminf (xmn - (14 5k)xmk) > 0. (4.4)
0<A<1 MHN—=00 1L — Ap i1

A sequence (Z,,,) of real numbers is said to be slowly decreasing in sense (0,1) if

lim liminf i _ > 0. 4.5
i, Bl i, (S = 5n) 2 )

Note that condition (4.5) can be equivalently reformulated as follows:

i lmiaf i _ >0 4.6
i Imiat iy (o = o) 2 o

Corollary 4.3. Let (1.3) be satisfied. If a sequence (T ) of real numbers is slowly decreasing in sense

(0,1), then (1.4) is satisfied.

Theorem 4.4. If (z,,,,) is a sequence of complex numbers which is (A*?,0,1) summable to 1, then (Zmn)
converges to the same limit if and only if one of the following two conditions is satisfied:

An
k — =
pllimonp| o= 3 (40— )| =0 (47
or
inf limsu ! . (x — (140" ) =0 (4.8)
0<>\<1mnﬁ£ n— A, et mm mk = '

Theorem 4.2 and Theorem 4.4 can be proved by the similar techniques as in the proofs of Theorem
3.2 and Theorem 3.4. So we omit them.
We recall that a sequence (,,,) of complex numbers is said to be slowly oscillating in sense (0,1) if

lim lim sup max |a:mk — Tmn| = 0. (4.9)
A=1t ,M—00 n<k<

An equivalent reformulation of (4.9) can be given as follows:

hm hm sup ma. Tyn — & =0. 4.10

Corollary 4.5. Let (1.3) be satz’sﬁed. If a sequence (Xmn) of complex numbers is slowly oscillating in
sense (0,1), then (1.4) is satisfied.
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