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Fuzzy Controller and Stabilizer on Random Operators

Masoumeh Madadi and Reza Saadati*

ABSTRACT: In a random operator inequality, by the fuzzy controllers, we make stable an approximately
additive odd random operator and find an estimation for such random operators and we solve Hyers-Ulam-
Rassias stability problem for a random operator inequality.
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1. Introduction

Let (T', X, €) be a probability measure space. Assume that (T, Br) and (S, Bg) are Borel measureable
spaces, in which T and S are f-k-NLS and F : T xT? — S is a random operator. First, by a fuzzy control
function we make stable the random operator F' satisfies in the following random operator inequality

v(E(v,t1) + F(v,81) + F(v,p1) + F(v,r1)s - Fi(y, te) + F(7, 81)
+ F(’vak)—’—F(’Yvrk)?T) (11)
> V(F(75t1 +81) —|—F(’y,p1 +T1)a' .. 7F(75tk +Sk) +F(77pk +Tk)7T)'

Next, we get an approximation of F' by an additive random operator.

2. Preliminaries

Inspired by the basic notions of Katsaras’ paper [1], using the concept of Minkowski functionals of
L-fuzzy sets introduced by Hohle [2], and fuzzy metric space by Kaleva and Seikkala [3], in 1988, Morsi
[4] introduced a notion of fuzzy (pseudo) normed spaces. On the other hand, by using the notion of
random normed spaces introduced by Serstnev [5], and studied by Mustari [6], Radu [7], Cheng and
Mordeson [8], Rano and Bag [9] and others, some mathematician defined another version of fuzzy normed
(k-normed) space as the following definition.

Definition 2.1 ([10,11,12]). Suppose that S is a linear space (or real vector space). Let the fuzzy subset
v of 8P x (0,+00) (dimension S = d > k) satisfy

(vl) v(s1,...,8%,7) =0, for 7 <0;

(v2) v(s1,...,8;,7) =1 for 7 > 0 if and only if s1, ..., s, are linearly dependent;
(v3) v(s1,...,Sk,7) is invariant under any permutation of sq,...,s; € S;

(vd) v(ast, ..., 85, T) = v(S1,- ., Sk, ﬁ) if a0 #0;

(v5) v(so + 51,82, ..., 8k, T+ 6) > Nw(so0,82, ..., Sk, S), V(51,52 -+, Sk, T));

(v6) v(s1,...,8k,.): (0,+00) — [0,1] is left continuous;
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(v7) limg—s oo (81, .., 8k, 7) = 1.
Then the triple (S, v) is said to be a fuzzy k-normed linear space or in short f-k-NLS.
For more details see [13,14,15,16,17,18,19].

Example 2.2. Let (S,|.,...,.||) be an k-normed space. Define the fuzzy set v as v(s1,...,8,T) =
exp(—|[s1,. .., skll/T) for s1,...,s, € S and T € (0,+0). So, (S,v) is an f-k-NLS.

Let (T', X, €) be a probability measure space. Assume that (T, Br) and (S, Bg) are Borel measureable
spaces, in which T and S are complete f-k-NLS. A mapping F': I'xT — S is said to be a random operator
if {y: F(v,t) € Bf € X foralltinT and B € Bg. Also, F is random operator, if F(vy,t) = s(v) be
a S-valued random variable for every ¢ in 7. A random operator F' : ' x T" — S is called linear if
F(vy,aty + Bte) = aF(v,t1) + BF (7, t2) almost every where for each t1,t5 in T and «, 3 are scalers, and
bounded if there exists a nonnegative real-valued random variable M () such that

V(F(thl) _F(Py’sl)v"wF(Watk) _F(77Sk)7M(7)7—) 2 V(tl _Sla~~~7tk —Sk,’T),

almost every where for each t;,s; (i=1,...,k) in T and 7 > 0.

Recently, some authors have published some papers on approximation of functional equations in
several spaces by the direct technique and the fixed point technique, for example, fuzzy Menger normed
algebras [21], fuzzy metric spaces [22,23,24], fuzzy normed spaces [25], non-Archimedean spaces [26],
random multi-normed space [27], see also [28]. Also, we suggest some papers some ones can prove their
stability with fuzzy control functions [29]-[41].

Note that, a [0, oo]-valued metric is called a generalized metric.

Theorem 2.3 ([42,43]). Consider a complete generalized metric space (T,8) and a strictly contractive
function A : T — T with Lipschitz constant < 1. So, for every given element t € T, either

S(A™t, A"Tt) = o

for each n € N or there is ng € N such that
(1) 6(A™t, AnT1t) < oo, Vn > no;
(2) the fized point s* of A is the convergent pomt of sequence {A"t};
(3) in the set V.= {s € T | 6(A™0t,s) < oo}, s* is the unique fized point of A;
(4) (1 —5)d(s,s*) < (s, As) for every s € V.

3. Main results

In the main theorem, first, we introduce a fuzzy controller function, this function make stable the
random operator F'. Next by fixed point technique we get a linear approximation from mentioned random
operator.

Theorem 3.1. Let (T, %, &) be a probability measure space. Let T be a vector space and S be a f-k-NLS.
Suppose that F: T x T — S is an odd random operator holds the next inequality

V(E(v,t1) + F(v.s1) + F(v,p1) + F(v,m1),- - (3.1)
F(y,te) + F(v,sk) + F(v,pr) + F(v,7%),7)

> NwF(y i+ s1+pr+r)- FOy,te+ sk + pe +75),7)
(b1, by 1, Sk DLy S Pk Ty 5 TS T) )

for each t;,s;,pi,ri € T (i = 1,---,k), v € I',7 > 0, in which ¢ : T*" x (0,00) — J is called fuzzy
controller function. If there exists 0 < B < 3 such that

go(tla"' 7tk7515"' ySks D1y s PkyT1y "0 ,T'k,T)

3
Z 2] (3t1;' o 73tk73517" : 735k73p15' o a3pk737’1;' 37’k, BT> (32)
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ti,si,pi,7i €T (i=1,--- k). So, there is a unique additive random operator Q : T'x T — S satisfying
V(F(,Y7t1) - Q(77t1)7 X} F(77tk) - Q("}/,tk), T) (33)
3_
Z So(tla"'atkvtla"'7tk7t17"'atka_3t1a"'a_3tk7 ﬁBT>

foreacht,eT (i=1,---,k),y€T and 7 > 0.
Proof. Consider the set B := {K :I' x T'— S} and the generalized metric on B as,
5(Ka H) = lnf{A € R'F : V(K(ryatl) - H(77tl)a aK(77tk) - H(’Yatk))T)
Z Qo(tl, 7tk7t17"' 7tk;tla"' atk’;_gtla"' 7_3tk7§);th eT (Z = 1) 7k)57 S F}

Now, we show that (B,d) is complete. Consider the Cauchy sequence {H,} in (B,d). Let ¢ > 0. So,
there is an integer ¢g > 0 such that §(H,, H;) < € for all 3,£ > £y. Then, there is A € (0, ¢€) such that

V(H](ryvtl) - He(r)/a tl)a ---7H](75 tk) - HZ(’thk)a T) (34)
Z Qo(tlv atk’;tla"' 7tk7t17"' 7tk;_3t17"' a_gtkag)
Z Qo(tlv atk’;tla"' 7tk7t17"' 7tk;_3t17"' a_3tkaz)

€

for each 3,0 > lpand t; € T (i = 1,--- , k). Since S is complete, { Hy(7,t;)} converges for each t; € T (i =
1,--+,k). Thus, a random operator H : T' x T'— S can be defined by

H(vy,t) := lim Hy(y,1t) (3.5)
{— 00
for all t € T. Letting £ — oo in (3.4), we have

J > 60 - V(HJ(Vatl) - H(Py’tl)a '~~7HJ(7atk) - H(Wytk)v’r)

Zgo(tlv 7tkat17"' atkatla"' 7tk7_3t17"' 7_3tkvz)
€
= €c {/\ € R-i— : V(K(ryvtl) _H(’thl)v---vK(’}/vtk) _H(ryatk’)vT)
290<t17 7tkat17"' atkatla"' 7tk7_3t17"' 7_3tk7§) 7Vti eT (Z: ]-7 ak)vpye]-—‘}

= 0(H,,H)<e¢
forallt; e T (i=1,--- ,k),y€I',7>0. So, {H,} converges to H in (B, ). Hence (B, d) is complete.
Now, we define the linear mapping A : B — B as,

t
MK () = 3K <% 5) (3.6)
forallt € T and vy € I'. For K, H € B, let Ag, iz > 0 with §(K, H) < Ak, iz. Then,
V(K(’thl) - H(ry,tl)a "7K(77tk) - H(ry,tk))T)
Z 2] (tla"' atkvtlv"' 7tk7t17"' atka_gtla"' a_3tk7L> .
AKH
On the other hand,
V(A(K(Py’ tl) - A(H(P% tl))v ceey A(K(’Y, tk) - A(H(Wa tk))a T) =
tl tl tk tk
K — | —3H —],....3K — )| —-3H —
v(3 (% 3> 3 (% 3>, 3 (% 3> 3 (% 3),7)

t1 tr 11 tr t1 125 T
> _a"'5_7_5"'7_7_7"'5_5_ta"'a_ta— )
‘p<3 33 3773 3 g )
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forallt; €T (i=1,---,k),y € [,7 > 0. This means §(AK, AH) < S\ gr. So, S(AK,AH) < 55(K, H)
for each K, H € B. Then, A is a strictly contractive on B with the Lipschitz constant 0 < % <1.

Putting s1,- -+ ,8g = p1,-+ ,pk =t1, - ,tx and r1, - ;7 = =31, -+, —3t, in (3.1), we get
V(3F(77t1) _F(753t1)573F(77tk) —F(’y,?)tk),T) (37)
2 So(tla 7tk7t17"' 7tkat17"' atka_gtla"' 7_3tk77—)

forallt; e T (i=1,---,k),y€T and 7 > 0. So

tq tr t1 tr t1 ty,
> R P T ' T ) o0 ) ) tv"'v_tv
= <3 3 33 30 "1 ”)
3T
ZQO tl;"'atk’vtlv"'7tk7t17"'atk;_gtla"'a_gtkvﬁ

forallt; €T (i=1,---,k),ye€T,7>0. So,

S5(F,AF) <

Wl

<1

Now, Theorem 2.3 implies that the sequence {A™F'} converges to an unique additive fixed point @ of A,
ie.,

Q1) i= lim 3"F <% 31)

n—oo

and Q(v,3t) = 3Q(y,t) for each t € T. Moreover,

5(Q.F) £ —50(AR.F) <
3

P
3-0’
$0, (3.3) holds. O

In the next corollary we get a better error estimation of main result of [44,45].

Corollary 3.2. Let (I, X, €) be a probability measure space, let T be a k-normed space and S a f-k-NLS.
Suppose that F : T’ x T — S is an odd random operator and there is a constant 1 > 0 and j € R such that
47# 1 and F holds in the nest inequality

V(F(’thl) +F(7581) +F(77p1) +F(75r1)7" ) (38)
F(’Yatk) +F(77Sk) +F(r)/apk) +F(75rk)77—)
2 /\{V(F(%tl +s1+tpr+r1),, F(y, e+ sk + pe +11), T)

_7’(||t17"' ’tkHJ”Sl"" vSkHJlev"' vpk”J”Tlv"' ’rk||]))}

» exp( -

for all t;,s;,pi,r; € T,ve€,7>0. So, there is a unique additive random operator Q : T’ x T — S such
that

V(F(P)/vtl) - Q(Vatl)’ "'7F(7’tk) - Q(’thk)ﬂ—) (39)
3*3J1||t1’ - ,tk||4]
S T

forallt;eT (i=1,---,k),y€T.
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Proof. Take the fuzzy controller function ¢ as,

QD(tl,"' 7tkasla"' ySkyP1y 3 PksT1, 0 arkv’r)
— eXp(—ZHtl’“. vtk”j”slv"' vsk”i—”plv"' ,pk||J||7“1"" ’rkHJ)

for all ¢;,s;,pi,mi €T (i =1,---,k),7 >0 and g = 8177, Then, the random operator F' will be stabled.
By Theorem 3.1 we get an approximation of F' by unique additive random operator ) showed in (3.9).
O

In the next Corollary we change the fuzzy controller function to get another estimation.

Corollary 3.3. Let (T, %, €) be a probability measure space, let T be a k-normed space and S a f-k-NLS.
Suppose that F : T’ x T — S is an odd random operator and there is a constant 1 > 0 and j3 € R such that
471 and F holds in the nest inequality

V(F(P%tl) + F(77 81) + F(W@pl) + F("}/,’l"l), ) (310)
F(’Yatk) +F(Py’sk) +F(77pk) +F(Py’71k)v7—)
> AN(F(v,ts+s14+p1+71),- -+ F(v, b + sk + i +75),7)

_Z(Htla"' atk||j+ ||817"' 58k||j+ ||pla"' 7pk||j+ ||T17"' ark||J)
T

)}

for all t;,s;,pi,mi €T (i=1,---,k),v € I'. So, there exists a unique additive operator @ : I' x T — S
such that

; exp(

V(F(77t1) - Q(rya tl)a 7F(75 tk) - Q(’Y,tk),T) (311)
(3 + 37 el fta, -, t]|?
= oxp(= 81— 3|7 )

oreveryt; €T (i=1,---,k),y€T and 7 > 0.
Proof. Take the fuzzy controller function ¢ as,
(p(tlv"' atkaslv"' ySkyP1y " s PkyT1 " 7776;7-)

7’(||t1"" vtk||j+ ||817"' ’sk||j+ ||plv"' vpk||J+ ||7n17"' ’rkHJ)
T

)

= exp(—

for all ¢;,s;,pi,mi €T (i=1,---,k), 7 >0 and 8 = 8177. Then, the random operator F' will be stabled.
By Theorem 3.1 we get an approximation of F' by unique additive random operator @ showed in (3.11).
O
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