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A Spatiotemporal SIR Epidemic Model Two-dimensional with Problem of Optimal
Control

Khalid Adnaoui, Imane Elberrai, Adil El Alami Laaroussi and Khalid Hattaf

ABSTRACT: In the context of a more realistic model, in this work, we are interested in studying a spatiotem-
poral two-dimensional SIR epidemic model, in the form of a system of partial differential equations (PDE). A
distribution of a vaccine in the form of a control variable is considered to force immunity. The purpose is to
characterize a control that minimizes the number of susceptible, infected individuals and the costs associated
with vaccination over a finite space and time domain. In addition, the existence of the solution of the state
system and the optimal control is proved. The characterization of the control is given in terms of state func-
tion and adjoint function. The numerical resolution of the state system shows the effectiveness of our control
strategy.
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1. Introduction

Mathematical modeling in the field of epidemiology has become an important tool, since it gives an
approximate idea of the causes, dynamics and spread of epidemic. In addition, it can provide useful
control measures to make decisions about effective control strategies [1]. SIR is among the elementary
models in the mathematical modeling of diseases, it consists of divided the population into different class,
depending on the stage of infection. The susceptible class (S) includes individuals who may contract the
disease but are not yet infectious. The infectious class (I) includes those who have the disease and can
transmit it. The recovered compartment (R) includes persons who have recovered from the disease with
permanent immunity. In the literature, there are a great deal of mathematical studies of diseases that
give an interesting insight into the use of mathematical models in epidemiology. For example, Baily et al.
[2], Anderson et al. [3], Hethcote [4], Brauer and Castillo-Chavez [5], Keeling and Rohani [6] , Huppert
and Katriel [7] and [8,9,10,11,12,13,25,26]. In this contribution, we consider an epidemic SIR model,
spatiotemporal in two dimensions in the work of Lotfi. et al [14] and Hattaf. et al [15], in this system we
introduce a vaccine in the form of a control variable,in order to minimise susceptible, infected individuals
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and the costs associated with vaccination. The existence of the state system solution and the optimal
control is proved, and the characterization of the optimal control in terms of state function and adjoint
is given. For the validation of our strategy, we present the numerical results obtained.

2. The Basic Mathematical Model
2.1. The model without controls

In this paper, we consider the following SIR epidemic model:

%—f —d,AS+A— f(S,I,R)SI — S
oI
pri AN+ (S, I,R)SI — (u+d+r)I (t,z) €Q=1[0,T] xQ (2.1)
OR
EL — dgAR - I
ot rRAR — uR+ 7
With f(S,I,R) = m is the incidence rate, such as aq, as, @3> 0 are constants . A is the

recruitment rate of the population, u is the natural death rate of the population,d is the death rate due
to disease, r is the recovery rate of the infective individuals, § is the infection coefficient. The positive
constants dg, dy,and dr denote the corresponding diffusion rate for susceptible, infectious, and recovered
individuals. We denote by 2 a fixed and bounded domain in IR? with smooth boundary 042 and 7 is
the outward unit normal vector on the boundary. The initial conditions and no-flux boundary conditions
are given by

oS 0I OR
S(0,z) =Sy >0, 1(0,2) = Iy, and R(0,z) = Ry (2.3)

In this step, the numerical results obtained by using the finite difference method of the system (1) without
control are given. We have adopted two situations: In the first, the disease starts from the middle (1)
and in the second, the disease starts at the corner (2).Figures 1, 2, and 3 present numerical results
for susceptible, infected, and recovered individuals.Results show that in both situations, susceptible
individuals become infected after an incubation period, and after a period of time, the disease spreads
throughout the population.In order to fight against the spread of the disease we adopted a strategy based
on the introduction of a vaccine in the form of a control variable.
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Figure 1: Susceptible behavior within € without control
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Figure 3: Recovered behavior within Q without control

2.2. The model with controls

The controlled model is the following:

%:dSAS—I—A—f(S,I,R)SI—(u—H}(t,x))S

oI

Sp = diBL+ f (S, 1 R)SI = (u+d+7)I (t,z) € Q = [0,T] x (2.4)
%—]fzdRAR—uR—i—v(t,x)S—Frl

With f(S,I,R) = m and initial conditions and no-flux boundary conditions are given by

oS 0I OR
S(0,z) =Sy >0, 1(0,2) = Iy, and R(0,z) = Ry (2.6)

v(x, t) represents the vaccination rate at time and position x. We seek to minimize the functional objective

T (0%
J(v):/o /Q(pls(t,x)+p21(t,x))dxdt+§||v|\iz(Q) (2.7)

Eligible controls are contained in the ensemble

Uga ={v € L™ (Q) /0 <v <™ <1} (2.8)

max

for some positive constant v
Where p,, p, are constant weights. The cost of vaccination is a nonlinear function of v, we choose a
quadratic function indicating the additional costs associated with high vaccination rates.

. 2
The parameter § , with the units W, balances the cost squared of the vaccine with the

cost associated with the infected population. Our objective is to find control functions such that

J*) =min{J (v), v € Uyq}



A SPATIOTEMPORAL SIR EPIDEMIC MODEL 5

e We put H (2) = (L? (Q))S, we denote by W2 ([0, 7], H (£2)) the space of all absolutely continuous

functions y : [0,7] — H ({2) having the property that % € L*([0,T], H (92)).

(T, 2) = L2 ([0, 7], HA(2)) 0 L= ([0,T], H' (2))
3. Existence of solution

We study in this section the existence of a global strong solution, positivity, and boundedness of
solutions of problem for (2.4)-(2.6). Let y = (y1,y2,y3) = (S, I, R) the solution of the system (2.4)-(2.6)
with y° = (y?, 9, yg) = (SO, 19 RO). A denotes the linear operator defned as following

A: D(A) C H(2) — H(Q)

3.1
Ay = (dsAyy, dr Aya, drys) € D (A) Yy = (s, 2,y3) € D (A) (3:1)
with the domain of A defined by
_ 203 Y1 _ 0y2 _ Oys _
D(A) = {ye (H*(Q))", on = o~ oy —O,a.exeaﬁ} (3.2)

Theorem 3.1. Let 2 be a bounded domain from R?, with the boundary smooth enough, y{ > 0 on 2
( fori=1,2,3 ), the problem (2.4-2.6 ) has a unique (global) strong solution y € W2 ([0,T]: H (£2))
such that y; € L (T, 2)NL>®(Q) fori=1,2,3 . In addition y1, y2, and ys are nonnegative. Furthermore
there exists C > 0 (independent of (v)) for all t € [0, T

yi
ot

+ ”yi”L?(o,T;H%Q)) + ”yiHHl(Q) + HyiHLoo(Q) <C, fori=1,2,3 (3.3)
L2(Q)

Proof. To prove the existence of a (global) strong solution for system(2.4)-(2.6), now we write system
(2.4)-(2.6) as shown in ((4.1) see Appendix). Let

g (y)=A~fy)yy2— (p+ovt,z)yn
2u®)=fWyny:— (p+d+r)y, tel0,T] (3.4)

g3 (y (1) = —pys +v (t,z) y1 + ry2

The system (3.4) represent the nonlinear term of (2.4) and we consider the function
gly@®) = (g1 (y (@), g2(y(t)),g93(y(t))), then we can be rewrite the system (2.4-2.6 ) in the space
H(Q) as follows

{ X~ Aytol@),  teloT) )
y(0) =y’

It is clear that function g is not Lipschitz continuous in y = (y1, y2, y3) uniformly with respect to ¢ € [0, T].
Therefore, we cannot apply Theorem (8.1) (see appendix) for our problem directly.

Step 1: This step studies the local existence of positive solutions to system (2.1)-(2.6) in view of
Theorem (8.1) (see appendix). We use a truncation procedure for g. For a fixed positive integer k > 0,
let us define the function sets Dy = {z|z > k}, D2 = {z]|z]| < k} ,D3 = {z|z < —k}and consider the
following auxiliary problem:

QL_AZ/‘FQ (t,y* (z,t),  inQ,
in §2,

where g% (t,4%) = (9F (t.4%) .95 (t.4%) .95 (t,4%)). Here, for cach index i, g¥ (¢,y"*) are defined as
follows:

9; (tvy ) =9 ( [yl]Dsl ’ [yQ]DSQ ) [y3]D83)
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where [y;] Dps, Means that y; € Ds;, and
k ’Lf S; = 1,
Wilps, = ¥ ifsi=2
—k Zf S = 3.

As the operator A defined in (3.1)-(3.2) is dissipating, self-adjoint and generates a Cp-semi-group of
contractions on H (£2)[23], it is clear that function g* (¢, y*) becomes Lipschitz continuous in y* uniformly
with respect to ¢ € [0,T]. Therefore, theorem (8.1) (see appendix) assures problem (2.1-2.6) admits a
unique strong solution y* € W12 ([0, T], H (£2)) with

yt. s, v € L ([0,7], H*(12)) (3.6)

In order to show that y¥ € L>(Q) for i = 1, 2, 3, we denote M = max{”g’fHLm(Q) : ||y?||LOO(Q)} and
{S (t),t > 0} is the Cp-semi-group generated by the operator B : D (B) C L?(£2) — L*(£2), where
oyt

By¥ = diAy¥ and D (B) = {y¥ € H*(Q), oy 0, a.e 89}. It is clear that the function UF (t,r) =

Y — Myt — Hy(fHLOO(Q) satisfies the system
ouy ko ok
—(tax):dSAUl +gl (tay(t))_Mka le [07T]
ot
(3.7)
UF (0,2) =y — ||y(1)HL°°(Q)

Note that this system has a solution given by

UF (t) = S (t) (4} — ||y?HLm(Q))+/O S(t=5) (g1 (s:y (5)) — My)ds,

As o9 — Hy?HLw(Q) < 0 and gf (s,y(s)) — My < 0, we have Uf (t,z) < 0, V(¢t,z) € Q . Similarly the

function U¥ (t,x) = y¥ + Myt + Hy?HLw(m satisfies U¥ (t,x) > 0,V (t,z) € Q. Then

|yt (t2)] < Mit+ ||y poe ) - Y (1:2) € Q
and analogously, we have

|yf(t,x)| SMkt—i—Hy? V(t,x) € Q fori=2,3 (3.8)

||L°°(Q)

Thus we have proved that
yF e L®(Q)V (t,x) € Q fori=1,2,3. (3.9)

By the first equation of (2.1), we obtain

ay’f ? o rt k12 t ay’f
Bs dsdx + d3 |, fQ|Ay1| dsdx — 2ds [, IQE

= Jo Jo (A= F (WF) ok — (u+ v (t.2)) yf)* dsda

Using the regularity of ¥ and the Green’s formula, we can write

Nykdsdax

Jo Jo

oy 7]
2y fo G oukde = = fy o (Jo [Vob | de) ds = [, [Vob " d + [, [Voi|* do

Then

t 8y’“
fo frz 8—1

2
: dsdx +d3 [} [, | Dyt dsde + ds [, |Vyb|* de — ds [, | V40| do

= Jo Jo (A= F (") ub = (u+ v (t,2) yt)” dsda
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Since ||y¥|| for i = 1,2,3 are bounded independently of v and 39 € H?(§2) , we deduce that

L=(Q)
yi € L ([0,7], H' () (3.10)
We make use of (3.6), (3.7), and (3.10), in order to get

y¥ e L(T,2)NL>(Q)

and conclude that the inequality in (3.3) holds for ¢ = 1, similarly for y5§ and y’g

In order to show the positiveness of 4 for i = 1,2, 3, we start by demonstrating that y4 is positivive
to be, we set y§ = yit — yb with y5t = sup{yh(t,x),0} and y5~ = sup{—yk(t,x),0}. we multiply the
second equation of (2.4) and we integrate on {2 we obtain:

53 [ @) = [ ol [ £ ot0h o)Pdes [ erden e 6oy

wich implies
1d .
_§E(/Q(y “)2(t, 2)de) /f )ui (s~ (6.2)°yi (s~ (¢, @) de

Then,
L G < [ 56 k) ) e

We put b= f (yk) y¥ and Gronwall’s inequality leads to
[ 05 Pty < et [ 0, ajas
0 Q

then y¥~ = 0,0n deduces that y&(t,z) > 0,
To demonstrate the positivity of y¥ and y%, we write the 1st and 3rd equations of (2.1) in the form

oyk
W —as+FE b abad), o eq
(3.11)
8y’§_dAk FF (% uk ok
—8t = das y3+ 3 (ylayQ’yB)'

It is obvious to see that the functions Ff (y§,v5,y5)and F¥ (yf,y5,y%), are continuously differentiable
satisfying F1 (0,95, y5) = A >0, and Fs (yf,95,0) = v (t,2) y§ +ry5 > 0 for all yf, 4 > 0.

Since initial data of system (3.11) are nonnegative, we deduce the positivity of ¥, y5 and y%(see [24]).
Now we particularize k£ > 0 large enough such that

M0 + Hyz <k,i=1,2,3, for some 6 € [0, T (3.12)

o)

For example, we can take k > 2max {||y||LOO(Q) Ji= 1,2,3}. Let 6 € (0,T) be maximal with property
(3.12). By (3.8)-(3.12), it is clear that |y¥(t,z)| < k , for (t,z) € [0,6] x £2 and i = 1,2,3. So,
g"(t,y1,y2,y3) coincides with g(t,y1,ya,ys) for(t,z) € [0,0] x 2, and consequently y* = (yf,y5, v%) is a
local solution for (2.4)-(2.6) defined on [0, 0] x £2.

Step 2. It remains to show that the above local positive solution of problem (2.4)-(2.6) is in fact a
global one in [0,6] x 2 . Indeed, it is sufficient to show the uniformly boundedness of y;,i = 1,2, 3, in
[0,60] x 2 . To this end, we first introduce
N = y1 + y2 + y3 then 88—]: = d1Ay1 + doAys + dsAys — A — dys — uIN , there exists m such that:
ON

v < dp AN +mN with d,,, = max {d1, dz, d3}. This leads to the estimate 0 < N (¢,x) < e™S (t) Ny (z),
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(t,z) € [0,0] x 2, where S(t), t > 0 is the Cp-semi group of contractions on L?(Q) generated by
N

the operator BN = dAN, with the domain D (B) = {N € H*(Q), 88— =0, a.e in 89}. Therefore,
n

||NHL°°([O,9] x0) S My for some m; > 0 independent of k£ and of v. Next, we can deduce the boundedness

of y1, y2 and y3 on [0,6] x 2. Consequently, y; are defined on the whole set @ (and also positive and

bounded). Thus (y1,y2,y3) is a global positive strong solution of system (2.4)-(2.6) and it satisfies (3.3).

This completes the proof. O

4. The existence of the optimal solution

In this section, we will prove the existence of an optimal control for the problem (2.7) subject to
reaction diffusion system (2.4)-(2.6) and (v) € U,q. The main result of this section is the following
theorem.

Theorem 4.1. Under the hypotheses of theorem (3.1), the optimal control problem (2.4-2.7) admits an
optimal solution (y*, (v*)).

Proof. From Theorem 3.1, we know that, for every v € U,q, there exists a unique solution y to system
(2.4-2.6) . Assume that
infoev,qd ((v)) > —o0

Let {(v™)} C Uqq be a minimizing sequence such that
limp—ocJ (V") =infyev,,J (V)

where (y7,y%,y%) is the solution of system (2.4-2.6) corresponding to the control (v™) for n = 1,2,....
That is

811

%:dlAy?wLA—f(y”)y?—(u+v"(t,w))y?

dyy " nY o n 4.1
E—dszz"‘f(y Yyt — (p+d+r)yy ,(t,z) €Q (4.1)
o = GBS —pys v (t, )yt + rys

dyt  Oyy  Oyy

o= o~ o 0 (t,z) e X(t,z) € (4.2)
Y (0,2) =y? fori=1,2,3 x € (4.3)

and By theorem (3.1) using the estimate (3.3) of the solution y7, there exists a constant C' > 0 such that
foralln > 1,6 € [0,7]

H%

ot < Gyl 2o,z < O 198 o) <€, i=1,2,3 (4.4)

L2(Q)

H' () is compactly embedded in L% (Q2), so we deduce that y7 (¢) is compact in L? (£2).
Let’s Show that {yf (¢),n > 1} is equicontinuous in C ([0, 7] : L? (Q2)). As aaitl is bounded in L? (Q),
this implies that for all s,¢ € [0, T

<K|t—s (4.5)

| ede— [ ) ) da

Q

The Ascoli-Arzela Theorem(See [22]) implies that gy} is compact in C ([0,77] : L? (2)). Hence, selecting
further sequences, if necessary, we have
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Yyt — vt in L2 (Q), uniformly with respect to ¢ and analogously, we have for y?* — y* in L? (Q2) for
i = 2,3, uniformly with respect to t.

From the boundedness of Ay™ in L? (Q), which implies it is weakly convergent in L? (@) on a subse-
quence denoted again Ay} then for all distribution ¢

/wAy?=/y?As0—>/y?A<p=/soAyi‘
Q Q Q Q

Which implies that Ay — Ay weakly in L? (Q),i = 1, 2, 3, In addition, the estimates (4.4) leads to

ag; - 8;; weakly in L2 (Q), i =1, 2, 3
y! — y; weakly in L? (0,T; H* (2)),i=1, 2, 3

Yy — y; weakly star in L™ (O,T;H1 (Q),i=1,2,3

We now show that yl'yd — yiys and f (y") ytyy — f (y*) yiys strongly in L? (Q), we write

yrys —yiys = (Wi —yi)ys + vy —y3) Y1

W) ylyy —fF W) viye = F ") Wiys —vivs) +vivs (fF (W") — f ("))

and

B B B
L+ a1yl + aoyy + asytyy 1+ a1y] + asys + asyiys

fw") =1

and we make use of the convergences y? — y; strongly in L?(Q), i = 1,2, and of the boundedness of
YT, ys in L (Q), then yi'ys — yiysand f (y™)yi — f (y*) yi strongly in L* (Q).

Since v™ is bounded, we can assume that v — v* weakly in L? (Q) on a subsequence denoted again
v™ . Since Uyq is a closed and convex set in L? (Q), it is weakly closed, so v* € Uyqg

We now show that

vyt — v ytweakly in L? (Q)
Writing
o'y —vtyr = (U —yn) vt + (" o)y
and making use of the convergences y?' — yi strongly in L? (Q), and v — v* weakly in L? (Q), one
obtains thatv"y} — v*y} weakly in L2 (Q).

By taking n — oo iin (4.1-4.3),, we obtain that y* is a solution of (2.4-2.6) corresponding to (vf) € Ugg.
Therefore

T " T . N2
P1 fo fg Ui (t, x) dxdt + py fo fg Yo (t, x) dxdt + 9 Hv ||L2(Q)
. . T n T n n n
limy, s oin f (pl fo f_Q vt (t, ) dzdt + py fo fQ yy (t, o) dedt + 9 [|v H2L?(Q))

= liMp—u (pl Jo Jout (t,x)dedt + py [y [, y3 (t,x) dedt + 3 [lv H2L2(Q))
- infwev..d (y,v))

J(y*,v*)

IN

This shows that J attains its minimum at (y*,v*) , we deduce that (y*,v*) verifies problem (2.4-2.6) and
minimizes the objectif functional (2.7). The proof is complet O

5. Necessary optimality conditions

Let v € Uyg and v¢ = v* 4+ ev € U,q, in this section, we show the optimality conditions to problem
(2.4-2.6), and we find the characterization of optimal control. First , we need the Gateaux differen-
tiability of the mapping v — y(v). For this reason, denoting by v¢ = (v5,v5,v5) = (y1,92,ys3) (v°)
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and y* = (y5,v3,93) = (y1,y2,y3) (v*) the solution of (2.4-2.6) corresponding to v and v* respec-

_ Bys (1+azys) > — (p+v*) _ Byi (1+a1yy) : 0
(1+aryf+azys+asyiys) (1+enyi+azys+asyiys)
tively. H = Bys (1+azy5) § Byt (1+a1yy) s —(u+d+r) 0 and
(1+aryf+ooys+asyiys) (1+aryf+ooys +asyiys)
v* r —
—yi
G = 0
(I

Proposition 5.1. The mapping y : Usq — W2 ([0,T]; H (£2)) with y; € L (T,2) fori = 1,2,3 is
Gateaux differentiable with respect to v*. For all direction u € Uyq, y' (v*)v =Y is the unique solution
in WH2 ([0, T]; H (2)) with Y; € £ (T, 2) of the following equation

oYy

— =AY + HY + G, te[0,7T)
ot (5.1)
Y(0)=0
v — Y ‘ By1y2
Proof. Put Y¢ = for ¢« = 1,2,3, , = ,
! e ; * e € . e * Q*(yl ) 1+ a1y + asys + asyiye
Mg = Q(y17y22 : Q*(y1ay2)7 and Mg = Q (yhsz : Q*(yhyz).
Yi— Y Yz — Y2

We denote S the system (2.4 ) corresponding to v® and S* the system (2.4) corresponding to v*,
subtracting system S¢ from S*, we have

oYy

L — G AYE (M + o) VE - MEYE — uy
65/726 3 g £ [ €

at :dQA}/é+M1Y1 +(M2—d—,u—7‘)Yé, (Z‘,t)EQ (52)
YE
a@ta = dzAYy + YT +7Y5 — p¥5 +oyi

with the homogeneous Neumann boundary conditions

avy a5 ovs

0 ey 5.3
= = (@) (53)
YF(0,2)=0 x2€Q, fori=1,2,3 (5.4)
We prove that Y;° are bounded in L? (Q) uniformly with respect to e . For this end, denoting by
“Mf—p-v —Mj 0 i
Ye = (YF,YE,Ys), HE = M M;—(d+p+r) 0 |,andG=| 0 |. Then
v r — Y1
(5.2) given by
oYe
5 = AVEHHYE £ Cu, 10T
t (5.5)
Y (0)=0

(S (t),t > 0)be the semi-group generated by A, then the solution of (5.5) can be expressed as

ye (t):/o S(t—s) H (5)Y* (s)ds+/0 S (t— ) Go(s) ds, (5.6)

On the other hand the coefficients of the matrix H¢ are bounded uniformly with respect to e, using
Gronwall’s inequality, we have
1Yl 2y < T (5.7)
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where I' > 0 (i = 1,2,3). Then

Iy = 5l a0 = € 1Vl a(gy (47) (5:)
Hence y§ — y; in L?(Q), i =1,2,3.
—Mp— - —M; 0 .
Denoting by H = M; Mi—(d+p+r) 0 | where Mj = W, My =
v* r — b Y1
9Q (y7,v3) _ - o
o and Y = (Y1,Y>,Ys). Hence, then system (5.2-5.4) can be written in the form
Y2
O oY+ HY +Gu,  te[0,T]
ot (5.9)
Y (0) =0
and its solution can be expressed as
¢ t
Y (t) = / S({t—s)H (s)Y (s)ds+ / S (t—s)Gv(s)ds, (5.10)
0 0
By (5.6) and (5.10) we deduce that
t
Ye(t)-Y(t)= / S{t—s)H(s)(Y*=Y)+Y (s)(H" (s)— H(s))ds (5.11)
0

Thus all the coefficients of the matrix Htend to the corresponding coefficients of the matrix H in L? (Q),
An application of Gronwall’s Inequality yields to Y7 — Y; in L?(Q) as ¢ — 0, for i = 1,2, 3. O

Let v* be an optimal control of (2.4-2.8), y* = (y{, y3,y5) be the optimal state, D is the matrix defined

1 0 0
byD=| 0 1 0 |,p=(pq,ps,0), D*is the adjoint matrix associated to D, H* is the adjoint matrix
0 0 O

associated to H and p = (p1, pe, ps) is the adjoint variable,we can write the dual system associated to
system (2.4-2.8):

—@—Ap—H*p:D*Dp, te0,T]
ot (5.12)
p(T,z)=0

Lemma 5.2. Under hypotheses of theorem ( 3.1) , if (y*,(v*)) is an optimal pair, then there exists a
unique strong solution p € W42 ([0, T]; H (£2)) to the system (5.12) with p; € £ (T, 2) fori=1,2,3.

Proof. Like in Theorem (3.1), by making the change of variable s = T'— ¢ and the change of functions
g (s,2) =p; (T —s,z) =p; (t,2),(t,z) € Q, i = 1,2,3. we can easily prove the existence of the solution
to this lemma . O

To obtain the necessary conditions for the optimal control problem, applying standard optimality
techniques, analyzing the objective functional and utilizing relationships between the state and adjoint
equations,we obtain a characterization of the control optimal.

Theorem 5.3. Let v*be an optimal control of (2.4)-(2.8) and let y* € W2 ([0,T]; H (£2)) with y; €
L(T, ) fori=1,2,3, be the optimal state, that is y* is the solution to (2.4)-(2.8) with the control u*.

Then,
v* = min (vm‘”, max (O, Zh])%;jljﬂ?g)) (5.13)
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Proof. We suppose v* is an optimal control and y* = (v}, 3, y5) = (y1,v2,y3) (v*) are the corresponding
state variables. Consider v° = v* 4+ ch € U,q and corresponding state solution y° = (y§,5,y5) =

(y1,y2,ys) (v°), we have

J (07) (h)

lim? (7 (%) = J (%)
tim (13 Joy oo (05— 97) (1, 2) ot + [ fy 2 05— 5) (1, 2) vl
+5 0o Jo (09 = 0°)) (t.2) dat

. T yi — Yy T y5 — i
lim <f0 f9p1< ! . L) (t,2) dzdt + [, fan( 2 . 2) (t,z) dzdt (5.14)

o +% I, ((6h)2 + 2hv*) (t,z) dxdt)

fOT Jo Y1 (t, z) dedt + fOT Jo p2Ya (t, ) dedt + o fOT Jo (h*v*) (t, ) dzdt

T T *
fO <DpaDY>H(Q) dt+f0 <OZ’U 7h>L2(Q) dt

We use (5.1) and (5.12), we have

T T
/O<DpaDY>H(Q)dt = /0 <D*DpaY>H(Q)dt

T
/ <—@—Ap—H*p,Y> dt
0 ot ()

T
/ <p,a—Y—AY—HY> dt
0 ot H(2)

T
/ (9, G 1t (5.15)
0

T
/0 (G"p h) 2 dt

Since J is Gateaux differentiable at v* and U,q is convex, as the minimum of the objective functional is
attained at v* it is seen that J (v*) (u—v*) >0 for all u € U,y -

We take h = u —v* and we use (5.14)-(5.15) then J' (v*) (u — v*) = fOT (G"p + au™, (u—v")) 2 dt.

We conclude that J' (v*) (u — v*) > 0 equivalent to fOT (G"p+ av”, (u—v")) 2(q)dt = 0 for all u € Usa.
By standard arguments varying u, we obtain

Then

As v* € Uyq, we have

av® = —-G"p

vt — YiP1 — Y1P3
«

* ok
v* = min (vm‘”, max (O, M))
a
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Notations Value Description (Units)
So (2,1) 40 for (z,y) € Q; 1=1,2 Initial susceptible population
0T, Y 45 for (x,y) ¢ €, (people/km?)
Io (2,y) 5 for (x,y) €Q; i=1,2 Initial in fected population
0% Y 0 for (x,y) ¢ (people/km?)
Initial recovered population
Ro (z,y) 0 for (z,y) € Q2 (people/km?)
A 05 Recruztmf?t rate
(day~")
rate
0.1 _
. (day™")
B 0.6 Theinfection coef ficient
rate
T 002 (dayil)
d 0.01 T B induced mi)z"talzty rate
(day—)
ds 0.5 dif fusionrate for susceptible
dr 0.9 dif fusionrate forinfected
dr 0.9 dif fusionrate forrecovered
o 0.1 Constant
Qs 0.02 Constant
a3 0.03 Constant
time period
t [1,60] (day)

Table 1: Initial conditions and parameters values

6. Numerical results

We present the results obtained, by numerical resolution using the forward-backward sweep method
(FBSM) [21], of our optimality system, which is formulated by state equations with initial and boundary
conditions (2.4-2.6), adjoint equations with transversality conditions(5.12), and optimal control charac-
terization (5.13).our strategy is to apply two types of treatment respectively to susceptible and infected
individuals, in order to fight the spread of the disease. We will keep the same situations described previ-
ously in section 2.1: the first, the disease starts from the middle of the domain Q (1) and in the second,
the disease begins in the lower left corner of 2 (2). In this work, we take the density of 45 in order to
model a situation of high contacts. Concerning the choice of the domain (2, we take a rectangular grid of
size 30 km x 40 km: The parameter values and the initial values are given in table 1. These values are
extracted from [14].Moreover, the upper limits of the optimality condition are considered to be v"** =
1 [19] and the constant weighting values in the objective function are p; = 1, p, = 1, @ = 2, taken from
[20] .

6.1. Optimal control simulation

To validate our vaccination strategy, we will proceed in two different ways:
1- Start vaccination against the disease after 20 days.
2- Vaccination against the disease starts from the first day.

In the first case, when introducing vaccination after 20 days, it can be seen in Figures 4 and 5 that
the number of susceptible and infected individuals decreases rapidly.on the other hand, in Figure 6, we
can clearly see the increase in the number of individuals recovered.
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Sat=1 Sat=20 S at=40 S a t=60
40 40 40

35 35
30 30
25 25
45
m 20 20 "
15 15 20
10 10
35
5 5
30
Sat=1 Sat=20 S at=40 S at=60
a0 40 40 40 %
35 s
30 30 2
25 25 B
@20 20
15 15 o
10 10 3
e
0
10 20 30 10 20 30 10 20 30 10 20 30

Figure 4: Susceptible behavior within 2 with control (vaccine strategy starts after the 20th day)

lat=1 lat=20 | a t=40 Ia t=60
40 40 40

30
25
a 20 45
b 40
10
5 35
10 20 30 10 20 30 10 20 30 10 20 30 [430
lat=1 14t=20 14 t=40 14 t=60 25
40 40 40 40
35 20
u 15
25
® 2 i
15 5
10
]
5

10 20 30 0 20 30 10 20 30 10 20 30

Figure 5: Infectied behavior within 2 with control (vaccine strategy starts after the 20th day)
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Rat=1 Rat=20 R a t=40 R a t=60
40 40 40

35 35 35 35

30 30 30 30

25 % 25 25
45

@ 20 20 20 20
15 15 15 15 20

10 10 10 10
35

5 5 5 5
30

10 20 30 10 20 30 10 20 30 10 20 30

Rat=1 Rat=20 R a t=40 R a t=60 25

40 40 40 40
20

35 35 35 35
30 30 30 30 13
25 25 25 25 10

@ 20 20 20 20
5

15 15 15 15
10 10 10 10 0

5 5 5 5

10 20 30 10 20 30 10 20 30 10 20 20

Figure 6: Recovered behavior within Q with control (vaccine strategy starts after the 20th day)

In the second case, when the vaccination against the disease starts from the first day, the effectiveness
of our vaccination strategy is clear, since the disease disappears quickly (figure 7 and 8 ).

lat=1 lat=20 | a t=40 Ia t=60
40 40 40

40
35
30
25
45
@ 20
15 40
10 15
5
30
10 20 30 0 20 30 0 20 30 10 20 30
25
lat=1 lat=20 lat=40 |4 t=60
40 40 40 40
20
35
30 15
256 10
2 z0

10 20 30 10 20 30 0 20 30 0 20 30

Figure 7: Infectied behavior within  with control (vaccine strategy starts from the first day)



16 K. AbpNaoul, [. ELBERRAIL, A. EL. ALAMI LAAROUSSI AND K. HATTAF

Rat=1 R a t=20 R a t=40 R a t=60
4 40 40

40 0
35 s 35 35
30 30 30 30
25 25 25 25
w 20 20 20 20 e
15 15 15 15 40
10 10 10 10
5 5 5 5 "
10 20 30 10 20 30 10 20 30 10 20 30 %
Rat=1 Rat=20 R a t=40 R a t=60 25
40 40 ) 40
35 5 s 35 20
30 0 30 30
25 25 25 25 "
@ 20 20 20 20 10
15 15 15 15
10 10 10 10 2
5 5 5 5 0
10 20 30 10 20 30 10 20 30 10 20 30

Figure 8: Recovered behavior within € with control (vaccine strategy starts from the first day)

7. Conclusion

In this contribution, we presented an SIR model in the form of a system of partial derivative equations
with initial and boundary conditions.We have shown the existence of the solution of our state system
and optimal control, so we have given a characterization of this control.Numerical simulation has proven
the positive impact of our vaccination strategy.In fact Figures 1, 2 and 3 in the absence of the vaccine,
have shown the spread of the disease in the entire domain, especially when the disease begins in the
middle of the domain.However, when we introduced the vaccine, we observed that the number of infected
individuals has decreased and the number of recovered has increased, which is very beneficial and reflects
the importance of our control strategy.It should be noted that it is preferable to apply the vaccine during
the first days of the onset of the disease, in order to block the spread in the population (see Figures 7
and 8 ).

Data Availability

Te data used to support the findings of this study are available from the corresponding author upon
request.

References
1. Medlock J, Kot M (2003) Spreading disease: integro-differential equations old and new. Math Biosci 184(2):201-222 .

2. Bailey NTJ (1975) The mathematical theory of infectious diseases and its applications. Charles Griffin & Company
Ltd, 5a Crendon Street, High Wycombe, Bucks HP13 6LE, London 3.

3. Anderson RM, May RM, Anderson B (1992) Infectious diseases of humans: dynamics and control, vol 28. Wiley Online
Library, New York.

4. . Hethcote HW (2000) The mathematics of infectious diseases. SIAM Rev 42(4):599-653.

5. Brauer F, Castillo-Chavez C (2001) Mathematical models in population biology and epidemiology, vol 40. Springer,
New York.

6. Keeling MJ, Rohani P (2008) Modeling infectious diseases in humans and animals. Princeton University Press, Princeton.

7. Huppert A, Katriel G (2013) Mathematical modelling and prediction in infectious disease epidemiology. Clin Microbiol
Infect 19(11):999-1005.

8. J. R. Beddington, “Mutual interference between parasites or predators and its effect on searching efficiency,” Journal
of Animal Ecology,pp.331-341,1975.

9. D. L. DeAngelis, R. A. Goldsten,and R. Neill, “A modelfor trophic interaction,” Ecology,vol.56,pp.881-892,1975.



A SPATIOTEMPORAL SIR EPIDEMIC MODEL 17
10. R. S. Cantrell andC.Cosner, “Onthe Dynamics of PredatorPrey Models with the Beddington-Deangelis Functional
Response,” Journal of Mathematical Analysis and Applications, vol. 257, no. 1, pp. 206-222, 2001.

11. P. H. Crowley and E. K. Martin, “Functional responses and interference within and between year classes of a dragonfly
population,” Journal of theNorth American BenthologicalSociety, vol.8,pp.211-221,1989.

12. X. Zhou and J. Cui, “Global stability of the viral dynamics with crowley-martin functional response,” Bulletin of the
Korean Mathematical Society,vol.48,n0.3,pp.555-574,2011.

13. X.Q.Liu,S.M.Zhong,B.D.Tian,andF.X.Zheng, “Asymptotic properties of a stochastic predator-prey model with Crow-
leyMartin functional response,” Journal of Applied Mathematics and Computing,vol.43,n0.1-2,pp.479-490,2013.

14. Lotfi, El Mehdi and Maziane, Mehdi and Hattaf, Khalid and Yousfi, Noura Partial differential equations of an epidemic
model with spatial diffusion. International Journal of Partial Differential Equations journal=International Journal of
Partial Differential Equations, 2014.

15. K. Hattaf, A. A. Lashari, Y. Louartassi, and N. Yousfi, “A delayed SIR epidemic model with general incidence rate,”
Electronic Journal of Qualitative Theory of Differential Equations,vol.3,pp. 1-9, 2013.

16. Viorel Barbu. Mathematical methods in optimization of differential systems, volume 310. Springer Science & Business
Media, 2012.

17. Amnon Pazy. Semigroups of linear operators and applications to partial differential equations, volume 44. Springer
Science & Business Media, 2012.

18. Toan I Vrabie. CO-semigroups and applications, volume 191 of north-holland mathematics studies, 2003.

19. Tim Clayton, Scott Duke-Sylvester, Louis J Gross, Suzanne Lenhart, and Leslie A Real. Optimal control of a rabies
epidemic model with a birth pulse. Journal of biological dynamics, 4(1):43-58, 2010.

20. Joshua Kiddy K Asamoah, Francis T Oduro, Ebenezer Bonyah, and Baba Seidu. Modelling of rabies transmission
dynamics using optimal control analysis. Journal of Applied Mathematics, 2017.

21. McAsey, Michael and Mou, Libin and Han, Weimin Convergence of the forward-backward sweep method in optimal
control. Computational Optimization and Applications,53(1):207-226, Springer, 2012.

22. Haim Brezis, Philippe G Ciarlet, and Jacques Louis Lions. Analyse fonctionnelle: théorie et applications, volume 91.
Dunod Paris, 1999.

23. Ioan I Vrabie. CO-semigroups and applications, volume 191 of north-holland mathematics studies, 2003.
24. Joel Smoller. Shock waves and reaction—diffusion equations, volume 258. Springer Science & Business Media, 2012.

25. Adil El-Alami Laaroussi, Mostafa Rachik,Mohamed Elhia, “An optimal control problem for a spatiotemporal SIR
model”, “International Journal of Dynamics and Control ” DOI 10.1007/s40435-016-0283-5.

26. Ghazzali, R., Laaroussi, A.E., EL Bhih, A. et al. Int. J. Dynam. Control (2019) 7: 1021. https://doi.org/10.1007/s40435-
019-00553-6.

8. Appendix

First recall a general existence result which we use in the sequel (Proposition 1.2, p. 175, [16]; see
also [17,18]. Consider the initial value problem

O A +gltz),  teloT) (8.1)
2 (0) = 2z

where A is a linear operator defined on a Banach space X, with the domain D(A) and g : [0,T] x X — X
is a given function. If X is a Hilbert space endowed with the scalar product (-, ), then the linear operator
A is called dissipative if (Az,2) <0, (Vz € D(A)).

Theorem 8.1. X be a real Banach space, A : D(A) C X — X be the infinitesimal generator of a
Co—semigroup of linear contractions S(t), t >0 on X, and g : [0,T] x X — X be a function measurable
in t and Lipschitz continuous in x € X, uniformly with respect to t € [0, T].

(i) If zo € X , then problem (8.1) admits a unique mild solution, i.e. a function z € C([0,T]; X)
which verifies the equality z(t) = S(t)zo + fot S(t—s)g(s,z(s))ds, (Vt € [0,T] .

(i) If X is a Hilbert space, A is self-adjoint and dissipative on X and zy € D(A), then the mild
solution is in fact a strong solution and = € W12([0,T]; X) N L?(0,T; D(A))
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