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Cayley Approximation Operator with an Application to a System of Set-valued Cayley
Type Inclusions

M. Akram, J. W. Chen and M. Dilshad

ABSTRACT: In this paper, we introduce and study a system of set-valued Cayley type inclusions involving
Cayley operator and (H,1))-monotone operator in real Banach spaces. We show that Cayley operator asso-
ciated with the (H,1)-monotone operator is Lipschitz type continuous. Using the proximal point operator
technique, we establish a fixed point formulation for the system of set-valued Cayley type inclusions. Further,
the existence and uniqueness of the approximate solution is proved. Moreover, we suggest an iterative algo-
rithm for the system of set-valued Cayley type inclusions and discuss the strong convergence of the sequences
generated by the proposed algorithm. Some examples are constructed to illustrate some concepts used in this

paper.
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1. Introduction

It is well known that variational inequalities, complementarity problems and equilibrium problems
are among most important and interesting problems in mathematical analysis. Inclusion problems were
introduced and studied as a generalization of equilibrium problems. Many nonlinear problems arising in
applied sciences such as signal processing, image recovery and machine learning, etc., can be modelled
as an inclusion problem. In recent past, variational inclusion problems have been studied extensively
by number of researchers due to their wide ranging applications to convex analysis, partial differential
equations, optimization, game theory, industry, transportation, mathematical finance, nonlinear program-
ming, economics, ecology, engineering sciences, etc., see; for example, [4,5,6,8,10,11,12,14,19,20,21,22] and
references cited therein. Recently, Luo and Huang [16] and Kim et al. [15] introduced a new class of
(H, ) —n and (H, ¢, 1)-n-monotone operators, respectively in Banach spaces. These operators provide a
unified framework for class of maximal monotone operators, maximal n-monotone operators, H-monotone
operators and (H, n)-monotone operators. Using proximal point operator technique, they studied the con-
vergence analysis of the iterative algorithms for some classes of variational inclusions. Very recently, Ali
et al. [2] studied a Cayley inclusion problem involving XOR-operation. They defined a Cayley opera-
tor associated with a resolvent operator of a rectangular multi-valued mapping and studied convergence
analysis of Cayley inclusion problem.

On the other hand, iterative computation of zeros or fixed points of nonlinear operators have been
studied extensively in the literature, see; for example, [1,3,7,13,23,24,25,27]. Zhang et al. [26] introduced
an iterative procedure for approaching a solution of the inclusion problem and a fixed point of a non
expansive mapping in Hilbert spaces. Peng et al. [18] presented a viscosity algorithm for finding a solution
of a variational inclusion with set-valued maximal monotone mapping and inverse strongly monotone
mappings, the set of solutions of an equilibrium problem and a fixed point of a non expansive mapping.
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Motivated by the facts mentioned above, in this paper, we introduce and study an interesting class
of inclusions, namely, system of set-valued Cayley type inclusions involving Cayley operator and (H,1)-
monotone operator in real Banach spaces. We show that Cayley operator associated with the (H,1)-
monotone operator is Lipschitz type continuous. Using proximal point operator technique, we establish
a fixed point formulation for the system of set-valued Cayley type inclusions. Further, existence and
uniqueness of the approximate solution is proved. Moreover, an iterative algorithm for the system of set-
valued Cayley type inclusions is suggested to discuss the strong convergence of the sequences generated
by the proposed algorithm.

2. Preliminaries

Now, we mention some definitions, notations and conclusions which are needed in the sequel.

Let F be a real Banach space, E* be the topological dual of E, with its norm | - || and d be a metric
induced by the norm || - ||. Let (-,-) be the dual pair between E and E* and CB(E)(respectively, 2%)
be the family of all nonempty closed and bounded subsets (respectively, all nonempty subsets) of E and
D(-,+) be the Hausdorff metric on CB(F) defined by

D(P, Q) = max{sup d(z,Q), sup d(P,y)},
zeP yeQ

where P,Q € CB(E),d(z,Q) = Helcfg d(z,y) and d(P,y) = irelfP d(x,y).
Yy x
The normalized duality mapping Jo : E — 28 is defined by
Jo(a) = {f* € E*: (a, f*) = |z||% || F*[| = l|z[|}, Vo € E.

If E = H, a real Hilbert space, then .Jo becomes the identity mapping on E.
Let 8 = {z € E : ||z| = 1}. A Banach space E is called uniformly convex, if for each e € (0, 2], there
exists § > 0 such that

lx — y|| > € implies |\xT_|_y|\ <1-9§,Va,y€S8.

It is known that uniformly convex Banach spaces are reflexive and strictly convex.
A function pg : [0,00) — [0, 00) is called the modulus of smoothness of E and defined by

o+ yll + 1~ y]
p(t) = sup { . — 1l <1, ) <t

A Banach space E is called uniformly smooth, if

i PE®)
t—0 ¢

=0.
A Banach space E is called g-uniformly smooth, if there exists a constant ¢ > 0 such that
pp(t) <ct? ¥t >0,q> 1.

Lemma 2.1. [9] Let E be a uniformly smooth Banach space and J : E — 28" be a normalized duality
mapping. Then

(i) llz+ylI* < [l2[* + 2(y, (z + v)), Yi(z + y) € J(x + y), Y2,y € E;

4 _ 2 2
(ii) (x —y,j(x) —j(y)) < 27‘2/)E(M), where 7 =1/ M,Vm,y c k.
T

Lemma 2.2. [17] Let E be a complete metric space with metric d and T : E — CB(E) be a multi-valued
mapping. Then for any e > 0 and for any xz,y € E, u € T(x); there exists v € T'(y) such that

d(u,v) < (1+6)D(T(x), T(y))-
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Definition 2.3. A single-valued mapping g : E — E* is said to be

(i) monotone, if
(9(x) —g(y),x —y) = 0,Va,y € E;

(i) strictly monotone, if
(9(x) = g(y),z —y) > 0,Va,y € E,

and the equality holds if and only if v =vy;

(iit) §4-strongly monotone, if there exists a constant 64 > 0 such that

(g(x) —g(y),z —y) = §gllz — y||*,Va,y € E;

(tv) Lipschitz continuous, if there exists a constant Ay > 0 such that

llg(z) =gl < Agllz —yll, Vo, y € E;

(v) k-strongly accretive, if there exists a constant k > 0 such that
(9(x) = g(v),i(x =) > kllz = ylI*,Va,y € E, j(z —y) € J(z —y).
Definition 2.4. Let H : E — E*,¢ : E* — E* N : E X E — E* be the single-valued mappings and
M : E = 25" be a multi-valued mapping. Then
(i) M is said to be monotone, if

(u—v,x—y)>0,Va,y € E and Yu € M(z),v € M(y);

(ii) M is said to be H-monotone, if M is monotone and

(H + AM)(E) = E* YA > 0;

(i) N is said to be Lipschilz continuous in the first argument, if there exists a constant oy > 0 such
that
IN(z,-) = Ny, )|l < arllz —yl,Va,y € E;
(iv) N is said to be Lipschitz continuous in the second argument, if there exists a constant ag > 0 such
that
INCG,z) = NGyl < azllz -yl Va,y € E.

Definition 2.5. Let E be a Banach space with its dual E*. Let H : E — E*,¢ : E* — E* be the
single-valued mappings. A multi-valued mapping M : E = 25" is said to be (H,)-monotone, if (1) o M)

is monotone and
[H+ My oM)|(E)=E".

Theorem 2.6. Let E be a Banach space with its dual E*. Let H : E — E* ¢ : E* — E* be the single-
valued mappings such that H is strictly monotone and M : E = 25" be an (H,))-monotone mapping.

Then the mapping [H + X(¢p o M)]™1 : E* — E is single-valued.
Proof. For any given z* € E*, let u,v € (H + M o M)~!(z*). Then, we have

and
1
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It follows from monotonicity of (¢» o M) that

1
et = Hw) = (@" — H(v),u~v) 20
which implies that
1
X(—H(u) +H@),u—v)>0
Since H is strictly monotone, we have

1
X(H(u)—H(v),u—v) > 0.

It follows from (2.1) and (2.2) that u = v. Thus, [H + A(¢) o M)]~! is single-valued.

Definition 2.7. Let E be a reflexive Banach space with its dual E*. Let H : E — E* ¢ : E* — E* be
the single-valued mappings such that H is v-strongly monotone and M : E = 2F" be an (H,1)-monotone

mapping. Then the operator Rﬁi\p : E* — E defined by

Ry (%) = [H + Mt o M) (z*), Va* € B

(2.3)

is called proxzimal point operator associated with (H,)-monotone mapping, where X > 0 is a constant.

Theorem 2.8. Let E be a reflexive Banach space with its dual E*. Let H : E — E* ¢ : E* — E* be the
single-valued mappings such that H is y-strongly monotone and M : E = 2" be an (H,)-monotone

1
mapping. Then the operator RJF\Z\(; : E* — FE defined by (2.3) is —-Lipschitz continuous, i.e.,
' v

* * 1 * * * * *
IR3 (@) = Ryl < Slla” =yl ¥a'y" € B
Proof. Let o*,y* € E*, then it follows from (2.3) that
Ry (@) = [H + AW o M)] ™ (a¥)
and s
Ry (y") = [H + Ay o M) 7 (y"),
which implies that
~let — H(R), (e%))] € (¥ o M)(Ryp) (a%))]
and

1 * s * 5 *
Tl = HR ()] € (o MRy (y7))-
Since (¢ o M) is monotone, we have
e = H(Ry (7)) = (v = HRY;, (47), Rypy (%) = Ry (7)) = 0,
which implies that
(" —y" Ry () = Ry (u") = (HRY, (0%) = H(Rypy (™), Ry (a7) = Ry (7).
Since H is vy-strongly monotone, we have

N HA HA
|z* —y ||||RM,¢(x*) - RM,w(y*)” 2
>

Thus, we have
1
HA\ * H\ /% * *
||RM,¢;($ ) — RM,w(y )< ;Hx* =y, Va*,y" € E”.

This completes the proof.
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Now, based on proximal point operator Rﬁi\p defined by (2.3), we define a Cayley operator.

Definition 2.9. Let E be a reflexive Banach space with its dual E*. Let H : E — E* ¢ : E* — E* be
the single-valued mappings such that H is v-strongly monotone and M : E = 2F" be an (H,1)-monotone
mapping. Then the operator Clg?b : E* — E defined by
H\ / x H.A\ * * *
Cyrp(@™) = 2Ry — I](2"), Va* € E7, (2.4)
is called Cayley operator.

Lemma 2.10. Let E be a reflexive Banach space with its dual E*. Let H : E — E* ¢ : E* — E* be the
single-valued mappings such that H is ~y-strongly monotone and M : E = 2F" be an (H,1))-monotone

2
mapping. Then, the Cayley operator CI\}/IIi\p defined by (2.4) is (ﬂ)-Lipschitz continuous, i.e.,
’ v

2+
H. A\ * H,)\ * * * * * *
) = G < ()l =l v,y € B

1
Proof. Let x*,y* € E*, then it follows from (2.4) and —-Lipschitz continuity of proximal point operator
Y

Ry, that

|3 (@) = Cap () ||[2R§§,, — @) ~ 2Ry, — 1)l
2||RM’,¢(5U*) - RM’,qp(y*)” + llz* =yl

2 * * * *
—[lz" =yl + =" =y,
v

IN

IN

which gives

2+~
HA [« HA X
1Cy (@) = Chp (I < (—7 )le* -y
Thus HX . 2+y C .
us, the Cayley operator C; wis (—— -Lipschitz continuous. 1
’ Y

1
Example 2.11. Let E =R = (—00,00), M (z) = 2z, H(z) = © + i,w(x) =ax+1,Vo € R. Then

(YoM(z) —¢poM(y),z—y) = (2z+1)-Q2y+1),z-y)
= 2e-yz—y =2x-y)?>>0.

Thus, 1 o M is a monotone mapping. It is easy to see that
3
(H+voM)(x)=3x+ i,Vx eER,
i.e., (H +1 o M) is surjective. Hence, M is (H,1)-monotone.

For X\ = 1, the prozimal point operator associated to (H,1)-monotone mapping defined by (2.3) is
given by

1
Ry (@) = (H+ Mo M) (@) = 5 - S Ve R
Now,
1 1
RN (@) = Rypy @Il = glle =yl < ~llz —y|. Yo e Ron=1,2,3.

1
Thus, the prozimal point operator Rﬁi‘b is ——Lipschitz continuous, for n =1,2,3.
: n

The Cayley operator Cllvfli\p defined by (2.4) is given by

—r—1
C’]\F/I[f‘p(x) = xT,Vx eR.
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1 2
A A
Also, [[C177)(2) = CI )| = 5l =yl < (ﬁ + 1) |z — y||,Vz € R,n = 1,2, 3.

2
Thus, the Cayley operator CM b s (— + 1) ~Lipschitz continuous.
n

Example 2.12. Let F = Mg, the space of all 2 x 2 symmetric matrices. The inner product is defined
as (Mgvl,MgQ) = trace(M§1M§2), VMgl,M§2 € FE.

2 A D e OO D R R
andw([xal ;2])2{?% :;}Then

(oM(z)—vpoM(y),z—y) = trace[(poM

(z
(R | = I |
= 3(x1—y1)?+ (a—b)2+3(z2 — y2)* > 0.

Thus, (1 o M) is a monotone mapping. It is easy to see that

B 1 _% 31 % _ 4xq 0
(H + 0 M) = [_% x2]+[% 3x2]_[ 0 4z |

i.e., (H+voM)(E) # E. Thus, it is clear that (v o M )-monotone mapping need not be (H,1))-monotone.

3. Formulation of the System of Set-valued Cayley Type Inclusions and Convergence
Result

This section begins with the formulation of a system of set-valued Cayley type inclusions and we
discuss the existence of unique solution.

Let E be a uniformly smooth Banach space with its dual E*, for each i = {1,2}; let N; : E x E —
E* ¢, : E* — E* g : E — FE be the single-valued mappings and P;,Q;,T;,G; : E — CB(FE) be the
set-valued mappings. Let H : E — E* be a strongly monotone mapping and M : E = 2F" be an
(H,v)-monotone mapping. We consider the following system of set-valued inclusions.

Find (x;, us, v;, wi, 2i), 2 € E,u; € Py(x1),v; € Qi(x1),w; € T;(x1) and z; € G;(x1) such that

0 € H(g(x1)) = H(g(w2)) + M[Ni(ur,01) + M(g(z1),wr) + Cypy) (1),
0 € H(g(x)) — H(g(1)) + Ma[Na(us, v2) + M(g(2), ws) + O (2)].
We call the system (3.1), the system of set-valued Cayley type inclusions.

Remark 3.1. For each i = {1,2}, if we consider z; = x,u; = u,v; = v,w; = w and z; = z, then the
system of set-valued Cayley type inclusions (3.1) reduces to the following Cayley type inclusion problem:
Find x € E,u € P(x),v € Q(z),w € T(x) and z € G(x) such that

0 € H(g(z)) — H(g(y)) + AN (u,v) + M(g(z),w) + C1y(2)], Yy € B, X > 0. (3.2)

If g = I, the identity mapping, H,N =0, M (-,-) = M(-), and G is a single-valued mapping, then the
Cayley type inclusion problem (3.2) reduces to an equivalent problem of finding 2 € H such that

0€ M(z)+ C\(2). (3.3)
Problem (3.3) was studied by Ali et al. [2] using X OR-operation.

Theorem 3.2. Let E be a uniformly smooth Banach space with its dual E*, for each i = {1,2}; let
Ni: ExE — E* and g : E — E be the single-valued mappings; let v, : E* — E* be a single valued
mapping such that V;(x+y) = ¥;(x)+1,(y) and Ker(y,;) = {0}, where Ker(y;) = {z € E* : ¢;(x) = 0}.
Let H : E — E* be a strongly monotone mapping and M : E = 25" be an (H,1))-monotone mapping.
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Then the system of set-valued Cayley type inclusions (3.1) has a solution (x;,u;, v, w;, 2;), where x; €
E u; € Pi(x1),v; € Qi(x1),w; € Ti(x1), 2z € Gi(x1) if and only if it satisfies following fized point problem:

9(@1) = Ry [H(g(22)) = Mthy 0 Ni(ug,01) = MOt (1) (3.4)
where,
H.AQ H-AQ
9(@2) = Ry%,0 0, [H(9(21)) = A2thy © Na(uz,v2) — A0y (22)], (3.5)

Ai > 0 is a constant, RM( wi),s = [H + \jpp; o M(-,w;)]~! is prowimal point operator and CI\P/IIiL' =
[2Rf/[”% — I] is a Cayley operator.

Proof. Tt follows from the definition of proximal point operator RM( w3), s that

H(g(72)) — Atpy o Ni(ur,v1) — /\10HA1( 1) € [H + Mtpy o M (-, wr)]g(z1)
& H(g(w2)) — Mtpy o Ni(ug,vy) — Alcf“l( 1) € [H(g(z1)) + Aty 0 M(g(21), w1)]
& 0€ H(g(z1)) — H(g(z 2))+>\1¢1[N1(U1avl)+M(9($1) )]4'/\1CHAl (1)

Since 4, ( +y) = ¥y (2) + ¥ (y) and Ker(y,) = {0}, we have
0 € H(g(z1)) — H(g(w2)) + M [Ni(ur, v1) + M(g(x1),w1)] + M Crp)l (21), Ar > 0.
Similarly, we can prove that
0 € H(g(ws)) — H(g(w1)) + Aa[Na(us, va) + M(g(ws), wa)] + AaCyy )2 (22), A2 > 0.

This completes the proof. 1

Algorithm 1. For any arbitrary 29 € E,ul € Py(29),v) € Q1(29),w € T1(29),2) € G1(2Y), compute
the sequences {x7}, {ul}, {vP}, {w}, {27} by the following iterative scheme:

A = = g(af) + RN [H(g() = Ay o Ni(ufl,of) = MCE (20)], Ay > 0;

where,
g(ag) = R0 o H(g(@}) — Aoy o Na(uf, v§) — MaCH2 (28)], Ao > 0;
and
u? € Pilat) : [luf ™ — | < (14 (14 ) )D(Pi(f ), Pilat)):
o € Qula) < urtt < (1 (14 n) H)D(Qu(al ), Qulat)):
Wl € Ty(ah) « ' — wf| < (14 (14 n) DT (), Tilah));
e Gual) [P = 2 < (L (L n) DG (), Gilad))

Algorithm 2. For any arbitrary xz¢ € E,ug € P(xg),v0 € Q(z0),wo € T'(xo) and 2y € G(xp), compute
the sequences {xp}, {un},{vn}, {wn}, {zn} by the following iterative scheme:

Tnt1 = Tp — g(Tn) + RM( wn), w[H(g(xn)) — M o N(up,vy) — )\Cﬁ::‘p(zn), A > 0;

and
Un € P(an) : unsr — unll < (L4 (14 0)")D(P(zn41), Plza));
Un € Q(@n) : [vnt1 — vall < 1+ 1+ 1) )D(Q(nt1), Q(zn));
wn € T(@n)  [wns1 — wnll < (1+ (L +n)"H)D(T(@n41), T (wn));
2 € G(@n) : [[zns1 — 2zall < L+ (L +0) ") D(G(@nt1), Glzn))-
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Theorem 3.3. Let E be a uniformly smooth Banach space with its dual E* and modulus of smoothness
pp(t) < ct?, for somec > 0. Let g : E — E be k-strongly accretive and Lipschitz continuous with constant
wand H : E — E* be Lipschitz continuous with constant s with respect to g. For each i = {1,2}; let
N; : Ex E — E* be (ay, 8;)-Lipschitz continuous in the first and second argument, respectively. Let
P;,Qi,T;,G,; : E — CB(E*) be D-Lipschitz continuous with constants dp,,0q,,0r, and dg,, respectively.
Let v, : E* — E* be a Lipschitz continuous mapping with respect to N;(-,-) with constant (; satisfying
U, (x +y) =P, (x) + 1, (y) with Ker(y,;) = {0}. Let M : E x E = 2F" be an (H,1,)-monotone mapping.
Assume that there exist constants A1, Ao > 0 satisfying

0<@(P)=A+ll+lg+%51*2 <1, (3.6)

where,

A 2 AT A 2
z1=[—1[<1<a15p1+515@>+( 25 g6 Jita = 2 [ oot + Budan) + (252) 0] and

A =1 -2k + 64c5?

o1, . In addition the following condition holds:

||RM( w0 = RIS @)l S €l —wp ), &> 0, (3.7)

Then (z;, wi, v, w;, 2;), x; € Eyu; € Pi(x1),v; € Qi(z1),w; € Ti(x1) and z; € Gi(x1) is unique solution of
the system of set-valued Cayley type inclusions (3.1). Moreover, the iterative sequences {x}}, {ul}, {v?'}, {wi}, {zI"}
generated by Algorithm 1 converge strogly to (z;, w;, vi, w;, 2;).

Proof. Tt follows from Algorithm 1, Theorem 2.8 and Condition (3.7) that
ot =t = llw’f = 9(al) + B o, [H(5()) = Mav o Ma(ufof) = MCR, ()
gl = R ()~ Ay o Nl of )

\ M.,
H, 1 ( n—
ICM, ( 1)]”

< ot 7{?1 F—(glat) = 9@t s
TRy o, [H (9(25)) = )\1¢1ON1(U?,U?)— 103y, (21)]
RH(il wl[ (9(25™)) = Mgy o Ni(uyHop ™) — Alcﬂ’zpﬂ(szl)]ﬂ
Ry o, [ (9(25 7)) = Matpy o Ni(uff ™ IU{L D= ey GEI
Z(A.,lwy [H(g(zz ) - /\1¢10N1( ) = MGyt GO
< ||331f—$7f 1—(9(33?)—9(331 DI
—||H( (#5)) = Mty o Ni(uff, of) = MCypyt (21)
—[ (9(z5™") = Moy o Ni(up op ™) = MOyt (GF O+ &y llwp — wi ™|
1
< lag -2t (9(33?)—9(33?_1))||+;||H(g($3))—H(9($3 NI
—||¢10N1(U1,U1) Wy o Ni(up ™ op | (3.8)

HA HA
—IIC o ) = Cag T+ & flwf —wi ™.
Since g is k-strongly accretive and Lipschitz continuous with constant u, then from Lemma 2.1, we have

g — 27 (9(2?) = g(z1 " )?

< g =P 200 = a77) = o(a) + o(af ) ~(ote) — ot} )
< laf — 23— 203 —af ) g(ah) — ga ) 1
+20j(ag — 2 =gl + 9l ) gt~ 1)~ (glat) — gleh )
n_ n— n_ on—l 4|g(x7) — gz}~
< et = a7 - 2kl - o+ aapy (D2
< (1 2k + Gt —
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which implies that
ot — a7t = (g(=}) — g(7™ )| < V1 = 2k + 64cp?||a] — 277 |. (3.9)
Using the Lipschitz continuities of H and ¢, we get
g p g, g
I1H(g(x5)) = H(g(zs ") < splley — 5. (3.10)

Since v, is (;-Lipschitz continuous with respect to Ny(-,-) and Ny(-,-) is (a1, 8;)-Lipschitz continuous
with respect to first and second argument, respectively, P and @1 are D-Lipschitz continuous with
constants 0 p, and dg, , respectively, then we have

[y © N1(uft, o) — by o Ny(uf ™" of DI < G lIN(uf, of) — Ny(up = of ™ h)||
< GV (ul, o) = Na(up ™ o)l
+C [N (uf o) = Ny(up = of )|
< Goalluf —uP T+ By o — o (3.11)
< Goa[l+ (1 +n)D(Pr(2}), Py (i)
+C 81+ (1 +n) 7 D(Q1 (), Qi (2 ))
< G+ A +n)Ybp, + B10g,lllat — =771

2
Since CI\P/II’iLll is <ﬂ)—Lipschitz continuous and G is D-Lipschitz continuous with constant d¢,, then
’ Y

we have

1 n s A1 n— 2+ n n—
1030, G0 = G GOl < (F) s =4
2+ - n—
< (5T IDG ), Grla ) (3.12)
2
< (FED)0+ (o m)Woellat - a3

v

Also, T is D-Lipschitz continuous with constant dr,, then we have

Jwf —wf < (1 () DT ), Ta(at ) _
< [+ @ +n)Nor llof — 277 '
Thus, from (3.8)—(3.13), we get
A
gt — gl < (VI 267 63 + [+ (1 )2 G (e, + Bida,)
7 (3.14)

247 _ Sp _
+(2E2) g0l + exomTHlot = o+ Lo - a7
Y v
Again, using the fact that g is k-strongly accretive and Lipschitz continuous with constant p, we have

lg(23) = g(z5~Dllles =257l > {g(a8) — g2y~ "),5(a5 —a37")
> kllag — a3,
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which implies that

1 n n—
oy 257 < llg(ed) — glas )]
1 n n n I N2 n
= IR 0, H(9() = Aathy 0 Na(ul, o) = 2aChp ) (28)]
SR e [H () = dethy 0 No(ug ™ o5 ™h) = 203 (25|
1 n n—1 )‘2 n n—1
< IHED) = Hg@i ™I+ 22l 0 Na(uh, vf) — by 0 Na(ug ™, e ™)

)\ 2 n 2 n— 5 n—
7 1€ (28) = O (D + Sl —w ™

(3.15)
Since v, is Lipschitz continuous with constant ¢, with respect to Na(+,-) and Na(+,-) is (a2, 85)-Lipschitz
continuous with respect to first and second argument, respectively, P> and Q5 are D-Lipschitz continuous
with constant ép, and d¢,, respectively, then we have

[y © Na(ug,v5) =y 0 Na(uy ™" oy ™) < Gyl Na(ug,vg) — Na(uy ™" vy~ e (3.16)
< G+ (14 n) Haadp, + B0t — 277

Since H and g are Lipschitz continuities with constant s and pu, respectively, then we have
1H(g(t)) — H(g(a7™)| < splla? — a7 7H]. (3.17)

2
Again, it follows from the fact that CH )‘2 i (ﬂ>—Lipschitz continuous and G is D-Lipschitz con-
0

tinuous with constant dg,, then we have

n Ai(n— 2+ e
IC3 0 (38) = O (ML < ( M=z =257
(3.18)
< (22 +”) [+ (1 4+ )Mo, g — o5
v
Also, T5 is D-Lipschitz continuous with constant dr,, then we have
fwf = wh < [+ (1) D (Ta(at), el ) 5.19)
< [+ Q@ +n)7Honllaf — 2.
Thus, from (3.15)—(3.19), we have
" . Sit 14T A2 2+~
log =5 < {30+ [+ Q)72 [Galaade, + fadan) + (=7 )dc]
57 7 (3.20)
+203,| bllat - 7).
It follows from (3.14) and (3.20) that
A
it —at | L= 2k 6lep? + [1+ (1+n) TG (@1 + Bidy)
247 non—
(257 el + &som ot — a7
v (3.21)

A
oy I ) T[22 [Colaadr, + Bad,)

- {
+
=
(o ol o1
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Thus, we have

27 = 27| < O(Py)ll2} — a7, (3.22)
where,
OP) = An+[1+(1+ n)ﬂ]{ﬁ[gl(alapl +frda,) + ()b )
A 9 3.23
+8,:L [ 2 [CQ(O‘QCSPQ + /825Q2) (%)5(;2] + %5712} }a

2
A, = /T 2k + 6dcp2 + Sk—“z + 1+ (1 +n)" Yo7,

We see that ©(P,,) — O(P )asn—>oo,where@)(P):A—i—ll—f—lg—i—g—QcSTQandA: 1 — 2k + 646 +

5 2+ SpA 2+~

k’é + €101 1 —71[<1<a15p1+516Q1>+(T)6G11;z2= 2 Kalondr, + adan) + () bl
It follows from the condition (3.6) that 0 < ©(P) < 1, and consequently by (3.22), {«7} is a Cauchy
sequence in F. Similarly by (3.20) and (3.22), it follows that {23} is also a Cauchy sequence in E. Since
FE is complete, then there exist x1,29 € E such that 27 — x1 and 25 — x4 as n — oo. It follows from

Algorithm 1 that

g

[ (1+ (1+n)’1)D(P (x’f“) Bi(z1))

<

< (U (L) Vb af — . (3.24)
P = < (1 (14 0) D@, Qula)

< (U+(L+n) Vgt — . (3.25)
e~ < (0 (4 )P ), Tie)

< @A) Nen et et (3.26)
=SS (0 () D) o)

<

< (1+(1+n)Y) 1. (3.27)
Clearly, from (3.24)—(3.27), we know that {ul'}, {vl'}, {w}'} and {z]'} are also Cauchy sequences in E.
Let u} — wu;, v — v, w! — w; and 2 = z; as n — oo. Thus, by Theorem 3.2, we conclude that
(i, iy Vi, Wi,y 20), 25 € B uy € Py(x1),v; € Qi(x1),w; € Ty(x1) and z; € Gy(x1) is a solution of the system
of set-valued Cayley type inclusions (3.1). Next, we show that w; € Pi(z1),v; € Qi(x1),w; € Ti(z1) and
z; € Gi(x1). Since,

_xl

d(ui, Pi(w1)) < fJui — ud || + d(uf, Pi(21))
< Jug — || + D(Py(2}), Py(21)) (3.28)
<

[l T —x1] = 0 as n — oo,

which shows that d(u;, P;(x1)) = 0, and hence u; € P;(x1). Similarly, one can show that v; € Q;(x1),w; €
T; (xl) and zi € G; (xl) respectlvely Now, we prove the uniqueness of the solution (x;,u;, v;, w;, z;). Let
(2, u;,0;, w;, 21), 2, € Byuy € Pi(x)),v; € Qi(x)), w; € Ti(z)) and z, € G;(z}) be another solution of the

system of set- Valued Cayley type inclusions (3.1), then it follows from Theorem 3.2 that
’ H,\ / ’ 4 H,\ 4 .
g(xy) = RM(»,lw;) ¥, [H(g(x3)) = Athy 0 Ni(uy,vq) — AlCM,wll (215

where,
! H’A ’ ’ ! H’A !
9(xg) = RM(,?wé) ¥y [H(g(x1)) = Aathy 0 Na(ug,vy) — )‘2CM,¢22 (22)]-

Now following the same arguments as mentioned from (3.8)—(3.22), we have

lz =21l < llwn = g(@n) + Ry, [H(9(22)) = Athy 0 Nu(u,01) = MOyt (21)]

’

oy + (@) — R TH(g(@))) = My o N, 0y) - NCER G (320

O(P)||lx1 — ay .

IN
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Since 0 < O(P) < 1, thus we have 2, = ;. Similarly, one can show that zo = &y, u; = uy, v; = vy, w; = w,
and z; = z; Therefore (x;, ui, vi, w;, 2;), i € E,u; € Pi(x1),v; € Qi(x1),w; € Ty(x1) and z; € Gi(x1) is
unique solution of the system of set-valued Cayley type inclusions (3.1). (]

Corollary 3.4. Let E be a uniformly smooth Banach space with its dual E* and modulus of smoothness
pp(t) < ct?, for somec > 0. Let g: E — E be k-strongly accretive and Lipschitz continuous with constant
wand H : E — E* be Lipschitz continuous with constant s with respect to g. Let N : E X E — E* be
(o, B)-Lipschitz continuous in the first and second argument, respectively. Let P,Q,T,G : E — CB(E™)
be D-Lipschitz continuous with constants dp,0¢q,dr and éq, respectively. Let ¢ : E* — E* be a Lipschitz
continuous mapping with respect to N (-, -) with constant ¢ satisfying ¥(z+y) = ¥ (x)+(y) with Ker(y) =
{0} and M : Ex E = 25" be an (H,)-monotone mapping. Assume that there exists a constant A > 0
satisfying

0<OP)=A+1<1, (3.30)
where,

A 2
12k + Gdep® + €67 | = — su+7[g(aap+/35Q)+(%)5G]

In addition the following condition holds:
IRYED (@) = Ragi ey (W] < ElJw™ —w™ |, &> 0. (3.31)

Then (x,u,v,w, z),x € E,u € P(x),v € Q(y),w € T(x) and z € G(x) is unique solution of Cayley type
inclusion problem (3.2). Moreover, the iterative sequences {xn}, {un}, {vn},{wn}, {zn} generated by
Algorithm 2 converge strogly to (x,u,v,w, z).

Example 3.5. Let E = R with the usual inner product and norm. Let g : F — E H : E — E* ¢ :
E* — E* and N : E x E — E* be the mappings defined by

7

g(x) = %,H(x) = 50z — %,w(x) = 5z and N(x,y) = 15 -
easy to verify that g is g—strongly accretive and g—Lipschztz contmuous, H is Z—szschztz continuous

Vx y € R, respectively. Then, it is

36
with respect to g, v is %—Lipschitz continuous with respect to N and satisfies (x +y) = ¥(x) + ¥(y)

M(z) = {14z}, H(z) = 50z — % and Y (x) = br — %,Vx eR.

(o M(z) —1poM(y),x —y) =70(x —y)* >0

Thus, 1 o M is a monotone mapping. It is easy to see that
17
(H+1oM)(x) =120z — 2—0,Vx € R,

i.e., (H +1 o M) is surjective. Hence, M is (H,1)-monotone.
For X\ = 1, the prozimal point operator associated to (H,1)-monotone mapping defined by (2.3) is
given by
17
R H+ Xpo M) (z) = Vi € R.
B ) = (H 4 Mo M)~ (@) = o+ ool v

Now,
A
IRE () ~ RE W) = oglle — ol < ~lle — g, ¥ € Ry < 120,

1
Thus, the prozimal point operator Rﬁi‘b is ——Lipschitz continuous, for n < 120.
: n

The Cayley operator CJIvfli\p defined by (2.4) is given by

—r—1
C’]\F/I[f‘p(x) = xT,Vx eR.
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1 2
Also, |07 @) = I W)l = mgllz =yl < (S + 1) lo =yl Yo € Ron=1,2,3.

2
Thus, the Cayley operator Cﬁf‘p 1 (— + 1) —Lipschitz continuous, forn =1,2,3.
’ n

4. Concluding Remarks

In this paper, we considered and studied a system of set-valued Cayley type inclusions involving

Cayley operator and (H,1)-monotone operator in real Banach spaces, which includes many inclusion
problems studied in the literature as special cases. We proved that Cayley operator associated with the
(H,v)-monotone operator is Lipschitz type continuous. Existence and uniqueness of the approximate
solution is proved. Moreover, we suggested an iterative algorithm for the system of set-valued Cayley type
inclusions and the strong convergence of the sequences generated by the proposed algorithm is discussed.
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