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Hausdorff Measure of Noncompactness of Matrix Mappings on Certain Difference
Sequence Spaces
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ABSTRACT: The well-known difference sequence spaces were introduced by Kizmaz [16] in 1981 and have
been generalized by many authors uptill now. These spaces were extended for the first time by Sarigol [30]
to the sequence spaces loo(Ag), ¢(Aq) and co(Ag). The aim of this paper is to establish some identities or
estimates for the operator norms and the Hausdorff measures of noncompactness of certain matrix operators
on the extended spaces and also to characterize some classes of compact operators by using the Hausdorff
measure of noncompactness.
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1. Background, notation and preliminaries

Let w denotes the space of all complex valued sequences. Any vector subspace of w is called a sequence
space. Let X, Y be two sequence spaces and A = (a,,x) be an infinite matrix of complex numbers. If the
series

o0
A, (x) = Z ankrr (n € N),
k=0
converges for all x = (z3) € X and the sequence A(z) = (A, (z)), A-transform of a sequence z, is in Y,
then we say that A defines a matrix mapping from X into Y. By (X,Y’), we denote the class of all such
matrices A.

Let I, co, ¢ and ¢ be the linear spaces of all bounded, null, convergent and finite sequences; cs, bs
and I,,1 < p < oo, be the linear spaces of all convergent, bounded and p-absolutely convergent series,
respectively. Further, for any sequence space X, the matrix domain X 4 is defined by

Xa={rxecw:Ax) e X},

which is also a sequence space. The new sequence space X 4 generated by the limitation matrix A from
the sequence space X can be the expansion or the restriction of the original space X.

The concepts of «, 3,y-duals of a sequence space play very important role in the summability theory.
For the sequences spaces X,Y, the set M(X,Y") defined by

M(X,Y)={y = (yx) : Vz € X, (zpyx) € Y}

is called the multiplier space of X and Y. According to this notation, the «, 3,~-duals of a sequence
space X are denoted by

X =M(X,1),X? = M(X,cs), X" = M(X,bs).
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2 F. GOKCE

An infinite matrix A = (ani) is called a triangle if a,,, # 0 for all n and a,; = 0 for n < k.

A complete linear sequence space X with a norm is called a BK-space provided that the map p, :
X — C defined by p,(x) = z,, is continuous for all n > 0, where C denotes the complex field. A sequence
(b,) in a normed space X is called a Schauder base for X if for every € X there is a unique sequence
(zn) of scalars such that z = > °° by, or,

m
T — E Tnbn
n=0

Also a BK-space X D ¢ is said to have AK if the sequence (e(j)) is a Schauder base for X, where el is

the sequence whose only non-zero term is 1 in jth place for each j € N. For example, the sequence (el?))
is a Schauder base of ,, 1 < p < oo, with respect to its natural norm, but the space [, doesn’t have the
Schauder base [21].

— 0 as m — oo.

The theory of BK-spaces is one of the most important tools characterizing of matrix transformations
between sequence spaces. For example, matrix operators between BK-spaces are continuous and the
matrix domain of a triangle A in the BK-space X is also a BK-space and its norm is given by

Izl x, = [lA@)]x
[32).

Let X and Y be two Banach spaces. By B(X,Y), we denote the set of all continuous linear operators
from X into Y and write 1A@)]
x
[ Al = sup =

a0 |7l x

for the operator norm of A. In the special case Y = C, we write X* = B(X, C), the set of all continuous
linear functionals on X.
If a € wand X D ¢ is a BK-space, then

oo
E apTk

lallx = sup
Sx k=0

reESX

provided the right hand side of the equation exists, where Sx is the unit sphere in X, and it is finite for
a€ XP.

The well known difference sequence spaces loo(A), c(A) and ¢o(A) were introduced by Kizmaz [16].
These spaces are generalized and studied for the first time by Sarigsl [30] as follows:

loo(Ag) ={x = (zk) : Agz € loo, g < 1}
c(Ag) ={x = (zx) : Aqr € ¢, ¢ < 1}
co(Ag) = {x = (z1) : Az € co,q < 1},

which are also Banach spaces with respect to the norm

l2lla, = 21l + [[Ag2l & »
where y = Ayz = (n9(x,, — Tp4+1)). According to the matrix domain, these spaces can also be redefined

by (lso)a, = loo(Dyg); (c)a, = c(Ay), (co)a, = co(Ay), where the matrix A, = (d7,) is defined by

ni, wv=n
O =4 —nfv=n+1 (1.1)
0, otherwise.
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n

Note that, using lim nll,q > k—lq = ﬁ [17], we have a constant M such that, for all x,
" k=1
n—1 n
pn(@)| = |21 — 3 k7% < |za| +suplyel | X0 E79nd7t n!d
k=1 k k=1
< Mnl-4 [#[[5, » for each n >0,

which means that the coordinate functional p,, defined on these difference spaces is bounded. So, these
are also BK- spaces.

Throughout the paper, we denote E and F' by one of the spaces [, ¢, ¢y, and E(’Z = (E)qu Fq’ =

(F) A, by one of the spaces loo(Aq), ¢(Aq) and co(Aq). Further, define the operator S : E, — E; by
S(x) = (0,22,23,...),q < 1. It is clearly that the operator is a bounded linear operator with ||.S|| = 1.
Then the space

SE, ={z = (z}):x € Ej,x9 =0}

is also Banach space with the same norm [30]. Moreover, the transformation A, from SE; to E is a
linear bijection, that is, SE; = E.

In the literature, many difference spaces have been introduced and investigated by the authors. For
example, the space bv, consisting of all sequences z such that (x, — x,_1) is in [,, was introduced and
studied by Bagar & Altay [2] for 1 < p < oo, and Altay & Basar [1] for 0 < p < 1, the sequence spaces loo,
l},, ¢, ¢o, the set of all sequences whose B(r, s)-transforms are in the spaces I, I, ¢, ¢, respectively, were
studied by Kirigci & Bagar [15]. Also, using Fibonacci band matrix, the Fibonacci difference sequence
spaces I, (F) and I, (F") are investigated by Kara [14]. Further, in different perspective, using the absolute
summability, a lot of series spaces have been given and investigated by Mohapatra, Sarigol, Gokge, Giileg
(see [5,6,7,8,9,10,11,24,29]).

The Kuratowsky measure of noncompactness «, the first meausure of noncompactness, was defined
by Kuratowsky [18]. Then, the Hausdorff measure of noncompactness y was introduced by Goldenstein,
Gohberg and Markus [4]. By using the Hausdorff measure of noncompactness, many authors characterized
the class of compact operators on the sequence spaces. For example, Mursaleen and Noman in [25,26],
Malkowsky and Rakocevic in [22] have used the Hausdorff measure of noncompactness to characterize
the class of compact operators on the spaces, (see also [5,12,28]).

In the present paper, we give some identities and estimates for the norms and the Hausdorff measure
of noncompactness of the matrix operators on the spaces loo(Aq), ¢(A4) and co(A,) and also characterize
certain compact operators.

We require the following theorems given by Sarigol [30].

Theorem A Let ¢ < 1. Then,

{E/}" = {a = (ak) : Zkkq lag| < oo} = Dy,

k=1

{E;}ﬁ = {a = (ag) : Zkl_qak is convergent and Zk‘q |Ry| < oo} = Do,
k=1 k=1

{E;}AY = {a = (ag) : sup Zkl_qak < oo,Zk‘q |Ry| < oo} = D3,
"olk=1 k=1
where N
Ry = Z .

v=k+1
Theorem B Let ¢ < 1. A € (£, F) if and only if

(i) (an1) € F and (An(K=9)) € F
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(1) Ry = (k™ %rpy) € (E, F),

where

1— § §
k q k qank s Tnk = Any-

v=k+1

In the rest of the paper, we define the terms of the matrix A = (@) as follows

o
Qnk = k1 § Gny

v=k-+1

and let’s denote p* as the conjugate of p such that p* =p/(p—1) for p > 1, 1/p* = 0 for p, = 1. Also,
we use the following conditions:

(1) sup E |ank| < oo.
n
k

(14) lm apg =0 for each k € N.

n— 00

(747) There is some ai such that lim a,r = ar € R, for each k € N.
n—o0
(1v) T}LH;OZ anr, = 0.

(v) There is some a such that lim Z ank = a € R.

n—oo
(vi) Z |ank| converges uniformly in n.
k
(vii) lim > |ank| = 0.
n—oo 2

< 00.

(viid) E Eank

=
o
g
g
B

1.1. [31]

(co,co) if and only if (i) and (i) hold.

(co,¢) if and only if (i) and (iii) hold.

(¢,co) if and only if (i), (ii) and (iv) hold.

(¢, ) if and only if (i), (i) and (v) hold.

(coyloo) = (€, lao) = (Loo, Uoo) if and only if the condition (i) holds.

(U, €) if and only if the conditions (iii) and (vi) hold.

(Lo, o) if and only if the condition (vii ) holds.

(co,lp) = (¢, €p) = (lno, £p), 1 < p < 00 if and only if the condition (viii ) holds.

SESEEREE
N
MMMmMMMMM

Lemma 1.2. [21] Let T be a triangle. Then, we have
(a) For arbitrary subsets X andY of w, A€ (X,Yr) if and only if B=TA € (X,Y).

(b) Further, if X and Y are BK -spaces and A € (X,Yr), then |La| = ||LB]-
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We note that the following results are immediate from Lemma 1.1, Lemma 1.2 and Theorem B.
Theorem 1.3. Let ¢ < 1. A€ (E,F)) if and only if B = (bux) € (E, F) where by, = n(ank — ant1,k)-

Theorem 1.4. Let q < 1, the matriz B = (bn) be as in Theorem 1.3. Then, A € (E,, F,) if and only if

(i) (bn1) € F, (Bn(k'"7)) € F

(ii) B € (E,F).
2. The Hausdorff Measure of Noncompactness

Let S and H are subsets of a metric space (X, d). Then S is called an e-net of H, if, for every h € H,
there exists an s € S such that d(h,s) < e; if S is finite, then the e-net S of H is called a finite e-net of
H. Let X and Y be Banach spaces. A linear operator L : X — Y is called compact if its domain is all
of X and, for every bounded sequence (z,,) in X, the sequence (L(z,)) has a convergent subsequence in
Y. We denote the class of such operators by C(X,Y). If @ is a bounded subset of the metric space X,
then the Hausdorff measure of noncompactness of @) is defined by

X (Q) =inf {e > 0: @ has a finite ¢ —net in X},

and x is called the Hausdorff measure of noncompactness.

Lemma 2.1. [19] Let X be a Banach space with a Schauder basis (by,), @ be a bounded subset of the
space X and P, : X — X is a projector onto the linear span of {bo,b1,...,b;}. Then, we have

1nmmm{$gu1—a»mwx}sX«wsn?mm{xguf—R»mmx}

a r—oo —00

where a = limsup || — P, || .
T—00

Lemma 2.2. [27] Let Q be a bounded subset of the normed space X where X = ¢o or X = £, for
1<p<oo. If P,:X — X is the operator defined by P, (x) = (xo,21,..., 2, 0,...) for all x € X, then

x@hﬂm{xyu—aﬂmxk

T—00

where I is the identity operator on X.

Let X and Y be Banach spaces and x; and x5 be Hausdorff measures on X and Y, the linear operator
L:X — Y is said to be (xq, x2)- bounded if L(Q) is a bounded subset of Y and there exists a positive
constant M such x5 (L(Q)) < Mx; (L(Q)) for every bounded subset @ of X. If an operator L is (xq, X2)-
bounded, then the number

||LH( inf {M > 0: x5 (L(Q)) < Mx; (L(Q)) for all bounded set Q C X}

XioX2)

is called the (X, x)-measure noncompactness of L. In particular, if x; = x, = x then ||L[|, = [[L]], -

Lemma 2.3. [13] Let X andY be Banach spaces, Sx be the unit sphere in the space X and L € B (X,Y).
Then, the Hausdorff measure of noncompactness of L, denoted by || L||, , is defined by

LI, = x (L (Sx)),

X )

and
L is compact iff ||L[|, = 0.
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Lemma 2.4. [13] Let X be a normed sequence space, T = (tny) be a triangle matriz, xp and x denote
the Hausdorff measures of noncompactness on Mx, and Mx, the collections of all bounded sets in Xt
and X, respectively. Then, xp(Q) = x(T(Q)) for all Q € Mx,..

Also, the Hausdorff measure of noncompactness x has the following basic properties: Let @, Q' be
bounded subsets of the metric linear space X, x € X and a € C, then

X(Q) =0 < Q is totally bounded,

QCQ =x(@Q) <x(@),
X(Q+ Q") < x(Q) +x(Q),
x(aQ) = la| x(Q),

x(z +Q) = x(Q).

3. Compact operators on the space E(’Z and applications

In this section, we determine the norms and the Hausdorff measures of noncompactness of some matrix
operators related to the space E[I, and also characterize compact operators using Hausdorff measure of

noncompactness .
00

We first note that if z € E; and a = (ax) € {E;}B, then a = (ax) = (k=4 —Zk:Jrl ay) € ¢ and
> agwr = awr — Y axyr, (3.1)
k=1 k=1
n—1
where = and y are connected with z,, = — > k™ %y for all n > 1, [30].
k=1

Lemma 3.1. [21] Let 1 < p < oo and p* denotes the conjugate of p. Then, we have 65 = {p- and

0B =cP = cg =/, é’f =ly. Also, let X denotes any of the spaces U, c, co,l1 and £,. Then, we have
lallx = llallxs

for all a € XP, where ||.|| x5 4s the natural norm on the dual space XP.

Lemma 3.2. [20] Let X and Y be BK -spaces. Then, we have

(a) (X,Y) C B(X,Y), that is, every matric A € (X,Y) defines an operator Ly € B(X,Y) by
La(x) = A(x) for all z € X.

(b) If X has AK, then B (X,Y) C (X,Y), that is, for every operator L € B (X,Y) there ezists a
matriv A € (X,Y) such that by L (z) = A(zx) for all z € X.

Lemma 3.3. [3] Let X D ¢ be a BK-space and'Y be any of the spaces Lo, c,co. If A € (X,Y), then

ILall = 1 All xe..) = sup[[Anl < oo

Theorem 3.4. Let Y be any of the spaces Lo, c,co. If A € (EZI,Y), then A defines a bounded linear
operator L a such that La(z) = A(z) and

ILall = 14Nl 0.0y < sup {Z |ank| + |an1|} :

k=1
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Proof: Since Ej and Y are BK-spaces, by Theorem 4.2.8 of Wilansky [32], it is clear that L, is a
bounded linear operator. To calculate the norm, let S B be a unit sphere and z € E('I. Note that

1Zall = Al sy ) = S0P | Aull, - Fusther,
n

% o0
HAn”El’I = sup

UnkT
wESEl 1
q

k=

oo
> kT
k=2

1Al + lamal -

IN

sup + |an]

zESEé

Since E € {{o,c,co}, it is clear that E” = ¢, and so

* ~ ~ o) N
5= [Anllgs = [ An]l, = 3 lans]

14

This gives that ||La|| = sup||A, |z < sup{ 37 |ank] + |an1|} . O
n q n k=1
Theorem 3.5. Letp>1. If A€ (E('I,fp) , then L 4 is a bounded linear operator and
P s 1/p
+ <Z |an1|p> .
n=1

Proof: The first part is as in Theorem 3.4. Using the operator norm, by Minkowski inequality and the
equation (3.1), we get

L4l = 14l 5y < 3

oo
Z ank
k=1

IN

”AH(E;,%)

o l/p
il (S fon)
n=1
P 0o 1/p
+ <Z |an1|p> .
n=1

Qnk

O

If we take zero of the first term of a sequence = € E[I, Theorem 3.4 and Theorem 3.5 are reduced to
the following results.

Corollary 3.6. Let Y be any of the spaces {o,c,co. If A € (SE{I,Y), then Ly is a bounded linear
operator and

o0
ILall = 1 All(s 000y = Sgp; |G| -

Corollary 3.7. Letp>1. If A € (SE(’Z,EP) , then L 4 is a bounded linear operator and

1Ll = 1Al smy.0) = D

Theorem 3.8. Let g < 1.
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a-) If A € (E(;,Co) , then
ILall, < limsup (Z k| + |an1|> .
n—oo

k=1

n—oo

If lim sup <Z |G| + |an1|> =0, then L4 is compact.
k=1

b-) If A e (E;,&X,) , then

o0
0 < [|Lall, < lim sup (Z || + |an1|> .
n o0 k‘zl

If lim sup <Z |G| + |an1|> =0, then L4 is compact.
k=1

n—oo

Proof: a) Let SE; be the unit sphere in the space Ez/1' From Lemma 2.3, we write
[Lall, = Xx(ASEy). (3.2)

Since A € (Ey,co), it is clear that ASg, € Mc,. So, it follows from Lemma 2.2 that

X(ASp;) = lim { sup [[(1  P) (A(e) | ¢

IESE(/Z

where the operator P, : ¢ — ¢ is defined by P.(z) = (zg, 1, ...xr, ...) for all x € ¢y and r € N. Tt is
obvious that, for all z € E,
(1 = Pr)(A(@))]l o = sup [An(2)],

n>r

which implies

sup [|(1 = P)(A(2))ll o = sup | An g, < sup (Z |Gk | + Iaml) :

g;eSE(,Z n>r k=1

The last inequality and (3.2) yield

o0
< li a .
1ally < Jim sup <kZ_1 || + |an1|>
Finally, the compactness of A is immediately obtained by Lemma 2.3, which completes the proof of (a).
Now, consider the mapping P, on (o, and let Q € M,_. Then, the elementary properties of the
function Y,

AQ C P(AQ) + (I — P-)(AQ)
implies that

0 < x(4Q) < x((I — P)(AQ)). (3.3)
After pointing out the inequality (3.3), to avoid repetition we leave the proof of the other part of the
theorem to the reader. O

Lemma 3.9. [26] Let X D ¢ be a BK -space with AK or X ={lo. If A € (X,c), then we have

lim anp = oy exists for all k,
n— o0

a = (Oék) € Xﬂv
sup |4, — oy < o,
n

lim A,(z) = Zakxk for every x = (zy,) € X.

n—o00
k=0
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Theorem 3.10. Let g < 1.

a-) If A € (SE;,EOO) , then
0< |LA||X<limsup<E |dnk|> .
n—oo k

If lim sup (Z |ank|) =0, then L4 is compact.

n—roo

b-) If A e (SE(II,C()) , then

[Lall, = limsup (Z |51nk|> :

n—o0
k

L4 is compact if and only if lim sup (Z |dnk|) =0.

n— oo k

c-)IfAe (SE;,ZP), p>1, then

(T)

IEall, = Jim 3|5

)

where the matriz A" = (a(rk)) is defined by

n

A =

L is compact if and only if lim > ‘Z agk)
T—>00 n k

d-) If A€ (SE),c), then

o (3o~ ) < 2l <o (3o~ ).

n—00
k

where & = (&) with &y = hm ank for all k € N.

n— 00

L is compact if and only if lim sup (Z |Gpg — ak|> =0.

Proof: The proofs of (a) and (b) are simple, and so they are omitted. We begin with the proof of
the part (c). Assume that Sgp/ is the unit sphere in the space SE;. To determine Hausdorff measure
of noncompactness of L4, consider SE{I = FE. Using Lemma 2.3, Lemma 2.2 and Lemma 1.1, we get
immediately that

ILall, = x(ASsk;) = x(AA¢Ssk;) i
= lim sup [[I-P)(4A

T—00 ’UEA SSE’ ))pr

= lim HA )H(Eﬁp)

T—00

= hmz

T’—}OO

d-) To estimate Hausdorff measure of noncompactness of L 4, take ASSE; € M,.. Then, it is written

from Lemma 2.3 that
[Lall, = x(ASsEe;).
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On the other hand, since SE;, = F, it follows that A € (SE, c) iff A e (E,c), and also

||LA||X = X(ASSE;) = X(AAqSSE;)-

o0
Since every z = (2,) € ¢ has a unique representation z = ze + 3 (2, — 2)e(™, we have that, for all » € N

n=0
and z € c,
I=P)) =3 (20— 2)e™
n=r+1
where P, is the projector on ¢ and z = lim z,. Thus, for all z € ¢,
n—oo
(I = Pr)(2)]l oo = sup |zn — 2]

n>r

which gives ||(I — P)(2)|l o, < 2|zl i |(I = P.)|l, < 2. Moreover, for the sequence z(") = (z,(f)) cc
given by
() -1, n=r+1
zZ =
n 1, n#r+1,

I(I =Pl > ||(I = P)(z")]|, =2 and so we get ||[I — P[] = 2.
Further, since A € (E,c), it follows from Lemma 3.9 that dy = lim a, exists for all k € N, and for
n—oo

every y € £
Jim An(y) = >y
k=0
So, R
sup (I = P)(A@@))lle = sup [|(I = P)(Aw))||,
a:ESSE(/Z yES,
= supsup |Au(y) — 3 ary
yeSe. n>r k=0
= supsup|>_ (ank — Qr) Yk
veSen>r [£=0
= sup HAn —al,
= sup Hfin - d”e .
n>r
This completes the proof of (d) with together Lemma 2.1. O

If we take the matrices Ly = (I},) and Lo = (I2,) as

and
1, n=k
.= -1, n=k+1
0, otherwise,

we have bs = {{x}; , cs = {c}, and bv, = {l,} . Hence, the following result is deduced from Theorem
3.4, Theorem 3.5 and Lemma 1.2.

Corollary 3.11. For an infinite matriz A,

a)if Ae (E{I,bs) or A€ (E{I,cs), then

o0
[ Lall < sup {Z |Gnk | + Iaml} ,
" k=1
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b)if Ae (E{I,bvp), 1 <p< oo, then

1/p

oo | oo p o)
1Al <SS |+ (S Jana?
n=1

n=1 k=1

Also, the choice of the matrix C' = T.A leads us the following result on the Hausdorff measures of

noncompactness, where

n
Cnk = Ztmavk, n,k € N.
v=0

Corollary 3.12. Let A be an infinite matriz and T be a triangle. If A € (E}, ({ss)r) or A € (E, (co)r),
then

o0
ILall, <limsup Y |énk] + |an]

Also, A is a compact if lim sup <Z |Cnk| + |an1|> =0.
k=1

10.

11.

12.

13.

14.

15.

16.
17.
18.

n—oo
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