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Operators in Terms of * and
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ABSTRACT: Through this paper we consider three operators in terms of operators * and % in an ideal
topological space. Many properties of these operators have been discussed. Characterizations of Hayashi-
Samuel spaces are obtained as applications of the properties.
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1. Introduction and Preliminaries

If (X,7) is a topological space and J is an ideal on X, then for A C X, the local function [7] is
defined as A*(J,7) ={x € X : U, N A ¢ T for every U, € 7(x)}, where 7(z) is the collection of all open
sets containing x. A*(J,7) is simply denoted as A*(J) or A*. For the simplest ideals {0} and p(X), we
observe that A*({0}) = cl(A) (cl(A) denotes the closure of A) and A*(p(X)) =0 for every A C X.

The complement set-operator of the set-operator ()* is ¢ [13] and it is defined as ¢(A4) = X \ (X \ A)*.
It is notable that ()* is not a closure operator and ¢ is not an interior operator. However, the set operator
C: p(X) — p(X) defined by C(A) = AU A* makes a closure operator [7,8,16] and it is denoted as ‘cl*’,
that is cl*(A) = AU A*. This closure operator induces a topology on X and it is called *-topology
[6,5,4,9,14,1]. This topology is denoted as 7* and its interior operator is denoted as ‘“int*’.

In the study of ideal topological spaces, two ideals are important: one is codense ideal [3]; and another
is compatible ideal [12]. An ideal J on a topological space (X, 7) is called a codense ideal if I N7 = {0}.
Such type of spaces are called Hayashi-Samuel spaces [2]. Some authors called it 7-boundary [4,11].

In this paper, by using ()* and vy-operator, we introduce some new types of set-operators. These new
set-operators give us new characterizations of Hayashi-Samuel spaces and various relationships between
()* and t-operator. A topological space (X, 7) with an ideal J on X is called an ideal topological space
and is denoted by (X, 7,7).

Lemma 1.1. [7] Let (X, 7,3) be an ideal topological space. The following are equivalent.
1. X* =X,
2. NI ={0},
3. If I €3, then int(I) =0, and
4. For everyU e 7, U C U*.

Lemma 1.2. [10] Let (X,7,9) be a Hayashi-Samuel space. Then for A C X, ¢(A) C A*.
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Lemma 1.3. [/,7] Let (X,7,79) be an ideal topological space, and let A and B be subsets of X. Then the
following properties hold:

1. If AC B, then A* C B*,

2. A* = cl(A*) C cl(A),

3. (A*)* C A*,

4. (AUB)* = A*U B*,

5. IfI €3, then (AUT)* = A* = (A\ I)*,
6. If U € 7, then U C 4(U).

The present authors [15] defined the operators Y, A and A on an ideal topological space (X, 7,J) as
follows: for a subset A of X, V(A) = ¢(A)Ny(X \ A), A(A) = A\ A" and A(A) = ¢(A) \ A, respectively.
Further they have shown that Y(A) =(A4) \ A*.

Before starting the main sections, we consider the following definition from literature:

Definition 1.4. A set-valued set function p : p(X) — ©(X) is said to be grounded (resp. idempotent, sub-

additive, additive) if p(0) = 0 (resp. p(p(A)) = p(A), p(AUB) C p(A)Up(B), p(U;ep A1) = Ujea p(A1)),
where A, B, A; € p(X) for all | € A(index set).

2. The operator A,

We define the operator A; on an ideal topological space (X, 7,J) in the following way: for a subset A
of X, A1(A) = Y(A) UA(A) = ((A) \ A7) U (¢(A) \ A).

For the ideal topological space (X, 7,7), if I = {0} (resp. I = p(X)), then A;(A4) =0 (resp. X) for
every subset A of X.

Lemma 2.1. Let (X, 7,J) be an ideal topological space and A a subset of X. Then Aq(A) = (A)\ (A" N
A).

Proof. A1(A) = (Y(ANAM)UW(AN\A) = (¥(A)N(X\A"))U((A)N(X\A)) = »(A)N[(X\AT)U(X\A)] =
YA N[X\ (A" NA)] =¢(A)\ (A" N A). -
Theorem 2.2. Let (X,7,9) be an ideal topological space. Then following statements hold:
1. for A, BC X, (AU B) D A1(A) UA(B).
for AC X, AL(A) = (A)\ (Y(A) N A* N A).
L for AC X, AL(A) = 9(A) \ (int*(A) N A*¥).
for Uer, AyU) 2 AU).
for U e, Ay (U) 2 A(D).
. for clopen subset A of X, Ay(A) = Y(A).
for AC X, A{(X \ A) = Y(A) UR(A).
Cfor AC X, A(X \ A) D cl*(A) \ A*.

NSRS S~ N O U VO XS

L for J €T, Ay(J) =X\ X*=Y(A).

~
S

for J €3, Aj(X\J) =X\ (X*\J).
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Proof. 1. We know 9(A) \ A* C (AU B)\ A%, p(A)\ A Cp(AUB)\ A, (B)\ B* C¢(AUB)\ B*
and (B)\ B C ¢(AUB)\ B. Then A1(A) UA(B) C [[(AUB)\ A*]U[p(AUB)\ AJJU[[¢(AU B)\
B Uy (AUB)\ B]] C ¢(AU B).
5. A (U) = p(U)\ (Int*(U)NU*) = p(U)\ (UNU*), since U € 7*. Thus, A1(U) 2 (U)\U = A(U).
6. A1(A) = (A)\(int*(A)NA*) = p(A)\ (ANA*), since A € 7*. This implies that A (A) = ¥(A)\ A*
(as A* C cl(A) = A) = V(A).
7. Ay (XN A) = [(XN\A)\ (XN AU (XA (XN\A)] = [(X\ AN (XN A JU[(XN\ A\ (XN A)] =
(P(A)\ A") U (A\ A7) = Y(A) UA(A).
l*(i)?lf(lf\A) YXN\A)\ (int"(X\A)N(X\A)") 2 P(X\A) \int™ (X \A4) = (X\A")\ (X \d*(4)) =
9. Au(J) =y(J)
10. A(X\J) =

\(@(J)NnJ*NJ)=(X\X*) = VY(A), since J* = 0.
PN\ [XNT) N (XN T)] = (X\NT)\ (XN (XN T)] =X\ (XN ).

The following example shows that the operator A; is not grounded:

Example 2.3. Let X = {a,b,c}, 7 = {0, X,{0,b}, {c}} and I = {0, {a}, {c},{a,c}}. Then v(0) =
X \ X*=X \ {a,b} = {C}; (Z)* = @ Therefm“e, Al(@) = {C}

Therefore we conclude that the operator A is not subadditive and additive.
The following example shows that the operator A; operator is not an idempotent operator.

Example 2.4. Let X = {a,b,c}, 7 =10, X, {a,b},{c}} and I = {0, {a},{c},{a,c}}. Let A={b}. Then
PY(A) =X \{a,c}* =X\0=X, int*(4) = Any(A) = {b} N X = {b} and A* = {b}* = {a,b}. Thus,
Ai(4) = A\ (AN A7) = X\ ({b}N{a,b}) = X\{b} = {a,c}. Nowip({a,c}) = X\{b}" = X \{a,b} =
{c}, {a,c}* =0 and int*({a, c}) = {c}. Therefore, A1(A1(A)) =¥ ({a,c})\ (int*({a,c})N{a,c}*) = {c}.

Theorem 2.5. Let (X, 7,7) be a Hayashi-Samuel space. Then following statements hold:
1. for AC X, Aq(A) CA*\ A
for AC X, A1(A) C A*.
for AC X, cl(A1(A)) C A*.

2.
3.
4. for AC X, cl*(A1(A)) C A*.
5. for regular open set U, A1 (U) CU.
6. forU e, A (U) =AU).

7. for J €I, Ay(J)=0.

8 for Je€d, Aq(X\J)=

Proof. 1. By Lemma 1.2, A1(A) = (¥(A)\ A*)U (Pp(A) \ A) C (A*\ A*) U (A*\ A) = A*\ A.
5. Tt follows from Theorem 5 of [4] that A (U) = (U)\(UNU*)=U\(UNU*) CU.
6. By Lemma 1.1, Ay (U) =(U)\ (UNUT*) =¢(U)\U = AU).
7. From Theorem 2.2(9), A1(J) = X \ X* =0, since X = X*.
8. The proof is obvious from Theorem 2.2(10). O

Theorem 2.6. Let (X, 7,7) be an ideal topological space and J € . If Aj(X \ J) = J, then X** = X*.

Proof. From Theorem 2.2(10) we have A;(X \ J) = X \ (X*\ J). Given that X \ (X*\ J) =J. Then
X*\J =X\ J. By Lemma 1.3, X** = (X*\ J)* = (X \ J)* = X* and hence X** = X*.
t

By the next example, X** = X* need not imply that the space is Hayashi-Samuel.
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Example 2.7. Let X = {a,b,c}, 7 = {0, X,{a}}, I ={0,{a}}. Then X* = {b,c} and X** = {b,c}.
But the space (X, 7,7) is not Hayashi-Samuel.

Theorem 2.8. Let (X, 7,J) be an ideal topological space. Then the space is Hayashi-Samuel if one of
the following conditions hold:

1. for each J €3, A1(J) = 0;

2. for each U € 7, AL(U) = 0.

Proof. 1. A1(J) =X\ X* =0. Then X = X*. Thus from Lemma 1.1, the space is Hayashi-Samuel.

2. A(U) =(OU) \ (int*(U)NU*) =(U)\ (UNU*) =0 (given). Thus U C(U) CUNU* CU*.
This implies that U C U*. Therefore from Lemma 1.1, the space is Hayashi-Samuel. (]
Corollary 2.9. Let (X,7,9) be an ideal topological space. Then following statements are equivalent:

1. The space (X, 7,7) is Hayashi-Samuel;

2. For Je€J, Ay(J) =0;

3. For each U € T, A (U) = 0.

3. The operator A,

We define the operator Ay on an ideal topological space (X, 7,J) in the following way: for a subset A
of X, Ag(A) = Y(A) UR(A) = (1(A) | A7) U (A\ A*).

Lemma 3.1. Let (X, 7,7) be an ideal topological space. Then Ay(A) = (Y(A)U A)\ A* for every subset
A of X.

Proof. Ag(A) = ((A) \ A7) U (AN A7) = ((A) N (X \ A7) U (AN (X\ A7) = (H(A)UA)N(X\ A7) =
(P(A) U A)\ A™.
O

For the ideal topological space (X, 7,{0}), the value of Ay on any subset A of X is (). Further, the
value of Ag(A) on the ideal topological space (X, 7, p(X)) is X.
Theorem 3.2. Let (X, 7,7) be an ideal topological space. Then followings hold:

1. Ay(D) = Y(A), for any A C X.

2. Ag(X) = Ag(0) = VY(A), for any A C X.

3. if U € 7", then Ao(U) = (U)\U* = Y(U).

4. if A is clopen, then N(A) C Ag(A) C p(A).

5. if J €7, then Ao(X \ J) = X \ X*.

6. for any AC X, Ax(X \A) = Ay(A).

Proof. 1. Ax(0) = (¥ (D) UD)\ 0* = X \ X* = V( ).

2. Ag(X) = ($(X) UX)\ X* = X\ X* = Ag(0) = V(A).

3. Bg(U) = ((U) UU)\U" = 4(U) \U" (as U C p(U)) = V(U)

4. First, A(4) = $(A) \ A C 9(A) \ 47 C ($(4) U A)\ A° = Ay(A),

Next, we show that Ag(A) C 1(A). Since A is clopen, X \ A is clopen and by Lemma 3.1 (X \ A)* C
d(X\A) =X\ A

Therefore, (A) = X \ (X \A)* D X\ (X \A) =A D A*. Hence A*Up(A) = AUY(A) = (A) and

hence we have Ag(A) = (AUY(A)) \ A* = (A) \ A* CP(A).

5. Dp(X\J) = [P(X\ J) U (X \ )]\ X™ = [(X\J)U(X\J)]\ X+ = X\ X~

6. Aa(X\A) = [y (X\A)\(X\A)*]U[(X\A)\(X\A)*]=[(X\A*)\(X\A)*]U(w(A)\A)=
(WA \ A7) U ((A) \ A) = Ay (A). O
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In general, the operator As is neither grounded, nor isotonic, nor subadditive, nor additive.
Theorem 3.3. Let (X, 7,7) be a Hayashi-Samuel space. Then following hold:

1. Aa(0) = 0.

2. Ao(X) = 0.

3. for AC X, then Ag(A) C A.

4. if A is clopen, then N(A) C Ag(A) C A.

5. ifU €T, then Ao (U) = 0.

6. if J €3, then Aq(J) = J.

7. if J €7, then Ao(X \ J) = 0.

Proof. 1. Ay(0) = (D) \ 0* = X \ X* = 0, since the space is Hayashi-Samuel.
2. Ag(X) =X\ X* =0, since the space is Hayashi-Samuel.
3. By Lemma 1.2, Ag(A) = (Y(A)UA)\ A* C(A*UA)\ A" C A
5. By Lemmas 1.1 and 1.2, Ay (U) = (w(U)UU)\U* C(U*UU)\U* CU*\U* = 0.
6. Since J* =0, Ax(J) = (W(J)U N\ J* = [ X\ (X \J)*]uJ = (X\ X UJ = J.
7. By Theorem 3.2(5), Ay(X \ J) = X \ X* = 0.
[

Theorem 3.4. Let (X, 7,7) be an ideal topological space. Then the space is Hayashi-Samuel if one of
the following conditions is hold:

1. Aq(0) = 0;

2. Ao(X) = 0;

3. for each U € T, Ao(U) = 0;

4. for each J €3, Ag(X \ J) = 0.

Proof. 1. Given that Ag() = Y(A) = X \ X* = 0. Then X C X* and hence from Lemma 1.1, the space
is Hayashi-Samuel.
2. Given that Ay(X) = As(0) = X \ X* = (). Thus from Lemma 1.1, the space is Hayashi-Samuel.
3. For each U € 7, by Theorem 3.2(3), Ax(U) = »(U) \ U* = Y(U) = X \ X*. Since Ax(U) = 0,
X \ X* = 0. This implies that (X, 7,J) is the Hayashi-Samuel space.
4. By Theorem 3.2(5), Aa(X \J) = X\ X* = ). Thus from Lemma 1.1, the space is Hayashi-Samuel.
t

Corollary 3.5. Let (X,7,J) be an ideal topological space. Then following statements are equivalent:
1. The space (X,7,7) is Hayashi-Samuel;
2. Na(0) = 0;
3. Ao(X) =0;
4. for each U € T, Ay(U) = 0;
5. for each J €7, Ao(X \ J) = 0.
Theorem 3.6. Let (X, 7,7) be an ideal topological space and J € I. If Ao(J) = J, then X* = X**.

Proof. Given that Ag(J) = ¢(J)UJ = J. Then ¢(J) C J implies X\ X* C J. Thus, (X\X*)* C J* = (.
By Lemma 1.3, X* = (X \ X*) UX*)* = (X \ X*)* UX* = U X* = X** and hence X* = X**.
U

By Example 2.7, X* = X** need not imply that the space is Hayashi-Samuel.
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4. The operator Ay

We define the operator As on an ideal topological space (X, 7,7) in the following way: for any subset
Aof X, As(A) =nA(A)UAA) = (A\ A")U (¥(A4) \ A4).

For the ideal topological space (X, 7,{0}), the value of A3 on any subset A of X is (). Further, the
value of Az(A) on the ideal topological space (X, 7, p(X)) is X.

Theorem 4.1. Let (X, 7,7) be an ideal topological space. Then followings hold:
1. As(0) = Y(A) for any A C X.
2. As(X) =X\ X*.
3. for U e, As(U) DU\ U*.
4 for JE€T, As(J) = (X \ X*)UJ.
5. forany AC X, As(X \ A) = Az(A).
Proof. 1. As(0) = X \ X* = VY(A) for any A C X.

3. Ag(U) = (U\NUM) U U)\U) 2 (U\U")UU\U) =U\U").

4. Ag(J) = (J\J)U @)\ J) = JUy(J) = (X \X")UJ.

5. Ag(X\ A) = [(X\ A\ (XA TU[@X\NA)\N X\ A)] = @A)\ A U[X\A)\ (X \A)] =
(P(A)\ A) U (AN A7) = Az(A). .
Theorem 4.2. Let (X, 7,7) be a Hayashi-Samuel space. Then following hold:

1. As(0) = 0.

2. A3(X)=0.

3. for any subset A of X, As(A) C AAA* (A stands for symmetric difference).

4. for any open set U € 7, Ag(U) =¢(U)\ U.

5. for regular open set U, As(U) = 0.

6. for J€J, Asz(J)=A3(X \J) =
Proof. 1.2. They are obvious from Lemma 1.1.

3. Az(A) = (A\A*) U (W(A)\ A) C (A\ A*) U (A*\ A) (by Lemma 1.2). Thus Az(A) C AAA*.

5. As(U) = (U\NU*) U (U )\U) =0Up, since U CU* and ¢(U) =U [4]. Thus, As(U) = 0.

6. By using Theorem 4.1(5), Ag(J) = Ag(X \ J) = [(X \ J) \ (X \ /)] URS(X \ )\ (X \ J)] =
[(XND\NXJUIXNT)IN XN D) =PU[(X\0)nJ]=J. -
Corollary 4.3. Let (X,7,9) be an ideal topological space. Then following statements are equivalent:

1. The space (X,7,7) is Hayashi-Samuel;

2. Ag(@) = @;

3. A3(X)=0.

Theorem 4.4. Let (X,7,79) be an ideal topological space and J € 3. If As(X \ J) = As(J) = J, then
X* = X",

Proof. Given that Ag(J) = ¢(J)UJ = J. Then ¢(J) C J implies X\ X* C J. Thus, (X\X*)* C J* =0
and hence X* = ((X \ X*)U X*)* = (X \ X*)* U X** = X** Therefore, X* = X**.
(]

By Example 2.7, X* = X** need not imply that the space is Hayashi-Samuel.
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5. Conclusion

This paper deals three new operators in an ideal topological space which have been induced from VY,
A and A operators. The result of this paper is an application of the above mentioned operators. We also
characterize some more results of an ideal topological space through these new operators Ay, Ay and Ag.
We also consider complement operators of the operator Ay, As and As.
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