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The Existence of Renormalized Solution for Quasilinear Parabolic Problem with Variable
Exponents and Measure Data

Fairouz Souilah, Messaoud Maouni, Kamel Slimani

ABSTRACT: In this paper, the study of the existence of a renormalized solution for quasilinear parabolic
problem with variable exponents and measure data. The model is:

ur — div(|[VuP® 2 vu) + AuP®2u=p in Q=0x]0,T],

u=20 on X =0900x]0,T],

u(,0) = uo(.) in

where A > 0 and T is any positive constant, up € L' and for any measure with bounded total variation over
Q that do not charge the sets of zero p(.)-capacity.
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1. Introduction

Variable-exponent Lebesgue and Sobolev spaces are the natural extensions of the classical constant
exponent Lp-spaces. This kind of theory finds many applications, for example in nonlinear elastic me-
chanics, electrorheological fluids dynamics, and image restoration etc. We refer the readers to [10].

In the classical case (p(.) = 2 or p(.) = p (a constant)), we recall that the notion of renormalized solutions
was introduced by Di Perna and Lions [11] in their study of the Boltzmann equation. It has been studied
by many authors under various conditions on the data the existence and uniqueness of the renormalized
solution for parabolic equations with measure data in the classical Sobolev spaces (see [5], [7],[17] and
[20]). In Sobolev space with variable exponents, the authors in [9] have proved the existence of entropy
and renormalized solutions for strongly nonlinear elliptic equations in the framework of Sobolev spaces
with variable exponents and in 2014, Chao zhang [22] provides the existence and uniqueness of entrpy
solution for p(x)-Laplace equations with a Radon measure which is absolutely continuous with respect
to the relative p(x)-capacity. The corresponding parabolic case equations in [12] have proved the exis-
tence of renormalized solutions for a class of nonlinear parabolic systems with variable exponents and,
for the corresponding parabolic equations with L! data, the authors in [8] have proved the existence
and uniqueness of renormalized solution to nonlinear parabolic equations with variable exponents and
L' data. Chao Zhang and Shulin Zhou in [23] proved the existence and uniqueness results renormalized
solutions and entropy solutions for nonlinear parabolic equations with variable exponents and L' data.
The purpose of this article is to study the existence of renormalized solutions u to the quasilinear parabolic
problem involving the p(z)-Laplacian type operator
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up — divA(z, t, Vu) + Blu) = in Q= 02x]0,T],
u=0 on X =00x]0,T, (1.1)
u(.,0) = uo(.) in  Q, ‘

where Q be a bounded-connected domain of RY, (N > 2) with lipshitz boundary 9Q and Q = Q x]0, T
for any fixed T > 0. Let p : © — [1,+00) be a continuous real-valued function, let p~ = min__g p(z)
and pt = max, g p(z) with 1 < p~ < p* < N. The operator —divA(z,t, Vu) = —div(|Vu["™ 2 Vu)
is a Leary lions operator (see assumption (4.1)-(4.3)), and B : R — R with B(u) = A |u["™ 2w is as
continuous increasing function for A > 0 and B(0) = 0.

The existence of renormalized solution for quasilinear parabolic problem with variable exponents and
measure data of (1.1), prove in clasical Sobolev space [20] in case where u = b(u), b(ug) € L'(Q) with
b:R — R is a increasing C'-function and b(0) = 0, for every u is diffuse measure and also the purpose
of this paper is to extend the results in [1] to the case of parabolic equations.

In the following section 2 is to recall some basic notations and properties of variable exponent Lebesgue-
Sobolev space. Section 3 is to introduce some basic knowledge on p(.)-parabolic capacity and properties
of measures. Section 4, is devoted to set the main assumption, to the definition of renormalized solu-
tions of (1.1). Section 5 is prove that the formulation of renormalized solution does not depend on the
decomposition of p. Finally, to prove the main result of this paper (Theorem (5.1) ), on the existence of
a renormalized solution.

2. The Functional Spaces

We recall some defnitions and basic properties of the generalized Lebesgue-Sobolev spaces L”(')(Q),

Wrl)(Q) and Wol’p(')(ﬂ), where  is an open set of RY. To refer to Fan and Zhao [13] for further
properties of Lebesgue-Sobolev spaces with variable exponents. Let p : @ — [1,+00) be a continuous
real-valued function, let p~ = min__gp(z) and p* = max__gp(x) with 1 < p(.) < N. To denote the
Lebesgue space with variable exponent LP() () as the set of all measurable function u : Q — R for
which the convex modular

Py (1) = / ulP™ da, (2.1)
Q

is finite. If the exponent is bounded, i.e, if p™ < +oo, then the expression

p(x)

u(x) de < 1

, (2.2)

ooy = inf > 0; /
Q

defines a norm in LP() (Q) called the Luxemburg norm. The space (LP)(Q); |.|| »(.)) is a separable Banach

space. Moreover, if 1 < p~ < pT < 400, then LP()(Q) is uniformly convex, hence reflexive and its dual
space is isomorphic to L”()(Q), where ﬁ—i—ﬁ =1, for x € Q. The following inequality will be used
later:
. P p*
min {ull} gy 1000 0 } (2.3)

= - +
< / (@)™ da < max { |l o sl o }
Q

Finally, the Holder type inequality

1 1
Juvde] < (54 Yl el (24)
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for all ue LPO(Q) and v € L' (Q). Let
Wirl)(Q) = {u e LPO(Q); |Vu| € Lp(')(Q)} , (2.5)
which is Banach space equipped with the following norm

e, =l + 11Vl - (2.6)

1,p(.)

The space (W10 (Q); [l 5(.)) is a separable and reflexive Banach space. The manipulation of the
generalized Lebesgue and Sobolev spaces is plays and important role using the modular Pp(.) of the space

LP)(Q). The results as follows:

Proposition 2.1. If u,,u € Lp(')(Q) and p+ < +00, the following properties hold true.

; +
(i) llull > 1= [ul”

-
P () < ull”

.o +
(i) Iull | < 1=l < py () <l
(iii) ||u||p(.) <1 (respectively = 15> 1 )= p,)(u) <1 (respectively = 1;> 1),
w) ||un — 0 (respectively — +00 )<= p,\(un) < 1(respectively — +00),
p(.) p(.)

o () -1

For a measurable function u : Q — R, we introduce the following notation
— p(z) d v p(z) d
Prpcy = [ lul z+ [ |Vul .
Q Q

Proposition 2.2. Ifu € Wl’p(')(Q) and p+ < 400, the following properties hold true.

< 1 p(y () < lull}

1,p(.)

. P+
(@lull, > 1= [l | "
(i) ul] < p1py (W) < ¥

<1=|jul"”
()| ul], o <1 (respectively = 1;> 1)< py ,,()(u) < 1 ( respectively = 1;> 1).

1,p(.) 1,p(.)

Extending a variable exponent p : Q — [1,+00) to @ = Q x [0,T] by setting p(x,t) = p(x) for all
(z,t) € Q. We may also consider the generalized Lebesgue space

LPO(Q) = { u: Q — R mesurable such that | |u(z,t)["™ d(z,t) < oo b,
Q

endowed with the norm

p(x)
d(z,t) <1,

u(z,t)
i

lull o (g = inf { 1> 0; /
Q

which share the same properties as LP()(Q).
3. The Inportance of Parabolic Capacity And Measures
3.1. The Parabolic Capacity

The relevant notion in the study of problems as (1.1) is the notion of parabolic p(.)-capacity. Let
Q = Q x]0,T[ for any fixed T > 0. We recall that for every p > 1 and every open subset U C @, the
p(.)-parabolic capacity of U is given by (see [16])

capy(y(U) = inf {HUHW,,(,)(O,T) cu € Wpy(0,T),u > Xy a.e in Q} ,
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where
W, (0,T) = {u € L7 (0,7 V), Vu € (LPO(Q)N, u € LP) (0, T V’)} ,

being V = Wol’p(')(Q) NL2(Q) and V' its dual space. As usual W,y(0,T) is endowed with the norm
el oy = Nl om oy + 190l o @y + Tty o ey
The p(.)-parabolic capacity capp is then extended to arbitrary Borel subsets B C () as
capy()(B) = inf {cap,,(U) : BC U and U C Q is open }.

3.2. The Measures

Let M(Q) denotes the set of all Radon measures with bounded variation on Q). Moreover, as already
mentioned, by M (Q) we will denote the set of all measures with bounded total variation over @ that do
not charge the sets of zero p(.)-capacity, that is, if u € M(Q), then u(E) = 0 for every Borel set E C @
such that cap,)(F) = 0.

In [16] the authors also proved the following decomposition theorem:

Theorem 3.1. Let pu be a bounded measure on Q. If p € Mo(Q), then there exists (f; F;g1;92) such
that f € L'(Q), F e (L"O(@Q)", g1 € LW (0, T;W=1'0(Q)),
go € LP)(0,T;V) and

T T
/apdu:/fdxdt—i—/FVgodxdt-l-/ (91,)d / (¢1,92)d (3.1)
Q Q Q 0 0

for any ¢ € C°(]0,T] x Q). Such a triplet (f, F, g1, g2) will be called a decomposition of fi.

Note that the decomposition of p is not uniquely determined.
In the proof of that result the density will be used as an argument, and so the following preliminary
result can be found, for instance, in [16].

Proposition 3.2. Let p € My(Q). Then there exists a decomposition (f; F';div(G); g) of ju in the sense
of Theorem (3.1) and an approximation p® of u satisfying the following conditions:

pe € C2(Q); 114Nl La gy < € (3.2)
T
uSodrdt = | ffodrdt + | FEVedxdt + [ (div(G®), @) dt
s e
T
/ (o, g°) dt, Yo e C(Q), (3.3)
0
and
fee () fe=1r LYQ), v
Fre (@)Y o (L0Q)
Ge(Er@)": Foa gLP’<->(Q>)N,
9° € C(Q) 9 =g L0, T[;V),

as e — 0.
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Here are some notations that be used throughout the paper. For any nonnegative real number k
denoted by T (r) = min(k; max(r; —k)) the truncation function at level k. By using (.,.) mean the duality
between suitable spaces in which functions are involved. In particular to consider both the duality between
Wol’p(') (Q) and W—12"0) (Q) and the duality between Wol’p(') (Q) N L*®(Q) and W12 0) (Q) + L (Q).
Note that the formulation of a renormalized solution does not depend on the decomposition of u. The
proof of this fact relies on the following result.

Lemma 3.3. Let p € Mo(Q), and let (f; F;g1;92) and (f; F; g1; g2) to be two different decompositions

of w according to Theorem (3.1). Then we have (g2 — g2): = [ — [+ F — F + g1 — ¢1 in distributional
sense, g — G € C(10, T L)) and (g2 — §2)(0) = 0.

Proof. See [16], Lemma 4.6. O

4. The Main Assumptions And The Definition of Renormalized Solution

Let © be a bounded open set of RN (N > 2), T > 0 is given and we set Q = Q x ]0,7], and
A:Q x RY — RY be a Carathéodory function, such that for all £,n7 € RV, ¢ #n

Al 1,€) € > algf, (4.1)

A, 6] < 8 bl ) +1g" ], (4:2)

(-A(J?,t,f) _‘A(matvn))(f_n) > 07 (43)

ne MQ(Q), (4'4)

ug is a measurable function in 2, such that ug € L*(Q). (4.5)

Where 1 < p~ < pt < +00, a, 8 are positives constants and b is a nonnegative function in L ()(Q). And
B : R — R is a continuous increasing function with B(0) = 0.
The definition of a renormalized solution for Problem (1.1) can be stated as follows.

Definition 4.1. Let p € My(Q) and 2 — Nl <p <pt <N, let uy € L' (Q), (f; F;div(G);g) a
decomposition of . A measurable function u defined on Q is a renormalized solution of problem (1.1) if
Ti(u—g) € L (0, T[; Wy (Q)) for any k >0, B(u) € L' (Q), (4.6)

and v=u— g € L (10,T[; L' (2)) N L¢ (10, T[; W) ()), (4.7)

for all continuous functions q(x) on Q satisfying q(z) € [1,p(x) — NLH) for all x € Q,

lim / |VulP@ dadt = 0, (4.8)

n—00
{n<lu—g|<n+1}

and if, for every function S € W2 (R) which is piecewise C* and such that S’ has compact support on
R, so

(S(v))s — div(A(x,t,Vu)S' (v)) + S" (v)A(xz, t, Vu) Vo
Bu)S' (v) = fS'(v) + FS'(v) + GS" (v)Vv
_div(GS'(v)) in D'(Q), (4.9)

S)(t =0) = S(ug) in Q. (4.10)

The following are explained as shown below on definition (4.1).
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Remark 4.2. Note that, all terms in (4.9) are well defined. Indeed, let k > 0 such that supp(S’) C [K, K],
let S(u—g) = S(Ti(u—g)) € L (0, T[; Wy P(Q)) and 258=9) ¢ D/(Q). The term S'(u— g)A(z,t, Vu)
identifes with S’ (Ty(v) + g)A(x,t, V(T (v) + g)) a.e. in Q, where v = u—g and v = Ty(v) + g in
{lu — g| < k}, assumptions (4.2) imply that

1S (Th(u — 9))Alz, t, Vu) (4.11)
< B |y |blast) + [V(Tk(0) + 9" 7| aein Q.

Using (4.2) and (4.6), it follows that S'(u — g)A(z,t,Vu) € (LP'O(Q))N. The term
S"(u — g)A(z,t,Vu)V(u — g) identifes with S"(u — g)A(z,t,V(Tx(v) + ¢9))VTr(u — g) and in view
of (4.2), (4.6) and (4.11), to obtain S"(u — g)A(z,t,Vu)V(u — g) € LY(Q) and S'(u — g)B(u) €
LYQ). Finally f S'(u— g) and GS" (u — ¢)VTi(u — g) belongs to LY(Q) and FS' € (LP O(Q)N and
GS'(u—g) € (LPO(Q)N in view of (4.6) and because S’ is a bounded function on R. Also %t_g) €
L@ 10, T[;W=1'0(Q)) + LY(Q) and S(u — g) € L¥ (]0,T; Wol’p(')(Q)), which implies that S(u — g)
£ C(0,THL(%).

Let it first be proven that the formulation of renormalized solution does not depend on the decompo-
sition of p. This fact essentially relies on Lemma (3.3).

Proposition 4.3. Let u be a renormalized solution of (1.1). Then u satisfies (4.6)-(4.10) for every
decomposition (f; F; div(G); g) of p.

Proof. Assume that w satisfies the conditions of Definition (4.1) for (f;F;div(G);g), and let
(f; F;div(G);g) be a different decomposition of p.  Note that since, by Lemma (3.3), then
g—9g € C10,T[; L*()) let u- g € L*(]0,T[; L*(2)), hence it is almost everywhere finite. First of
all to prove that Ty (u —g) € LP (]0,T]; Wol’p(')(ﬂ)) for every k > 0.

Let us introduce a sequence of increasing C*°(R)-functions S,, such that, for any n > 1

supp (S),) C [-(n+ 1), (n+ 1)], (4.12)
157l oo (my < 1-

{ Sp(r) =rif |r] < n,

To choose as test function Ty (S, (u —g) + g — g) in (4.9) and use Lemma (3.3), to obtain

A+B+D+E=F+1+H+M (4.13)
Where

T
A = [{(Sulu=9)+9-3), TulSu(u—9) +9 - D),

0
B = /S;l(u — g)A(z,t, Vu)VTi(Sn(u — g) + g — g)dzdt,

Q
D - - / S (w— ) A(, £, V)V (1 — g)Th(Sn(u — g) + g — §)dadt,

E = [Siu-9B@TSu(u—g)+g - gdod,
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F

[ (Situ=g) = 1)1+ F) Tu(Sulu = ) +.9 — o,
((Sn.(u = 9) = 1) F + F)VTi(Su(u — ) + g - g)dadt,

((Sh(u—9) = 1) G +G) VTi(Su(u —g) + g — G)dat,

=
Il
O—l O~——0 O0~——1 ©

M Sp(u—g)GV(u = g)T(Sn(u— g) + g — g)dxdt.

By initial condition (4.10) and Lemma (3.3), to obtain

A= /@k (u—g)(T)dx — /@k(Sn(uo))dx, (4.14)
Q
where O (r f Tk (s is a positive Lipschitz continuous function. Using (4.14) and the definition
(4.12) of Sy, leads to
A> —k/|u0| dx, Yn > 1. (4.15)

Let By, = {(x,t) € Q : |Sn(u—g) + g — g| <k}, we have
B = /|S;L(u — 9))? Alz, t, Vu)Vudadt (4.16)
Ej

— /|S’ u— g))* Az, t, Vu)Vgdadt

+ /S' (u—g)A(z,t, Vu)V(g — g)dxdt
(4.17)
= B; + By + Bs,
the properties of Sy, and because 0 < S’ < 1 let (S ()" < S (s), (S, (s)® )" < S (s), S (s) <
S (s)* + X{n<|s|<nt1}, tO obtain
B > a / 1S (= g) P [Vul’® dadt (4.18)
Ey

- « / |Vu|P® dzdt.
{n<lol<n+1}

Using (4.1), (4.2), and Young’s inequality, to deduce that
Bl +iml < [o(2) el o (3) Vel (4.19)

IV (= D] + 5 [ ISua =9 [Tul

+ / |VulP® ddt,

{n<lu—g|<n+1}
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and,

Dl+M| < C [anm

+C

{n<lu—g|<n+1}

|Vu[P(®)

Using (4.1) and Young’s inequality, to obtain

[B]+ |F| + | H| + 1] < C [IB)ll 2 + 1l + |

+ [Vl + 1G]

w ())’} (4.20)

dxdt.

(4.21)

B, P E,P

o

5, P(@)(5

1 /
+/ o e |G|P (z)
((2)(5p(2)) 7

1 @
W |Vg|p( ) d{Edt + /
2

5, P(@)(5

D p(z) D p(x)

o
2

1
dxdt + / o o)
(@) p(a) P

1 (@
——a o |vg|P( )

)
dxdt

dxdt

P’ (x)

1 (2)
+/ a (@) |F|p
"(2)(5

5 (@) (5p() T

dxdt-l—/ /( )(gl

+ lluoll ] + a / 1S (= ) [Vul’™ dudt

Ey

+C |VulP® dadt.
{n<lu—g|<n+1}

Using (4.13) to (4.21), we deduce that

o [ 18

Ey

9P [Vulf™ <

)

O IB@)l5e + 1l + | F, + 1615

IV + 193120 + 11

' )
J

{n<lu—g[<n+1}

A

+C

p(x)) 7@

|Vu|P®) dadt.

’F’ dadt

p(x)

(4.22)

oY

el
Lr' ()

)/
) + [luoll 1

e

Using the properties of S,, and the fact that g belongs to LP (]0,T[; VVO1 P (')(Q)), the result that will

be deduced from preceding inequality that, for all n > 1,

[ 19— g vt < .

Q
inequality (2.3) implies that

T

[, min {1 ¥ (Suu

0

g))”i;(ac)(g) V(S (u

< /XEk V(S (1 — g))|P™ dadt < C,
Q

DIk}
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then is Sy, (u—g) is bounded in LP~ (|0, T'[; Wol’p(')(ﬂ)). Since V(T (Sn(u—9)+9—9)) = Xz, V(Sn(u—g)+
g—g) and since g, g € L? (]0,T7; Wol’p(')(ﬂ)), this implies that v, = T (Sn(u—g) + g —g) is bounded in
L (]0,T7; Wol’p(') (2)) and converges, up to a subsequence converge to v weakly in LP~ (|0, T'[; Wol’p(') (),
thus also in D’(Q); but v,, — Tx(u —7) a.e. in Q and is bounded by k, so that v,, — T (u —g) in D'(Q).
Then Ty(u—§) = v € LP~ (0, T[; Wg*Y)(Q)), for all k > 0. To prove that (4.8) holds true for §. Using
the admissible test function 65,(S,(u —g) + g —g) in (4.9) with S = Sy,; 0,(s) = Thy1(s) — Th(s), the
coercive character (4.1) and the use of Young’s inequality it possible to obtain that

a/ 18! (u— g)|* |VulP™®) dadt (4.23)
Fy

IN

i [ (1B]+171+|7]) 0 (S0 (u =9+~ §) doct

Q
+ +
— pr—1 @  PT =115
Q

Fy

p'(z)

+ + / +
pr =1 @ P =1y @ pt -1
C " C ~pla
i - 1 m— |Vg|P( )+ _ 1 - |V |P( )
p(w)(gp(x)) P p(z (§p(x P(@)
+C / |VulP@ dadt + w(n).

{n<Ju—g|<n+1}

Where F,, = {h <|S,(u—g)+g—9g|] < h+ 1}. Taking the limit as n tends to +00 in (4.23), using (4.8)
and the convergence of Xp, 10 X{p<|u—g|<h+1} Shows that for any h > 0.

a / VulP@ dzdt < / |uo| dz: + /c (|B(u)| FIf]+ ’ﬂ) dzdt +
{n<|u—g|<h+1} {luo|>h} {|u—g|>n}
/ ~p'(z) / ~ P’ (z) /
/02 (|G|” @ 4 ‘G’ FIFP® 4 ‘F‘ FIP @ 1 vgr® 4 |vg|”<ff>) drdt,  (4.24)

{h<|u—g|<h+1}

which yields, as h tends to infinity (recall that u — ¢ is almost everywhere finite),

lim / VP dadt = 0. (4.25)

h—o0
{n<|u—g|<h+1}

In the following to prove that the renormalized equation (4.9) and the initial condition (4.10) hold
with ¢ as well. For every function S in W2°°(R) which is piecewise C* and such that S’ has a compact
support and let ¢ € C2°(Q), we chose S'(S,(u — g) + g — g) as test function in (4.9) (with S = S, in
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(4.9) and to Lemma (3.3), the result is:

9)+9—9),5 (Sn(u—9g)+9—9)p)dt (4.26)

S (u— g)A(z, t, Vu)VpS' (S, (u — g) + g — g)dxdt

S (u— g)A(z, t, Vu)V(u — g)S (Sn(u — g) + g — §)pdxdt

Sy (u— g)B(u)S"(Sn(u—g) + g — g)eddt

T
J e
o
/S' Az, t, Vu)V(S'(Sp(u—g) + g — 9))pdxdt
/
/

= [ (Suu=g)=1)f+F) S'(Sulu—g) +g — odudt

Q

+[(Siw=9) = D) F+ F) VoS/(S,(u - g) + g - Fdade
Q

+ [ (Siw=9) = D F+ F) V(S (Sulu—9) +9 - §)pdade
Q

+/ (S (u—g)—1)G+G) S(Sp(u—g)+g— §)Vedrdt

Q
+/((s' (u—g)~1)G+G) V(S (Snlu—g)+g - 7)) pdadt
Q

+ / S"(u— g)GV (u — 9)S'(Sn(u — g) + g — F)pddt.

In what follows to pass to the limit as n tends to co in each term of (4.26). In what follows w(n) stands
for any quantity that vanishes as n diverges. For the parabolic contribution in (4.26)

T
[(Suu=9)+9-00.8 (Sulu=9)+9- Db (4.27)
0
T
— [(SSulu-g)+9-7), ) de
0
T
/S )+9—9)) o drdt = / .. @) dt +w(n).
Q 0
Recall that, since supp(S’) C [k, k] and, supp (S},(v — g)S'Sn(u—g)+9—9)) C
N

in

{lu—g| <n+1,|u—g| <k}; then Vu may be replaced by w = V (Ty41 (u — g) + g) € (LPD (Q))
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all the terms of (4.26). Using the definition of S,,, (S/, — 1 and is bounded by1l), we obtain
[uu = A, t.Vu)VoS (S, (u - g) + g - G
/ 40— ) A1) VoS (S (u — ) + g — §)dads
e /.A (z,t,w)VpS' (u — g)dzdt (4.28)

/A(x, t, Vu)VpS'(u — g)dxdt.

And,

/ S, (1 — )AL, 2, Vi) V(S (Su(u — g) + g — §))pdadt
— i A ) V(S (Sulu )+ g - ) pdoc
= / Az, £, )V (S (u — §))pdudt (4.29)

/A(x, t, Vu)V (S (u — g))pdzdt,

and,

/S’ (u— u)S'(Sy(u — g) + g — §)pdadt
ST /B(u)S'(u — 9)pdzdt, (4.30)

the definition of S}, (S — 0) allows to obtain that

/S” (u—g)A(x, t, Vu)V(u — g)S (Sp(u — g) + g — §)pdxdt
= / 81w — g)A(2,t,w)V (Tesa (u—3) + 7 — 9) (4.31)
Q

p B e
§'(Sn(u—g) + 9~ g)pdzdt — 0,
repeating the arguments that lead to (4.28), (4.29), (4.30) and (4.31), we obtain

[ (Suw=9) =15+ F) '(Sulu ) + g - Ghodoc

Q

e /fS’(u — 9)pdxdt, (4.32)
Q
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/ ((Sh(u=g) = 1) F+ F) §'(Su(u - g) + g — §)Vipdadt
Q

S
WS /FS (u—g)Vpdxdt,
Q

[((Sutu=9) = 1) F+ F) V(S (Sulu—9) +9 - ) pdadt
Q

— /f‘V (S"(u—q)) pdxdt,
n—+o0o
Q

((Sh(u=9)=1)G+G) S'(Su(u— g) + g — §)Vipdadt

QO~—

— [ GS'(u— §)Vedzdt,
~/
[ ((5100-0) - 1G + C) (55— 0) +-9 ) i
Q
o [GV (S ) g,
Q

/SZ(U —9)GV(u—9)S" (Sn(u—g)+g— g)pdrdt — 0.

n—-+oo
Q

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

As a consequence of the above convergence results in a position to pass to the limit as n tends to +oo
in (4.26) and to conclude that w satisfies (4.9) (with g instead of §). It remains to show that S(u — q)
satisfies the initial condition (4.10). To this end, for ¢ € C§°(Q2) we take ¢ = (T — t)3p in (4.26), it

possible to obtain
T

lim [ ((Sn(u—9)+9—9)e, 5 (Sn(u—g)+g—9)p)dt

n—-4oo
0

—l—/fl(t, 2, Vu)VS' (u — g)dzdt + /A(x, t, Vu)V (S (u — g))pdzdt
Q Q

Q Q

+/thV (S"(u — g)) dedt + /FV(pS’(u — g)dzdt
Q Q

+/F<pV (S"(u — g)) dzdt.
Q

—l—/B(u)S’(u — §)pdxdt = 4f5’(u — 9)pdxdt + /GVQDS/(U — g)dzdt

(4.38)
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As far as the parabolic contribution in (4.38) is concerned, since ¢(0) # 0, S, (u — g) = Sp(up) and
(9 —9)(0) = 0 and the integration by parts

((Sn(w—9g)+9=9);,5 (Sn(u—g)+9—7)p)dt (4.39)

(S'Sulu—g) +g—3),r0)dt = / S (S (u0)) 0 (0) de
Q

I
@\ O\’ﬂ O\’ﬂ

S (Sulu = g) + g~ 9) eidadt = - [ 5 (un) ¢ (0)d
Q
- /S(u—ﬁ)tptdxdt—i—w(n).
Q

Secondly, we use ¢ as test function in (4.9) ( with g), then leads to

—/S(u—g)(())dx
Q
—/S (u — g) p,dxdt + /A(x, t, Vu)VpS' (u — g)dxdt (4.40)
Q Q
+/A(x, t, Vu)V (S (u — g))pdzdt + /B(u)S’(u — §)pdxdt
Q Q
= /fS/(u — 9)pdxdt + /GVg@S’(u — g)dxdt
Q Q
+ [ GpV (S"(u — g)) dxdt
!

+ / FVS'(u—g)dzdt + / FoV (S'(u—g)) dadt.
Q Q

From (4.38), (4.39) and (4.40) the conclusion is that [S(u—g)(0)¢dz = [S (ug)vdz; for all ¢ €
Q o)

C§° (), then S (u—7) (0) = S (ug) in Q.
t

5. The Existence of Result

This section is devoted to establish the existence of a renormalized solution.

Theorem 5.1. Under assumptions (4.1)-(4.5) there exists at least a renormalized solution w of Problem
(1.1).

Proof. (of Theorem (5.1)) The proof is divided into 6 steps. In Step 1, we introduce an approximate
problem. Step 2 is devoted to establish a few a priori estimates. In Step 3, the limit u of the approximate
solutions u¢ is introduced and u — g is shown to belongs to L>°(]0, T[; L(2)) and to satisfy (4.6)-(4.7).
In Step 4, the definition of a time regularization of the field Tj(u) and to establish Lemma (5.2), which
allows to control the parabolic contribution that arises in the monotonicity method when passing to the
limit. Step 5 is devoted to prove an energy estimate (Lemma (5.3)). At last, Step 6 is devoted to prove
that u satisfies (4.8)-(4.10) of Definition (4.1).
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e Step 1. Let us introduce the following regularization of the data: for e > 0 fixed
ug are a sequence of C2°(€) functions such that
u§ — up in L'(Q) as ¢ tends to 0.
In view of Proposition (3.2), we can find
p € CR() < 1 ) < € and
pe = f+F° —div(G°) + (¢°),,

and such that
fEeC(Q): f¢— fin L' (Q) as ¢ tends to 0,

, N
FFeCr(Q): F° = F in(L” (')(Q)) as ¢ tends to 0,

G5 e C®(Q): G = Gin ( LP’<~>(Q))N as ¢ tends to 0,
9" €CX(Q):¢9° = gin LP~ (J0,T[;V) as ¢ tends to 0 .
Let us now consider the following regularized problem
(u®), — divA(z,t, Vu®) + B (u®)
= [T P din(GF) + (g°), in Q,
u®=0on |0,T[ x 09,
u® (t=0) =ug in .

As a consequence, proving existence of a weak solution u® € L? (0,7} Wol’p(')(ﬂ)) of (5.

an easy task (see [15]).
o Step 2 Using Tj(u® — ¢°) as a test function in (5.7) leads to

/Tk(u —g)(t dx—l—//flxtVu YWVTi(u® — g°)dxds

// Tku—g)dxds—//fsTku—g)dazds

-|-//F€VT;€(U6 - ge)dxds//GEVTk(ue — ¢)dxds
0Q 0
—|—/Tk(u6)dx,

Q

T

for almost every ¢ in (0,7'), and where Tj(r) = [T} (s)ds. Using assumptions (4.1)-(4.2

0
definition of T (r) in (5.10), to obtain

/Tk(us —¢°)(t)dz + a/ |V [P dads
Ey

Q

<kl i) + 1B @)1 ) + B / b(t,z) Ve dudt

8 / V| [Vg| dads + k|ug] 1 o

(5.1)

(5.8)
(5.9)

7)-(5.9) is

) and the

(5.11)
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where Ej, = {(z,t) € Q : |u® — ¢°] < k}, using young’s inequality, we get

7 pt—1 (@)
/Tk(ue —¢%)(t)dx + (a - B p ) / |Vus|"" dxds
Q

Ey

< klefllpg) FERIB @)Ly + BlIbI o) IV oo )

B «
5 Vg ddt + k |ug] 1) -
Ey

Also, to obtain

e[ B dedt < kg
{(z,t)eQ:|us—g=|>k}

+6 HbHLP'(-)(Q) ||V9€||Lp<-)(Q)

B .
+p—+/|vg€|”< ) dudt + k[0S 1
Ey

15

(5.12)

(5.13)

Now, let T (s — Ti(s)) = Tk,1(s) and take Ty 1(u® — g°) as test function in (5.7). Reasoning as

above, using that VT 1(s)

IV (uf — ¢°) "™ dadt

{k<|us—g°|<k+1}
SCk/ lug| dz + Clk / B(uf)| dudt

|ug|>k |us —g=|>k

+Ck / 5| dadt + C( / |FeP'® dpdt

|us—g®|>k |us —ge|>k
+ / IG[P' @) dzdt) < C,
|us—g¢|>k

inequality (2.3) implies that

o\'ﬂ

< IV (uf — g°)[P™) dadt < C.

{k<|us—g°|<k+1}
From the estimation (5.12), (5.14) and the properites of T}, and u§, we have
u® — ¢ is bounded in L™ (]0,T[; L' (%)) ,

and
u® — ¢° is bounded in L~ (]0, T[;Wol’p(r)(ﬂ)),

by Lemma 2.1 in [8] and by (5.12), (5.14) and si 2 — < p(.) < N, we obtain

1
N+1

v° = u° — ¢° is bounded in L4~ (0, T[; Wy ") (Q)),

VsX{k<|s|<k+1} and appling young’s inequality, we obtain

: - +
X{k<|uc—ge|<k+1} NI {HV(UE —9°)| imm)(g) NV (u — 9€)||Z£p<m>(g)}

(5.14)

(5.15)

(5.16)

(5.17)
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for all continuous variable exponents ¢ € C(Q) satisfying

N(p(x) —1) + p(x)

<
1 <g(x) < Nl ,
for all x € Q. And -
Ty (u® — ¢) is bounded in L (]O,T[; Wol’p(') (Q)) , (5.18)
and by (5.13), to obtain
B(u®) is bounded in L' (J0,T[; L" (€2)), (5.19)

independently of e.
Proceeding as in [2], [3] that for any S € W2°°(R) such that S’ is compact (supp S’ C [k, k])

S (u® — ¢°) is bounded in LP~ (]O,T[; Wol’p(') (Q)) ) (5.20)
and , /
(S (uf — g°)), is bounded in L' (Q) + L) (]0, T w—L#'0) (Q)) . (5.21)
In fact, as a consequence of (5.18), by Stampacchia’s Theorem, we obtain (5.20). To show that
(5.21) holds true, we multiply the equation (5.7) by S’(u — ¢%) to obtain
(S (u® = ¢%)), = div(S" (v® — ¢°) A(x, t, Vu)) (5.22)
—A(z,t, Vu )V (S (u® — g%))
=B (u) §' (v —g°) + £ (v — g°)
+FeS (uf — ¢f) — div (GES' (u® — g%))
+G°V (S (u® —¢%)) in D' (Q).
Since supp(S’) and supp(S”) are both included in [—k; k]; u® may be replaced by (T} (v®) + ¢%) in
{|u® — ¢°| < k}, where v® = u® — ¢g°. To have
19" (uF = g%) Al t, Vur))|
< B8 o (bl t) +1Te(w%) + 677 (5.23)
As a consequence, each term in the right hand side of (5.22) is bounded either in
Lw=) (]O,T[; Ww—Lr'0) (Q)) or in L'(Q), and obtain (5.21).

Now an estimate on a sort of energy at infinity of the approximating solutions. For any integer
n > 1, consider the Lipschitz continuous function 6,, defined through 6,, (s) = Ty41 (s) — Ty (s).
Remark that ||0,||~ < 1 for any n > 1 and that 6,, (s) — 0, for any s when n tends to infinity.
Using the admissible test function 6, (u® — ¢°) in (5.7) leads to

/Z); (W — ¢°) (1) dar + /A(x,t, Vo)V (O, (uF — g°)) dadt
Q Q

—|—/B (u®) 0, (u® — ¢°)dxdt
Q

—|—/F€V (O (u® — ¢%)) dzdt (5.24)
Q

+/G€V (On(u® — g%)) dadt
Q
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for almost every ¢ in ]0, 7| and where é;(r) = [0,(s)ds > 0. Hence, dropping a nonnegative term
0

Az, t, Vu®)Vusdzdt (5.25)

{n<fus—g®|<n+1}

< Az, t, Vu)Vg*dadt — /B (u®) Oy (u® — ¢°)dadt
{n<us—g®|<n+1}
—|—/f€9n(u6 — ¢%)dxdt + /FEV (On(u® — g%)) dadt
Q Q
+/G€v (O (0 — ¢°)) dadt + /Z); (uf) da
Q Q
< B / (16, 6)1[V°| + Vo + Vg P 97| duat

{n<lus—g[<n+1}

+/ |B (u®)] O (u® — ¢°)dxdt + / [ €] On(u® — ¢%)dx
Q Q

+/F€V (On(u® — g%)) dedt + éGEV (O0n(u® — g%)) dadt

Q
—l—/é; (ug) dx.
Q

, (5.25) and applying Young’s inequality, to obtain

~—

Using assumption (5.2

% Vs [P dadt (5.26)
{n<fus"ge|<n+1)
+
pT—1 '(z
{lus g% |2n}
Cy ep(a) e p’ () 0’ (2)
" Sy IV P G e | ot
« /
p(@) (57 (@) P (@)
+ / |B (u®)| dxdt + / |f¢| dxdt
{lus—g|>n} {lus g | 2n}
+ / lug | da.
{lug|zn}

o Step 3 Arguing again as in [[2],[3], [4]] estimate (5.20) and (5.21) implies that, for a subsequence
still indexed by ¢,
u® — ¢g° converges a.e where to u — g in @, (5.27)

using (5.7), (5.18) and (5.23), we get

u® converge almost every where to u in @, (5.28)
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Ti(u® — ¢g%) converge weakly to Tx(u — g)
in 27 (10,71, Wy ™ (9)) (5.29)

, N
X{ur —ge <y At 2, Vuf) = . weakly in (Lp () (Q)) , (5.30)

, N
as € tends to 0 for any £ > 0 and any n > 1 and where for any k£ > 0, n;, belongs to (Lp O (Q))

Since B(uf) is a continuous incrassing function, from the monotone convergence theorem, by (5.18)
and (5.28), to obtain that

B(uf) converge weakly to B(u) in L*(Q). (5.31)

Now establish that u — g belongs to L> (]0,T[; L' (2)). Indeed using (5.12) and [T (s)| > |s| — 1
leads to

/ e — gl (dz < meas(@) + k1l o) + k1B )] 11 o
Q

1 1
T (p—_ T p,—_) 150 1967 2o )

1 1
+ (p— + p,—) IVl Loy @) VUl Loy o)

kw6l 1) -

Using (5.27) and (5.1)-(5.6) , to have u — g belongs to L (]0,7°[; L' (€2)). Now in a position to
exploit (5.26). Since u® — ¢° is bounded in L* (]0,T[; L' (Q)), we get

lim (supmeas {lu® —g°| > n}) =0, (5.32)
>4

n—-+4oo

using the equi-integrability of the sequences |Vg=|P®) |G5|p,(w) , |F5|p,(x) . 115 |B (uf)] and |uf]
in L' (Q2), we deduce that

lim | sup / |Vus [P@dzdt | = 0. (5.33)
g

n——+00
{n<lus—g°[<n+1}
Step 4 The specific time regularization of Ty (u) (for fixed k > 0) is defined as follows. Let (v})) u
be a sequence in L (2) N Wol’p(') () such that [[vf| () <k, Vi >0, and vg — Ti(uo) a.e in
Q with % 106 | o () — 0 @s gt — +o0.

For fixed &k > 0 and p > 0, let us consider the unique solution
Ty(w) € £ (@) n 27~ (10, 7wy ™ ()

of the monotone problem

0T (u),

S 4 g (Ti(w) = Tr(w) =0 in D' (@), (5.34)

Tio(u) (t = 0) = v, (5.35)
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The behavior of Ty (u), as g — 400 is investigated in [14] and we just recall here that (5.34)-(5.35)
imply that

Ti(u), — Ti(u) strongly in LP™ (]O, T[; Wol’p(') (Q))
a.e in, Q as u — +o0, (5.36)

with [| Tk (u)pll e () < K, for any p, and % c L) (]O,T[; WLp'() (Q))
The main estimate is the following

Lemma 5.2. Let v° = u® — g¢°. Let S be an increasing C* (R) — function such that S(r) =r for
r <k, and suppS’ is compact. Then

p—~400 e—0 t’

liminf lim <8; S'(v°) (Ti (%), — Tk(v))> dt > 0,
where here (.,.) denotes the duality pairing between L*(2) + WL () (Q) and L (Q) NV (Q).

Proof. See[4], Lemma 1. O

o Step 5 Here to prove that the weak limit 7, and to prove the weak L' convergence of the "truncted”
energy A (x,t, VT (v®)) as € tends to 0. In order to show this result recall the Lemma below.

Lemma 5.3. The subsequence of u® defined in step 3 satisfies

lim sup/fl (z,t, Vu®) VT (v°)dzdt < /nkVTk(v)da:dt, (5.37)
e—0
- Q Q
iig(l) {A (x,t, Vu;“vs‘g}) —A (x,t, V“X{\u\gk}” (5.38)
Q
X {vu;{wgk} - vum‘gk}} dzdt = 0
n, =A (x,t,VuX“v‘Sk}) a.e in Q, for any k >0, as € tends to 0.
A (z,t, Vu®) VT (v°) = A (z,t, Vu) VI (v)
weakly in L' (Q). (5.39)

Proof. For k > 0, to consider the test function S, (v°) (Tk(ua) — (Tk(u))#) in (5.7), and use the
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definition (4.12) of S, and we definie W = T (uc) — (Ti(u)),,, to get

T
/ u® —g%), .S, (v )VVs dt—|—/S” Az, t, Vu©) VWi dxdt
0
+ / Sy (V%) A(x, t, Vu©) Vo W dadt
Q
+ / B(u®)S,, (v )W dxdt (5.40)
Q
+/ F= S, (v) VW idadt
Q
+/ FES,/{(US)Wlvaadxdt
Q
+/ GES;(UE)VWﬁdxdt

+/ G= S, (v )WV dadt.
Q

Now pass to the limit in (5.40) as € — 0, u — 400, n — 400 for k fixed real number. In order to
perform this task, to prove below the following results for any k > 0

T
s ; e _ € ()€ €
ngl_il_rgahi% ((u® = g%y, S ()W) dt > 0 for any n > k, (5.41)
0
lim  lim lim [ S)/(v%)A(z,t, Vu®)VosWidzdt = 0, (5.42)
n——+oop—+—+ooe—0
Q
. . g / € € —
ngfmg% B(u®)S;, (v )Widrdt =0, for any n > 1, (5.43)
Q
3 s e/ € £ — > .
ugrfoosh—r:%)/ feS, (v )Widadt = 0, for any n > 1, (5.44)
e Q/ € —
#Brfmelg% FeS), (v )VWidzdt = 0, for any n > 1, (5.45)
Q
lim lim [ F°S}/(v*)W; Vv dadt = 0, for any n > 1, (5.46)
p——+ooe—0
Q
e qQ/ € —
ngfooglg(l) G, (v°)VWidzdt = 0, for any n > 1, (5.47)
Q
lim lim [ G°S}/(v*)W;Vodrdt = 0, for any n > 1. (5.48)
p—r+00e—0

Q
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Proof of (91). In view of the definition W, we apply lemma (5.2) with S = S, for fixed n > k. As
a consequence, (5.41) hold true. O

Proof of (92). For n > 1, we have supp(S) C [-(n+1),—n]U [n,n + 1], HW;HLOO(Q) < 2k and
1S L(®) < 1. Using assumptions (4.2) and applying Young’s inequality, we get
/ Sy (v%)A (x,t, V) Vs Wi dadt (5.49)

Q

< (4 / A (z,t, Vu) Vudadt
{n<|ve|<n+1}

e [ (Bl 9 dade,
{n<foel}

for n > 1, using assumptions (5.33)-(5.32) and the equi-integrability of the sequences |Vge|p(w) in
L'(Q), permits to pass to the limit as n tends to +oc in (5.49) and to etablish (5.42) O

Proof of (93). For n > 1 and in view (5.31). Lebesgue’s convergence theorem implies that for any
puw>0andn>1

s g / g €
sh_r}r%) B(u®)S, (v°)W dzdt

Q

_ / B(u)S, (0)(Ti(v) — Ti (v),)dadt. (5.50)

Q

Appealing now to (5.36) and passing to the limit as u — +oo in (5.50) allows to conclude that
(5.43) holds true. O

Proof of (94). By (5.3), (5.27) and Lebesgue’s convergence theorem implies that for any p > 0 and
n > 1, it is possible to pass to the limit for e — 0

tiy [ £, W dede = [ £10)(Tu(0) = T (o), o,
Q Q

using (5.36) permits to the limit as u tends to +00 in the above equality to obtain (5.44). O

Proof of (95). By (5.4), we have

F=S] (v°) = FS/(v) a.e. in Q,and
S, ()] < (n+ DIF| Loy (q) ae in Q-

Let us recal the main properrties of W. For p > 0, W converges to (Tj(v) — Ty (v),,) weakly in
LP~(J0, T[; W, P(Q)) as e — 0. Taking into account that

HW; < 2k for any € > 0, pu >0, (5.51)

||L°“(Q)
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to be able to deduce that

Wi = (T(v) = Tj (v),,)  ae. in@ and

L*(Q) weakly-* as ¢ — 0, (5.52)
also to deduce that
lim FeS,, (v) VW idzdt = /FS;L(U)V(T]C(’U) — T (v),,)dzdt, (5.53)
Q Q

and the strong convergence of Tj(v), to Tx(v) in LP” (0, T[; Wy (Q)) as u — +00, as consequece
(5.45) holds true. O

Proof of (96). For n > 1 and from (5.4), (5.29), it follows that

lim lim [ F©S) (v¥) Vo W idadt

p——+ocoe—0
Q
_ . i —
= HEIJPOO FS(v)Vu(Ty(v) = T (v),, )dzdt = 0.
Q

, N
Proof of (97). Using (5.29) and (5.5) lead to G=S),(v°) tends to GS),(v) strongly in (Lp ¢ (Q))
as € — 0. We deduce that

e—0

lim [ G=S!,(v°)VWEdedt = / GS!(0)V(Ti(v) — T (v),)dadt,
Q Q

for u > 0, by (5.52) and the strong convergence of Tj(v), to Tj(v) in LP (J0,T[; W, P(Q)) as
1 — 400 allows to conclude (5.47). O

Proof of (98). From (5.5) and (5.29), it follows that

e—0

lim [ G*VS) (v°)Widedt = /GVS;Z(U)(Tk(v) =T (v),,)dzdt
Q Q

= 0, forn>1.

O

Now turn back to the proof of Lemma (5.3), due to (5.41)-(5.48), in a position to pass to the
limit-sup when ¢ — 0, then to the limit-sup when y — +00 and to the limit as n — +o0 in (5.40).
Using the definition of W, we deduce that for k£ > 0,

n=+00 stoo =0

lim lim suplim sup/ﬂ(x,t, Vu)S,, (vF)
Q

V (Tr (v°) — T(v),) dzdt < 0.
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Since A(x,t, Vu®)S! (v¥)VTi(v¢) = A(x,t, Vu)VTi(v°) for k < n, the above inequality implies
that for £ < n,

e—0

lim sup/ﬂ(x,t, Vuf) VT (v°)dxdt (5.54)
Q

T noF0 ustoo 0

< lim limsuplim sup/fl(x, t, Vu®)S, (v°)VTg(v),dzdt.
Q

, N
Due to (5.30), A(z,t, Vu©)S;,(v°) = 1,415, (v) weakly in (Lp ¢ (Q)) as € — 0 and the strong
convergence of Ty(v), to Ti(v) in LP~ (0, T[; Wy P(Q)) as u — 400, we get

3 : € / €
#Br}rlmig% Az, t, Vu©)S,, (v°)VT(v),dxdt (5.55)
Q
= /S;l(v)nnHVTk(v)dxdt = /nnHVTk(v)dxdt,
Q Q

for k < n, since S}, (s) = 1 for |s| <n. Now for k < n, we have

S! (v)A(z, t, Vu) = A(z,t, Vu®) a.e in Q.

X{|ve|<k} X{|ve|<k}

Letting € — 0, to obtain
Mt 1X{jo|<k} = MeX{jv|<k} €10 Q@ — {[v] =k} for k < n.

Recalling (5.54) and (5.55) allows to conclude that (5.37) holds true. O

Proof of (88). Let k > 0 be fixed. We use the monotone character (4.3) of A(z,t,£) with respest
to &, to obtain

I¢ = / (.A(x,t,VuEX{lvg‘Sk}) —A(x,t,Vux{Mgk})) (556)
Q

(VUEX{Ivf\gk} - Vux{mgk}) dadt > 0.

Inequality (5.56) is split into 1€ = I + I5 + I where

I = /A(x,t,VUEXW\sz«}Wusxﬂvs\s’c}dmdt’
Q
5 = —/A(x,t,VUSX{\UE|gk})V“X{\v|§k}dxdt’
Q
I = —/A(x,t,VUX{\mgk}) (VUEX{M)EISIC} - VUX{MSIC}) dxdt.
Q

To pass to the limit-sup as ¢ — 0 in If, I5 and I5. Let us remark that v* = u® — ¢g° and
VU X (jvej<hy = (VT]C(’US) —gex{h,g‘gk}) a.e in @, assume that k is such that xyj,|<j; almost
everywhere converges to x|, <} ( in fact this is true for almost every k, see Lemma 3.2 in [6]).
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Using (5.37), we obtain

limI; = lim [ A(x,t, Vu®)VT,(v°)dzdt

e—0 e—0

Q

. £ &
+ il_r}(l) A(x,t,Vu x{|ve|§k})Vg dxdt

Q
< /nkVTk(v)dxdt + /nngx{‘v‘Sk}da:dt. (5.57)
Q Q
In view of (5.29) and (5.30),
sli_rg%lg = —ii_r% A2, t, VU X e <iy) (VTk(v) + Vg) dodt
Q
= - / e (VT3 (v) + Vg) dwdt. (5.58)
Q

As a consequence of (5.6) and (5.29), for all K >0

e
limls = /A(%t, Vuxjvi<iy) (5.59)
Q

(VT]C('UE) + VgEX{\vﬂSk} — VTk(U) + VgX{Mgk}) dedt = 0

Taking the limit-sup as € — 0 in (5.56) and using (5.57), (5.58) and (5.59) show that (5.38) holds
true. 0

Proof of (89). Using (5.38) and the usual Minty argument applies it follows that (5.39) holds true.
[

o Step 6: In this step to prove that u satisfies (4.8)-(4.10). To this end, remark that v = u® — ¢¢
and for fixed n < 0 one has

Az, t, Vu®)Vusdzdt
{n<lus —go|<n+1}
= /A(x, t, Vu®)VTy41(v°)dadt — /A(x, t, Vu®)VT, (v°)dxdt
Q Q
+/A(x,t, VU)X {jve|<nt1y V9 dadl
Q

—/.A(QL‘, t, V’U,E)X{‘Uan} Vgsdxdt.
Q

According to (5.30) and (5.39) one is at liberty to pass to the limit as € tends to 0 for fixed n > 1,
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to obtain

lim / Az, t, Vu®)Vusdzdt (5.60)

e—0
{n<fus—g=[<n+1}

= /A(x, t,Vu)VT, 11 (v)dzdt — /A(x, t, Vu)VT,(v)dzdt
Q Q

—l—/ﬂ(x, t, VU)X o) <nt1y Vgdodt
Q

—/A(x, t, Vu) X {jp)<ny Vgdrdt
Q

= / Az, t, Vu)Vudzdt.

{n<fus—g®|<n+1}

Taking the limit as n tends to 400 in (5.60) and using the estimate (5.33) , that u satisfies (4.8).
Let S be a function in W?2°°(R) such that S’ has a compact. Let k be a positive real number such
that supp(S’) C [—k, k]. Pontwise multiplication of that approximate equation (5.7) by S’(u® — ¢%)
leads to

(S(u® = g)), = div(S' (u® — g°)A(x,t, Vur)) (5.61)

+5" (uf — g°)A(z, t, Vu®)V(u® — ¢°) + B(u®)S" (u® — ¢°)

= 7S — gF) + FS'(uf — ) — div(S'(u" — 7))

+5"(u® — ¢°)G*V (u® — ¢°) in D'(Q).
In what follows to pass to the limit as € tends to 0 in each term of (5.61). Since S is bounded, and
S(u® — ¢°) converges to S(u — g) a.e in @ and in L>(Q) * —weak, then (S(u® — ¢°)), converges to
(S(u® —g¢°)), in D'(Q) as ¢ tends to 0. Since supp(S’) C [k, k], we have S’ (u® — ¢°)A(z,t, Vu®) =
S'(u® —g°)A(z, t, VuT) x|z |<ky a-¢in Q. The pointwise convergence of u° to u as € tends to 0, the
bounded character of S and (5.39) of Lemma(5.3) imply that S’ (u® — g%)A(x, t, Vu®) converges to

, N

S (u — g)A(z, t, Vu) weakly in (Lp (')(Q)) as ¢ tends to 0, because S’(u —g) =0 for [u — g| > k
a.e in ). The pointwise convergence of u® — g° to u — g, the bounded character of S/, S” and
(5.39) of Lemma (5.3) allow to conclude that

S"(uf — %) A, t, Vus) VT (u® — g)
— 8" (u — g)A(x,t, Vu)VTi(u — g) weakly in L'(Q)

as e — 0. The use of (5.31) to obtain that B(u®)S’(uf —g°) converges to B(u)S’(u—g) in L*(Q), and
we use (5.3), (5.4), (5.5), (5.6) and (5.29) and we obtain that f€S’(u® — ¢°) converges to fS'(u—g)

, N
in L}(Q), the term F°S’(u® — ¢g°) converges to F'S'(u — g) weakly in (Lp (')(Q)) and the term

, N
G=S'(u® — ¢°) converges to GS'(u — g) strongly in (Lp (')(Q)) and S”(u® — ¢°)G*V(u® — ¢°)
converges to S”(u — g)GV(u — g) weakly in L*(Q). As a consequence of the above convergence
result, the position to pass to the limit as € tends to 0 in equation (5.61) and to conclude that u
satisfies (4.9). It remains to show that S(u — g) satisfies the initial condition (4.10). To this end,
firstly remark that, S being bounded, S(u® — g°) is bounded in L*>°(Q). Secondly, (5.61) and the

above considerations on the behavior of the terms of this equation show that w is bounded

in LY(Q) 4+ L»)" (10, T[; W17 ()(Q)). As a consequence, an Aubin’s type Lemma ([21], Corollary
4) implies that S(u® — ¢°) lies in a compact set of C°(]0, T[; L*(£2)). It follows that, on one hand,
S(uf — g%)(t = 0) converges to S(u — g)(t = 0) strongly in L*(Q2). Due to (5.1), to conclude that
(4.10) holds true. As a conclusion of Step 3 and Step 6, the proof of Theorem (5.1) is complete.
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