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Certain Geometric Properties of the Generalized Dini Function R%*(z)
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ABSTRACT: In the present investigation we first introduce modified Dini function R,‘ik(z) and then find

sufficient conditions so that the modified Dini function R,‘ik(z) have certain geometric properties like close-
to-convexity, starlikeness and strongly starlikeness in the open unit disk. Some subordination sequences are
also established.
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1. Introduction

Let 3 denote the class of analytic functions f defined in the open unit disk D = {z € C : |z] < 1}
and A denote the subclass of H, which are normalized by the condition f(0) = 0 = f’(0) — 1 and have
representation of the form

f(z):z—l—Zanz", z €D. (1.1)

n>2

A function f is said to be univalent in a domain D if it is one-to-one in . Recall that a set £ C C is
said to starlike with respect to a origin 0 € F if and only if the line segment joining 0 to every other
point w € F lies entirely in E. A function f € A is called starlike, denoted by f € 8* if f is univalent in
D and f(D) is a starlike domain with respect to the origin. The analytic characterization of the class of
starlike function is given by:

fes o R (ZJJ:(S)) >0 (2 €D).

A set F is said to be convex if and only if it is starlike with respect to each of its points, that is if and
only if the line segement joining any two ponts of E lies entirely in £. A function f € A is called convex,
denoted by f € K if f is univalent in D and f(D) is a convex domain. The analytic characterization of
the class of convex function is given by:

2f"(2)
f'(z)

Further, let S (a), 0 < a <1, be the class of strongly starlike functions of order « defined by

arg(zjjég)ﬂ < %, ZED}. (1.2)

Note that g*(l) = 8*. Given a convex function g € X with g(z) # 0, a function f € A, is called
close-to-convex with respect to convex function g, denoted by Cg, if

9%(];:8) >0(zeD). (1.3)
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Geometrically a function f € A belongs to C, if the complement E of the image-region F' = {f(z) : |z| < 1}
is the union of rays that are disjoint (except that the origin of one ray may lie on another one of the
rays). The Noshiro-Warschawski theorem implies that close-to-convex functions are univalent in I, but
not necessarily the converse. More details about these classes can be found in Duren [7].

If f,g € H, then the function f is said to be subordinate to g, written as f(z) < g(z) (z € D), if there
exists a Schwarz function w € H with w(0) = 0 and |w(z)| < 1 (2 € D) such that f(z) = g(w(z)). In
particular, if ¢ is univalent in D, then we have the following equivalence:

f(z) <g(2) <= [f(0)=g(0) and f(D)C g(D).

The Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma functions is given as (z), =
Iz +n)/T(zx)=z(x+1)...(z+n—1).

It is always interesting to find sufficient conditions such that certain class of analytic functions becomes
close-to-convex, starlike or convex function. Recently many special functions are studied for the above
mentioned geometric properties. One can see the following papers in this direction, for Hypergeometric
function [10,11,12,16,17,18], Bessel functions [2,3], Wright function [15], Mittag-Leffler function [1], Dini
function [4,5,6]. In the present investigation, we are interested in some geometric properties of modified
Dini function. For this we first define generalized Bessel function.

Bessel functions of the first kind play an important role in various branches of applied mathematics
and engineering sciences. Their properties have been investigated by many scientists and there is a very
extensive literature dealing with Bessel functions.

o _1nz22n+u
J’@)::Zggﬁﬁ%fiégiTT' (1.4)

The generalized Bessel function of first kind of order v is defined by

Z 2n—+v

The generalized Dini function is the combination of the generalized Bessel function of first kind, defined
by
dy©(z) = (a —v)J5(2) + 2(J;) (2).

For more details on the Dini functions see [4,5,6]. In the present paper we use the following normalized
form of generalized Dini function:

) = ST D2 (0= 0)IEWE) + VA (V)

"2n+a)l(v+1) .4
= " 1.6
Z+Z 4”n'F1/+n+1) = (16)

(ceC,v>—-1,a>0andzeD )

If we take ¢ = —k where k > 0, we get modified Dini function, let us represent this series by:

E"(2n+a)T(v +1)
RY*(2 fans 1.7
+Za 4"n'F1/—|—n—|—1)Z (17)

To prove our main results, we shall need following Lemmas and Definition:

Lemma 1.1. (Ozaki [14]). Let f(z) =z + Y, Apz". Suppose
n=2
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or
1<245< - <nA, <(n+1DAppy <-- < 2. (1.9)

then f is close-to-convexr with respect to convex function —log(l — z) in D.

Lemma 1.2. (Fejer [8]). Let {an}n>1 be a sequence of non negative real numbers such that a; = 1. If
the quantities

Aa, =na, — (n+ 1)ay+1 and Aai =na, —2(n+ Dapt1 + (n+ 2)an+0

are non negative, then the function f(z) =377 a,z" is starlike in D.

n=1

Lemma 1.3. (Fejer [8]). Let {an}n>1 be a sequence of non negative real numbers such that a1 = 1. If
{an}n>2 is convexr decreasing, i.e. 0 > apio — Gpt1 > Any1 — An, then

R {i anz"_l} >
n=1

Definition 1.4. An infinite sequence {b,}]° of complex numbers will be called a subordinating factor
sequence if whenever

, (z€D).

| =

f(2)=> anz" (1.10)

s analytic, univalent and convex in U, then
D anbnz" C f(2) (z €D,ay = 1). (1.11)
n=1

Lemma 1.5. (Wilf [19]). The sequence {b,}{" is a subordinating factor sequence if and only if

%{1+2ibkzk}>0(zeﬂ)). (1.12)
k=1

Lemma 1.6. (P.T. Mocanu [13]). If f € A satisfy |f'(z) — 1| < 1 for each z € D, then f is convez in
Dl/Q = {Z . |Z| < %}

Lemma 1.7. (Halenbeck and Ruscheweyh [9]). Let G(z) be conver and univalent in D with G(0) = 1.
Let F(z) be analytic in D, F(0) =1 and F(z) < G(z) in D. Then for all n € NU {0}, we have

(n+1)z—"‘1/ t"F(t)dt < (n+1)z‘"—1/ t" G(t) dt.
0 0
2. Close-to-convexity, Starlikeness and Strongly starlikeness

Theorem 2.1. Ifv > (2 + D)k —1,a > 0 and k > 0, then RY¥(z) is close-to-convex with respect to
convex function —log(l — z) in D.

Proof. From (1.7), we have

k"D (v + 1) 6(n)

T 4mpll(v +n+1)

where
p(n) =4n*(2n+a —2)(v+n) — k(2n + a)(n + 1).
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In view of Lemma 1.1, it is sufficient to show that under the stated conditions, ¢(n) > 0 for all n > 1.
For this we use the inequality

4n*(2n4a —2) > (a2—f2> (2n+a)(n+1) (n € N,a > 0). (2.2)

Now
dn*2n+a—2)(v+1) —k(@2n+a)(n +1)

(35) @n+ 0+ D +1) = b0 + @+ 1)

a—+2
1
— | k.
+2)

¢(n)

Y

Y

v
ISHE

0 as(u+1)>(

Theorem 2.2. Ifv> (2+1)k—1,a>0 and k > 0, then R%"(2) is starlike in D.
Proof. From (1.7), we have
Aai =na, —2(n+ Dapt1 + (n+ 2)an12

n(2n+a—-2)k"'T(v+1) 5 (n+1)2n + a)k"T (v + 1)
a. 47 (n - 1)IT(v +n) a. 4"\ T(v+n+1)

(2n +a+ 2)k" T (v + 1)
a. 4"t (n+DITv+n+2)

+(n+2)
To show Aa? is positive, we show that, the difference of first two term, which is equal to

KD (v 4+ 1)
a. 4" (n— DT (v+n)

E(n+1)2n+a)| K" D (v 4+ 1)
2n(v + n) 2. 4t plT(v4n+1)

ni2n+a—2) — ¥(n),

where
Y(n) =2n0%2n+a—2)(v+n) — (n+1)(2n + a)k,

is positive under the stated condition. In view of Lemma 1.2, it is sufficient to show that under the stated
conditions, 1)(n) > 0 for all n > 1. For this we use the inequality

2n%(2n +a —2) > <2j—La) (n+1)2n+a) (neN,a>0).

Now
Y(n) = 20°(2n+a—2)(v+n) - (n+1)(2n+a)k
> 20%2n+a—2)(v+1)—(n+1)(2n+a)k
> (n+1)(2n+a) {(23_&) V+1)—k:|
> 0 as(v+1) (a—|—2>

Theorem 2.3. Ifv > (4+“)k —2,a>0andk >0, then

+a)
%{w} > % (z eD).

z
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Proof. We first prove that

o _ [E"2n+a—-2)I(v+1)
{antni, = { a. 4" 1(n —1IM(v +n) }n>2

is a decreasing sequence. For this we calculate

where

k"0 (v + 1)
a. 4" T(v+n+1)

X(n),

Qp — Gp41 =

X(n)=4n2n+a—-2)(v+n) — (2n+ a)k.

To show that X (n) > 0 for all n > 2, we use the inequality

Now,

8(2+a)

4n(2 —-2)>
ni2n+a—2) > ita

(2n+a) (n>2,a>0).

X(n) = 4n2n+a—-2)(v+n)—k(2n+a)
> 4dn2n+a—2)(r+2)—k(2n+a)
> (2n+a) %%%Q@+m—k

(4+a)k
> 0 as(v+2)> 101a)

Next, we prove that {a,},>2 is a convex decreasing sequence. For this, we show

To show a,, —

where

Unt2 = Gpy1 = Qg1 — G (V02> 2).

k"0 (v +1)
2a. 47~ nlT(v +n + 1)

Ap — 2CLnJrl =

Y (n),

Y(n)=2n2n+a—-2)(v+n) —k(2n + a).

To show Y'(n) > 0 for all n > 2, we use the inequality

Now,

2n(2n+a—2) > @(271—1—@) (n>2,a>0).
Y(n) = 2n(2n+a—2)(v+n)—k(2n+a)
> %(Qn—i—a)(z/—i—m—k(%—i—a)
= (2n+a){%(u+2)—k}20 as(u+2)2%.

In view of Lemma 1.3, we have

%{Zanznl} > % (z e D),
n=1

which is equivalent to

m{ﬂf@}>%,@emy

z

This proves the Theorem 2.3.

2ap4+1 + Gnyo is positive, we show that, the difference of first two term, which is equal to

(2.4)

(2.5)
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Corollary 2.4. If v > 4(2+ )
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—2,a>0andk >0, then the sequence

{ k"(2n + a)l'(v + 1) }Oo
a. 4" n!T(v+n+1) 1

s a subordinating factor sequence for the class K.

Proof. Result directly follows in view of Theorem 2.3 and Lemma 1.5.

3k [ 4+a
Theorem 2.5. If v > < (2+_a

Proof. From (1.7),
(Ra k

So taking

)—2,a>0andk>0th6n

R{(RLH()} > 5 (= € D).

_1+Zk" ! 2n+a—2)I‘(V—|—1)

A (p = DIT (v +n)

k" tn2n+a —2)L(v + 1)
a. 4"t (n—1DIT (v +n)

[

and proceeding similarly as in Theorem 2.3, we get the proof.

Corollary 2.6. Ifv > 2 (4+a) k—2 and k,a > 0, then

2+

{k"(n +1)2n+a)l(v+1) }Oo
a. 4" nT'(v+n+1) el

a subordinating factor sequence for the class XK.

Proof. Result directly follows in view of Theorem 2.5 and Lemma 1.5.

Theorem 2.7. Ifv > 2|c| -1

Proof. To prove this theorem, we use the well-known triangle inequality and the inequalities

a.4m2§[2m2+m(2+a)+a],

we have,

|(r ) (2) = 1]

Under the hypothesis, 0 < g <

Theorem 2.8. Ifv > 2|c| — 1

— _ 3l
fOT ﬁ  2v42—|c|”

2
o = —arcsin | G1/1
m

and a > 1, then r%(z) is convex in Dy /5.

v+ 1)m

|
]2

n—

[2m% + m(2 + a) + a |¢|™

a. 4mml(v + 1),

IA
ol 3
\MS
[\

3
L
==
N
=
3

1, and in view of Lemma 1.6, rg¢(z) is convex in Dy 5.

and a > 1 then r®(z) € 8§*(a), where
[ + —

N

1

>@w+D™ ml>2""1 (meN),

2™

(2.6)

(2.9)

(2.10)
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Proof. In view of Theorem 2.7, we conclude that

(r&°)(z) <1+ Bz ze€D.

which gives
larg(r&¢)’(z)| < arcsin 8, z € D. (2.11)

Using Lemma 1.7, for F(z) = (r»€)'(z) and G(z) = 1+ Bz with n = 0, we get

v

) 1418, e,
z 2
consequently
arg (#)‘ < arcsin g, z e D. (2.12)

Now from (2.11) and (2.12), we conclude that

o (ZELED) | arg (155 )+ (02|

7 (2)

IN

< arcsin 5 + arcsin 3
: BB 2
- : Ji-2 42 1-
arcsin | 8 1 + > 8
i.e. 19°(2) € g*(a), for « given in (2.10). O

Corollary 2.9. Letv>2|c|—1,0<a<1,a>1 and

3c| o |3 AT

— = i 2.13
b= a1 162+9 (2.13)

where | = sin (%F). Then r&°(z) € g*(a),
Proof. If we put 8 from (2.13) to (2.10), we obtain «. O

Putting @ = 1 in Corollary 2.9, we get

3|¢| 2
l=1=2f=———"-"—=—.
h 20+2—1c 5
Corollary 2.10. If
) |c|(3\/52— 2) —4’

then r&¢(z) € 8*.
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