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A Generalized Common Fixed Point of Multi-Valued Maps in b-metric Space

Noreddine Makran, Abdelhak El Haddouchi, Brahim Marzouki

ABSTRACT: In this work we are interested to prove a general fixed point theorem for a pair of multi-valued
mappings in b—metric spaces. The results in this paper generalize the results obtained in [19] and to obtain
other particular results.
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1. Introduction

Since the famous Banach fixed point theorem (1922), the study of fixed point theory in metric spaces
has several applications in mathematics, especially in solving differential and functional equations. Many
authors have introduced a new class of generalized metric space, in particular those called b-metric spaces,
and obtained several results in fixed point theory,(see [1,2,3],[5]-[21]).

The one due to I. A. Bakhtin [4] and S. Czerwik [8], [9] who, motivated by the problem of the
convergence of measurable functions with respect to measure, introduced b-metric spaces (a generalization
of metric spaces) and proved the contraction principle in this framework.

Let (X,d) be a b—metric space. A subset A C X is said to be closed if for every sequence z, € A
such that nh_}ngo d(xz,xy) =0 (z, — x) we have z € A.

A subset A C X is said to be bounded if sup d(z,y) < +oc.
z,ycA

We denote by B(X) the set of nonempty closed bounded subsets of X provided with the Hausdorff-
Pompeiu metric H defined by

H(A, B) = max (sup d(z, B), sup d(y, A)) ,
z€A yeB

we define also 6(A, B) by
d(A, B) =sup{d(a,b), a€ A be B},

it follows immediately from the definition of § that
0(A,B)=0 <= A=B={}and 6({.},B)=H({.},B) and
d(a,b) <0(A,B) Yae A Vbe B.

given F,G : X — B(X), for ¢,d € [0,1] and =,y € X, we shall use the following notation:

Nea(z,y) = maz{d(z,y), cd(z, Fz), cd(y, Gy), 3(d(z, Gy) + d(y, Fx))}

for a sequence (), of elements from X, sometimes, for the sake of brevity, we shall use the notation:
dy, = d(zy, Tp+1), where n € N.
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2. Preliminary

Definition 2.1 ([9]). Let X be a nonempty set and s > 1 be a given real number. A function d :
X x X — RT s said to be a b-metric on X if the following conditions hold:

(1) d(z,y) =0 if and only if v =y,

(1) d(z,y) = d(y,z) for all x,y € X,

(i41) d(z,y) < s[d(z, z) + d(z,y)] for all x,y,z € X.

Note that every metric space is a b—metric space with s = 1. But the converse need not be true as is
shown in the following example.

Example 2.2 ([7]). 1)Let X =1,(R) with0 <p <1 and
(R)={{zn} CR: X [z, [P< o0}

n>1

We define d: X x X — RT by :

d(z,y) = (2 | 20 —ya |P)7

n>1

where © = {xp},y = {yn}, then (X, d) is a b-metric space of constant s = 251,
2) let X = Lp[0,1] is a space of real functions x(t), t € [0, 1] such that:
fol | z(t) |P dt < oo with0<p<1. Wedefined: X x X — RT by :

da,y) = (Jo | 2(t) = y(@) [P d)7.
Then (X,d) is a b-metric space of constant s = 251,
Definition 2.3 ([6]). Let (X,d) be a b—metric space, x € X and (x,) be a sequence in X. Then
(i) (zyn) converges to x if and only if nl;rr;o d(xz,x,) = 0. We denote this by x, — x(n — o00) or

lim z,, = x.
n—oo

(i) (xy) is Cauchy if and only if lim d(x,,zm,) = 0.

n,Mm—00
(iii) (X,d) is complete if and only if every Cauchy sequence in X is convergent.

Lemma 2.4 ([19]). Fvery sequence (x,) of elements from a b-metric space (X,d) having the property
that there exists v € [0,1) such that

d(anrlv xn) S ’yd(ifn, xnfl)a

for every n € N, is Cauchy.

3. Main results

Theorem 3.1. Let (X,d) be a b-metric space of constant s and F,G : X — B(X) having the property
that there exist ¢,d € [0,1] and k € [0,1) such that:

(i) ksd <1,
(it) H(Fz,Gy) < kN, q(x,y) for all z,y € X.

Then, for every xg € X, there exist v € [0,1) and a sequence (x,,) of elements from X such that:
(a) xopt1 € Faop, and xa, € Gra,—1 for every n € N,
(b) d(xpy1,2n) < yd(Tp,Tn—1) for every n € N*,
(¢) (xn) is Cauchy.
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Proof.
1

Let us consider 8 = 1(min(1, 5) + k) and v = maz{B, QEZZB} <1, zp € X and x; € Fxo,

then, using (i7), we have
d(Il, Gml) S H(Fxo, Gml) S kNC,d(xo, 231).

According to the characterization of inf we have for e = 1(min(1, 52) — k)Ne.a(o, 1), there exists
r9 € Gy such that

1, . 1
d(z1,22) < kNca(xo,z1) + E(mm(l, %) — k)Ne,a(@o, z1)
1, . 1
= 5(mm(l,g)+k)]\fc,az(xo,ﬂfl)

= BNea(zo, 1)
Since
d(l‘z,Fl‘z) S H(FI‘Q,Gl‘l) S kNC’d(:rQ,Il).

According to the characterization of inf we have for ¢ = 1(min(1,-) — k)N 4(z2, 1), there exists
r3 € Fro such that

1, . 1
d(z2,03) < kNea(wz,21) + 5 (min(l, =) = k)Ne,a(w2, 21)
1, 1
= i(mm(l, g) + k)Nc,d(xb 331)

BNe¢.a(x2, 1)
In the same there exists x4 € Gx3 such that
d(z3, 1) < BNe (w2, x3).

By recurrence, we construct a sequence (z,,) such that zo,41 € Fxa,, and xa,, € Ga,_1 which satisfies

d(z2n, Tant1) < BNea(Ton, Tan—1) and  d(ron—1,%2n) < BNea(®on—2,%Ton—1) n=1,2,3,... (3.1)
According to (3.1) we have:
don < BNea(ron, Tan—1)
= Pmaz{d(zon, Tan—1), cd(Tan, Fra,), cd(zan_1, GTan_1), g(d(xgn, Gran—1) + d(xon—1, Frapn)}
< Bmaz{dan_1, cdan, cdan_1, gd(xgn_l, Tont1)}
< Bmaz{dan_1, cdan, cdan_1, %(dgn_l +dan)}

d
< pmaz{da,_1, ;(dQn—l +don)},

for every n € N*, where the justification of the last inequality is as follow :
if max{dan—1,cdon, cdopn—1, %(dgn,l + dan)} = cday, then we get that do, < Beda, < Bda, < dap,which
is a contradiction.

Consequently, do, < Bdan—1 or dop < BLE(don—1 + dan), i€ dap < Bdan—1 or day < %d?nfl for

every n € N*| thus da, < max{g, %}dgn,l, ie

d($2n+1, Z‘Qn) < vd(xgn, Z‘Qn_l) Vn € N*. (32)
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According to (3.1) in the same way we have:
don—1 < PBNea(T2n—2,Ton—1)

d
= PBmar{d(x2n—2, Ton-1), cd(Tan—2, Fran_2), cd(x2n—1, GTon—1), E(d(xan% Gran—1)

+d(zon—1, Fron—2)}

IN

ﬁmax{dQn—Qa Cd2n—2; Cd2n—1; §d(x2n—2; xQn)}

ds
< pmaz{da,—2,cdon—2, cdon_1, 7(d2n—2 +dan-1)}

ds
< pmaz{da,—2, 7(d2n—2 +don-1)},

for every n € N*, where the justification of the last inequality is as follow :
if, maxz{dan—2,cdon—2,cdan—1,%(don—2 + dap—1)} = cdan—_1, then we get that dap—y < Bedan—1 <
Bdon—1 < dop—1,which is a contradiction.
Consequently, da,—1 < Bdap—2 or dop—1 < /B%(dQn—Q +dan-1),
ie dop_1 < Pdop_o or dop1 < %dgn,g for every n € N*, thus da,—1 < maz{s, %}dgn,g, ie

d(z2n, Ton—1) < yd(x2n—2,x2n—1) VYn € N*. (3.3)

According to (3.2) and (3.3) we have for every n € N*  d(zp41,2,) < vd(zn, Tp_1).
Hence the sequence (x,,) satisfies (a) and (b). From Lemma 2.4 we deduce that (c) this also satisfied.

Definition 3.2. A function F : X — B(X), where (X,d) is a b-metric space, is called closed if for

all sequences (x,) and (y,) of elements from X and z,y € X such that lim z, = x, lim y, =y and
n—oo n—oo

Yn € F(xy,) for every n € N, we have y € F(z).

Theorem 3.3. Let (X,d) be a complete b—metric space with constant s > 1 and F,G : X — B(X),
satisfying the following conditions:

(i) F and G are closed,

(ii) there exist c,d € [0,1] and k € [0,1) such that
H(Fz,Gy) < kN q4(x,y) for all xz,y € X,

(iii) ksd < 1.

Then F and G have a common fixed point x € X.
Moreover, if x is absolutely fized for F or G (which means that F(x) = {z} or G(x) = {x}), then the
fized point is unique.

proof.

Existence.
Based on (i7) and (7), according to Theorem 3.1, there exists a Cauchy sequence (x,,) of elements of X
such that:

Tont+1 € Fxo, and xo, € Gron—1  for every n € N. (3.4)

As the b-metric space (X, d) is complete, there exists € X such that lim x, = z. We combine (7) with
n— 00

(3.4) to see that € Fz and = € Gz, i.e F and G have a common fixed point z € X.
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Unicity.
Suppose that F'(z) = {z} and y € X is another common fixed point of F' and G, then by (i) we have

d(z,y) < H(Fz,Gy) < kNcq(z,y)

=k max{d(z,y),cd(z, Fx), cd(y, Gy), Cg(d(x, Gy) +d(y, Fz))}
=k maz{d(z,y), g(d(x, Gy) +d(y, Fx))}

<k ma{d(e,y), 5(s(d(x,y) + d(y, Gy)) + s(d(y, ) + d(a, )}
< kmaz{d(x,y),ds d(z,y)} < d(x,y), because (kds < 1).

which is a contradiction. Hence d(x,y) = 0 then z = y.
So z is the unique common fixed point of F' and G.

Remark 3.4. In Theorem 3.3, if we replace H(Fx,Gy) by §(Fx,Gy), then F and G have a unique
common fized point because H(Fx,Gy) < 0(Fx,Gy), then by Theorem 3.3 F' and G have a common fized
point. On the other hand the unicity becomes from the fact that

d(a,b) < 0(Fz,Gy) Vae Fx Vbe Gy.

Definition 3.5. Given a b-metric space (X,d), the b-metric d is called *-continnuous if for every A €

B(X), every x € X and every sequence (z,) of elements from X such that lim z, = x, we have
n—oo
ILm d(zy, A) = d(x, A).

Theorem 3.6. Let (X,d) be a complete b—metric space with constant s > 1 and F,G : X — B(X),
satisfying the following conditions:

(i) d is *-continuous,

(i1) there exist c,d € [0,1] and k € [0,1) such that
H(Fz,Gy) < kN q4(z,y) for all xz,y € X,

(i) ksd < 1.

Then F and G have a common fixed point x € X.
Moreover, if x is absolutely fived for F' or G (which means that F(x) = {z} or G(z) = {x}), then the
fized point is unique.

proof.

Existence.
Based on (i7) and (4), according to Theorem 3.1, there exists a Cauchy sequence (x,,) of elements of X
such that:

Tont1 € Fro, and xo, € Gron_1  for everyn € N. (3.5)

As the b-metric space (X, d) is complete, there exists € X such that lim z, = x.
n—oo

Then, using (i7) and (3.5), with the notation d(z,,,x) = d,,, we have
d(xont1,Gr) < H(Fxa,,Gx) < kN g(xon, )
= kmax{dan, cd(xan, Fray), cd(z, Gx), g(d(ﬂl‘gn, Gz) + d(z, Frap))}

d
<k max{dan, cday, cd(z, Gx), 5(5(5% +d(z,Gzx) + dant1 + d(x2n41, Fran)))},

= k max{dan, cdaon, cd(z, Gz), 5(5(5% +d(z,Gz) + dant1))}s (3.6)
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for every n € N.

Since li_>m Oopi1 = 1i_>m Oop = 1i_>m dsy, = 0 and li_>m d(xon+1,Gr) = d(z,Gr)
( as d is *-continuous and da, < $(d2, + 02p,41) and li_>m T, = x), letting n — oo in (3.6), we get
d(xz,Gz) = 0, because if d(xz, Gx) > 0, then

d(z,Gz) < kmaa:{cd(x,Gx),gsd(x,Gx)}

kds

< max{ke, 3 Yd(z, Gx)

kds

< d(z,Gz) because maa:{kc,T} <1

)

which is a contradiction, hence x € Gz and G has a fixed point.
In the same way we have:

d(zopn, Fz) < H(Fz,Gxon—1) < kNea(x, 2on—1)

d
< kmax{dap_1,cd(x, Fz),cdoy_1, 5(5(5% + dop—1 +d(x, Fx)))}, (3.7)
when n — oo in (3.7), we get d(z, Fz) = 0, because if d(z, Fx) > 0, then

d(z,Fr) < kmazx{cd(z, Fx), gsd(x, Fz)}
< maz{ke, %}d(x, Fz)
kds
< d(z,Fz) because mazx{ke, T} < 1.

which is a contradiction, hence x € Fx and consequently F' and G have a common fixed point x € X.
Unicity.
Suppose that F(x) = {z} and y € X is another common fixed point of F' and G, then by (i) we have

d(l‘,y) S H(vaGy) kNC,d(xay)

<
< kmaz{d(x,y),ds d(z,y)} < d(z,y), because (kds < 1).
which is a contradiction. Hence d(x,y) = 0 then x = y.

So x is the unique common fixed point of F' and G.

Example 3.7. .
Let (X =10,1],d) be a complete b—metric space with constant s = 2, d(z,y) = |z — y|?>. We define
F.G: X — B(X), by Fx=1[0,%2], Gz=][0,%]
and
d(a,Foe) =z — 51> dly,Gy) =|y—§>  H(Fz,Gy) =5 - §*
(1) It is easy to see that F' and G are closed.
(1i) We prove that F and G check

H(Fz,Gy) < émax {d(x, y),d(x, Fz),d(y, Gy), %(d(x, Gy) + d(y, Fx))} .

1
S gNl,l(xay)'

Indeed, we have the following situations:
1) If x < 4, then
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NS

|
ol

IA |
== ool

from where

, 1 1 1

| < _d(x7y) < g max d(xa y)v d(xa F.’K), d(yv Gy)v §(d(xa Gy) + d(ya FLC)) :
2) If © > 4, we have d(x,Gy) = |z — £|>. Then

27

Y
(x—g)

B~ =

|_y|_
8

18
[
ool
|

IN
N S

B
|
ool

from where

T2 < fde,Gy) < (50w Gy) + diy, Fo))
< é max {d(x, y),d(z, Fz),d(y, Gy), %(d(m, Gy) + d(y, Fx))} )
This implies
H(Fa,Gy) < g {dlo,g).dle. Fa). dly. G), (0o G) + dly. Fa) |
< %lel(x,y) for all x,y € X.

(i1i) We have ksd = 2 < 1.
So all the conditions of Theorem 3.3 are satisfied, then O is the unique common absolutely fixed point
of F and G.

4. Consequences of the main result

As a consequence of Theorem 3.1, if ' = G =T, then we obtain the following corollary

Corollary 4.1 (Theorem 2.1 [19]). Let (X,d) be a b-metric space of constant s and T : X — B(X)
having the property that there exist ¢, d € [0,1] with k € [0,1) such that:

(i) ksd <1,
(i) H(Tz,Ty) < kN q(x,y) for all x,y € X.

Then, for every xg € X, there exist v € [0,1) and a sequence (x,,) of elements from X such that:
(a) pt1 € Ty, for every n € N,
(b) d(xp1,2n) < vd(Tp,Tn—1) for every n € N*,
(¢) (zp) is Cauchy.

From Theorem 3.3 and F' = G = T we obtain the following corollary

Corollary 4.2 (Theorem 3.1 [19]). Let (X,d) be a complete b—metric space with constant s > 1 and
T: X — B(X), satisfying the following conditions:

(i) T is closed,
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(it) there exist c,d € [0, 1]and k € [0,1) such that
H(Tx,Ty) < kN¢q(z,y) for all z,y € X,

(iii) ksd < 1.
Then T has a fized point x € X. Moreover, if x is absolutely fixed, then it is unique.
From Theorem 3.6 and F' = G =T a we obtain corollary

Corollary 4.3 (Theorem 3.2 [19]). Let (X,d) be a complete b—metric space with constant s > 1 and
T: X — B(X), satisfying the following conditions:

(i) d is *-continuous,

(ii) there exist c,d € [0,1]and k € [0,1) such that
H(Tz,Ty) <kNcq(x,y) foralz,yec X,

(iii) ksd < 1.
Then T has a fized point © € X. Moreover, if x is absolutely fixed, then it is unique.
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