Bol. Soc. Paran. Mat. (3s.) v. 2023 (41) : 1-12.
©SPM ~ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.51676

Behavior of the Isothermal Elasticity Operator with Non-linear Friction in a Thin Domain*

Yasmina Kadri, Hamid Benseridi, Mourad Dilmi and Aissa Benseghir

ABSTRACT: This paper deals with the asymptotic behavior of a boundary value problem in a three dimensional
thin domain Q¢ with non-linear friction of Coulomb type. We will establish a variational formulation for the
problem and prove the existence and uniqueness of the weak solution. We then study the asymptotic behavior
when one dimension of the domain tends to zero. In which case, the uniqueness result of the displacement for
the limit problem is also proved.

Key Words: A priori inequalities, asymptotic approach, Coulomb law, elasticity system, free bound-
ary problems, variational inequalities.
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1. Introduction

The theory of variational inequalities represents, in very natural generalization of theory of boundary
value problems and allows us to consider new problems arising from many fields of applied Mathematics,
such as Mechanics, Physics, the Theory of convex programming, the control and in engineering science.
In this paper, we study a problem involving boundary conditions describing real phenomena such as
contact and friction. The problem presented in this work is very frequent in applications. For instance
the physical domains are defined such that the height is much smaller than the length. These are the
assumptions of elasticity and Visco-elasticity of a tire. Other applications are related to the mechanism
of ball bearing. Scientific research in mechanics are articulated around two main components: one
devoted to the laws of behavior and the other on boundary conditions imposed on the body. For the
constitutive law, we consider an isothermal elastic body with Coulomb free boundary friction conditions in
the stationary regime occupying a bounded, homogeneous domain ¢ C R?. As the boundary conditions
reflect the binding of the body with the outside world, the boundary I'® of the domain is assumed to be
Lipschitz continuous so that the unit outward normal n exists almost everywhere on I'*. The boundary
of the domain is assumed to be composed of three portions : w the bottom of the domain, I'{ the upper
surface, and I'; the lateral surface. We suppose that the Dirichlet boundary conditions are satisfied
on fi U fEL, for the displacement. On the bottom surface, the normal displacement is null. However,
assuming the friction is sufficiently large, the tangential velocity is unknown and satisfies the Coulomb
boundary condition. This law is one of the most spread laws in mathematics and it is more realistic
than the law of Tresca. Several works have been done on the mechanical contact with the various laws
of behaviour and various friction boundary conditions close to our problem, however these papers were
restricted only to the results of existence and uniqueness of the weak solution under several assumptions.
Let us mention for example the work by [17] in which the authors worked the mathematical model which
describes the quasistatic frictional contact between a pie-zoelectric body and a deformable foundation
with the normal compliance condition and a version of Coulomb’s law of friction. The dynamic evolution
with frictional contact of an elastic body was studied in [16]. They proved the existence of a solution
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in the two-dimensional case and the uniqueness for the one-dimensional shearing problem. An excellent
reference on analysis of contact problems involving elastic materials with or without friction is in [1,9].
Existence, uniqueness and regularity results in the study of a new class of variational inequalities were
proved in [18]. The authors in [2] studied the asymptotic and numerical analysis for a unilateral contact
problem with Coulomb’s friction between an elastic body and a thin elastic soft layer. More recently,
the asymptotic analysis of a dynamical problem of isothermal and non-isothermal elasticity with non
linear friction of Tresca type was studied in [4,17]. Some research papers have been written dealing with
both the asymptotic analysis of an incompressible fluid in a three-dimensional thin domain, when one
dimension of the fluid domain tends to zero can be found in [5,10,11]. The goal of this paper is to study
the asymptotic behavior of a boundary value problem in a three dimensional thin domain Q° with non
linear friction of Coulomb type. The use of the small change of variable z:%, transforms the initial

problem posed in the domain Q¢ into a new problem posed on a fixed domain §2 independent of the
parameter €. We prove some estimates on the displacement independent of the small parameter. The
passage to the limit on €, permits us to obtain the existence and uniqueness of the limit of a weak solution
to the problem described in the abstract.

This article is organized as follows. In Section 2 we introduce the notation and we recall the weak
formulation of our problem considered. In section 3 we find some estimates and prove convergence
theorem by using several inequalities. Finally, we obtain all the properties of our original problem.

2. The model and variational problem

We consider a mathematical problem governed to the stationary equations for elasticity system in a
three dimensional bounded domain ¢ C R? with boundary I'*. We denote by S3 the space of second order
symmetric tensor on R?, and |.| the inner product and the Euclidean norm on R?® and Sj, respectively.
Thus, for every u,v € R3 u.v = u;.v;, |v| = (v.v)Zand for everywhere 0,7 € S3,0.7 = 0iiTij, |T| =
(7’.’7’)% for 1 <i,j < 3. Let w be a fixed bounded domain of R?® of equation 23 = 0. We suppose that w
has a Lipschitz continuous boundary and is the bottom of the domain. The upper surface fi is defined
by x3 = eh(x) = eh(z1,z2). We introduce a small parameter e, that will tend to zero, and a function h
on the closure of w such that 0 < h, < h(z) < h*, for all (2,0) in w. The domain QF is defined by

Q= {(z, z3) €R’: (2,0) Ew, 0<a3<ch(x)}.
Also, we use the following notations

HY(QF)3 = {v e (L2 () : % € L2(QF), Vi,j = 1,2,3},
Ty
Ve={ve H(Q):v=00nT7U TI'{, vn=0o0onw},
H(QE) = {O’ = (O'ij) 104 =04 € L2(Q€)},

Hieurs () ={p e H' (2°) : 9 =0 onT7UT5}.
The spaces H'(Q¢)3, Ve, H(QF) and HllgLuri (Q°) are a real Hilbert spaces endowed with their natural

norms ||.||1,0= and scalar product (.,.)1 q-.
Let @Q the real Hilbert space

Q= {r= (i) : 7ij = 7js € L*(°), Vi, j = 1,2,3},

(U,T)Q:/ aijﬂjdx:/ o.rdz,
0e €

(u,V)1,0- = (e(u),e(v))g Vu, veV(Q).

with the canonical inner product

where
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Here ¢ denotes the deformation operator € : H'(Q¢)3 — Q defined by

8’(1,1' + 8uj
8xj 8xi '

1
) = (). el =
Let Qs be the space of forth order fields given by (see [18], page 97)
QOO = {8 = (eijPQ) : eiqu = ejipq = epqij € LOO(QE)a 1 S iaj7p7q S 3}7
witch is a real Banach space with the norm

l€lQu. = OSi{nj,%?fKS ||eiquHL°C(QE)

and moreover
€7l < 3l[€llq.llTlle V€€ Qu, 7€ Q.

Let us introduce a vector function g = (g;)1<i<s, such that

/ g.ndo =0. (*)
rg

We assume that g is in H2 (9Q°)3, the space of traces of functions from H'(Q°)? in dQ°. Due to (*)
there exists a function G* such that

G° € H'(Q°)? with G° = g on 99Q°.

For every element u € H'(Q¢)? we denote by u, and uS the normal and the tangential components of u

on the boundary w given by
£ _
£ =

Uy, = un, Ul = up — Uy,

Also, for a regular function o°, we define its normal and tangential components by

o5 = (0°n;) .y, oL =05

Ti ij Ty — (Ui) Mg

We denote by u® = (u$)i<i<3, the displacement vectors, by 0° = (04;)1<i,j<3, the stress tensor and e(u®)
the linearized strain tensors. We model the materials with elastic constructive law

o = Ee(u®),
where € is given linear constitutive functions satisfy

(3)819€X83—>Sg,

(b) There exists Lg > 0 such that
|€(z,€1) — E(x, €2)] < Le |e1 — €2
Ve, €2 € Sg, a.e. x € OF)

(c) There exists me > 0 such that
(E(z,61) — E(x,€2)).(1 — €2) > meler — e2]?
Ver, €2 € Sg, a.e. x € QF)

(2.0)

(d) The map x — E(z,0) is Lebesgue measurable on Q°
for any € € S3,

(e) The map x — &E(x,0) € H(QF).

For given body forces f¢ the problem is described by:
e The stationary elasticity system of equations:

—div(c®) = f° in Q°.
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» The upper surface I'?; being assumed to be fixed so :
u* =0, onlj.
» On I'7, the displacement is known and parallel to the w-plane:
u® =g with g3 =0.
e Now, we describe the conditions on the surface w. We assume that the contact is bilateral, i.e.,
u®.n = 0.
e The tangential displacement on w is unknown and satisfies the Coulomb friction law.

07| < Feloy| = us =,
|og] = F¢|of| = 3IB > 0 such that us = s — fot.

In this law, the tangential stress can reach the border F¢|o¢| which is called friction threshold, where
F¢ > 0 is the coefficient of friction.

To simplify the notation, we do not indicate explicitly the dependence of various functions on the variables
x € Q°UT*. Then, the classical formulation of the mechanical problem of a frictional bilateral contact
with wear may be stated as follows.

Problem P¢. Find a displacement field u® = ((uf))1<i<s : 2° — R? such that

Divo® 4+ £° =0, in Q°, (2
o = Ee(u®), in Q°, (2
u® =0, on I'], (2.
u® =g, with g3 =0, on I'7, (2
u®.n, on w, (2

05] < Felos| = s =s
o] = F¢|o5| = IB > 0 such that us = s — fot } » OB &y
Remark 2.1. If we have only u® € V* and o7}, is defined by duality as an element of H ~2 (w), has non

sense then the integral J¢(v) has no meaning. From the mathematical point of view it is necessary that
1
R(0f) = |o5,| with R is a regularization operator (cf. [12,13]) from H?2(w) into L*(w) defined by

1
Vr e H 2(w), R(7) € L*(w), R(T)(z) = (r,d(x —t 1 Vr € w,
(@), Br) € L), BE)@) =(rolw=0), ; 4
where ¢ is a given positive function of class C*° with compact support in w and H *%(w) is the dual
space to
1
HE ={v,:veH' (Q),v=0on I UT.}.
Theorem 2.1. Let u® be a solution of Problem P°, with a sufficient reqularity, then it satisfies the

following variational problem:
Problem P;. Find u® € V° such that

0 (W, v — ) + J5(v) — JE(u) > / £ (v — uf)dadzs, Vv e Ve, (2.7)
where
afuov—u) = [ o (e(v) = elu)dods = [ E(e(v) = c(u)duda,
(f5,v) = 5 fividzdzs, Yo € H' (Q°)°

JE(v) :/:fsm(a;)nv—sux.
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Proof. Multiplying equation (2.1) by (¢ — u®), where ¢ € V¢, and we use Green’s formula, we get
/E o (e(v) — e(u®))dxdrz — /1“6 oiing (p; —ug)do = . 5 (o, — uf) dedas. (2.8)

According to the boundary conditions (2.3)-(2.5), we find

/ 0% (05 — uS) do = / 0%, (i — uf) da.
F€

w

Therefore

/ o°(e(v) — €(u®))dzdxs — / o5 (g —ui)de = A fi (@, —ui)dedxs, Yo e VE. (2.9)
In (2.8) adding and subtract the term [ F¢|R(05)| (| — s| — [us — s]) dz, we obtain

[ o)~ ctudnda ~ [ 0%, (i~ ui)do + [ FIRO) (0 - o] = fui = s o

- [ TR e = sl = s = sde = [ (=) dadas,
As the Coulomb friction (2.6) is equivalent to ([12]):

(w5 — ) 0% + T R(o5)|[u5 — 5| =0 onw,

we deduce directly the variational inequality (2.7). O

Theorem 2.2. Assume f¢ € L*(Q°) and the friction coefficient F¢ is a mon negative function in
€ L°(w), then there exists u® € V¢ solution to the problem P°. Moreover, for small F¢ this solution is
unique.

Proof. The proof is similar to that given in [2]. Indeed, for the existence of solution u® we apply
Tichonov’s fixed point theorem. Then to proved the uniqueness of u® we used the same technicals as in
[2] and ([18], Theorem 2.1).

3. The problem in a fixed domain

This section is devoted to the study of a priori estimates on the displacement u® solution of our
variational problem. For the asymptotic analysis of problem (2.1) — (2.6), we use the approach which
consist in transposing the problem initially posed in the domain 2° which depend on a small parameter
in an equivalent problem posed in the fixed domain 2 which is independent of . For that, we introduce

a small change of the variable zzﬁ, so for (z,z3) in Q° we have (z,z) in
€

Q={(z,2) eR* (2,0) Ewand 0 < z < h(z)},
and we denote by I' = w U T';, UT'; its boundary, then we define the following functions in €2
a5 (r,2) = e 'u§ (z,23) and @5 (z,2) = uS (z,23), 0= 1,2. (3.1)

For the data of problem (2.1) — (2.6), we suppose that they depend of € in the following manner

with f, F and § independent of ¢.
The vector G¢ introduced in section 2 will be defined as follows

{ Gi(x,2) = G (z, 3), i=1,2,

G (z,2) = e 'G5 (x, x3). (3.3)
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Now we introduce the functional framework on 2. For this, we note:

V={teH(Q)?
(V)= {ve H'(Q)?

=0onI'yUTI'y and ﬁ.n:Oonw},

= (v1,02), @:OonI‘luf‘L,i:lﬂ},
ov;
Dz

0]
0]
V, = {6: (01, 02) € L)% € L*(Q),i=1,2; and ¥ =0 on rl} :

Assuming (3.1) — (3.3), then problem (2.7) leads to the following form:
Problem . Find ¢ € V such that

a(a,v—a)+J(v)— J(a) ZZ(fl,vl—m)+a(f3,@3—ﬂ3),V0€K (3.4)
i=1
where
J(¥) = / T|R(%)| 19, — slda,
2
a(a,v—a) = e Z/ oc (e(t;) — €(0S))dadas + s/ ¢ (e(t3) — €(1))dardas.
i=1 78 ©

In the next, we will obtain estimates on Gi°. These estimates will be useful in order to prove the conver-
gence of 41 toward the expected function.

Theorem 3.1. Assuming that f € (L? (Q))Sand the friction coefficient F > 0 in L (w) then there
exists positive constant C' independent of €, such that the following estimate holds

2 2 2

s a5 || s a5

. 1<i5<2 19%5 20 9zl 2(a) " 1;@ 2(@) o 0zl 12(@) = &
Proof. Let u® be a solution to problem P¢, we have
0 (U, v = uF) + JE(v) — JE(uF) > / £°(v — uf)dedzs, ¥v € V2. (3.6)
As J¢(u®) is positive, then
a(u®,u®) <a(u®,v)+J°(Vv) —|—/ feutdedrs — / fevdaxdzs, Vv € VE. (3.7)
By Korn’s inequality, there exists a constant Cj > 0 independent of €, such that
a(u®,u®) > C’K||Vu5||§’9€. (3.8)

On the other hand we have
a0 v < [ () = ew) 3 dedas < [ Lelle(w) = el g dads
We use the fact that Z” | le(u®)|? < [Vu®|?, then

a(u,v%) < Le (|VVI[§ o + VO[5 o-) -

Using Poincaré’s inequality to obtain

[ulo,0: < eh™[[Vuo,a,
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then, similar to (3.8), we have

C (eh*)?

K
/5 ffutdadrs| < THVUSH?),QE + 20
(eh*)?

/5 fevedxdzs 20

Using (3.8) — (3.10) and choosing v = G°, the variational inequality (3.7) becomes
Cr[[Vufo.or < a(u',u) < Le (VG| o + IVulf o-)

IVE15

Ck

< =
2

[VVEIE o + IVE]I3 e

Ck (eh*)?

+ THVUEH(Q),QE + ﬁ”vfﬂ (2),95
Ck (eh*)?

+ EIVE B + eIV B o

C
Assume that Le < TK’ then

2 - Cgk

Multiplying (3.11) by € (0 < & < 1), we have

C
€ <TK - Lg) [|[Vus||o,0e

eh*)? . C A
L IviI 0+ (Le + ) 1V Gl e

Ck
9 -1
) (5 %)
L2(QF) 2

o2
£
ou;

0z

<

Thus EHVuEHaﬂg < C, where

- (&2 e

elVe|go- = Y

1<ij<2

2 C N
o(Ger) oo
L2(QF) 2

o2 2
€ £
0u; ous

O0x; 0z

2 4

+
L2(Q)  1<i<2

L2(Q) L2(Q)

Which completes the proof. [

C ch* 2 C
(5 - 2e) 19 loa < S IvE N 0+ (20 + 5 ) IVGeIR 0

HE
ous
8331‘

(3.11)

Theorem 3.2. Under the same assumptions of Theorem 3.1 and the inequality (3.5) hold, then there

exists 0* = (4}),1=1,2 in V,, such that

a; =47 1=1,2 weakly in V,,
i - o,
E@x =0 4,5=1,2 weakly in L*(Q),
J
8AE
g2 81;3 -0 i=1,2 weakly in L*(Q),
8AE
€ au; -0 weakly in L*(Q),
etus —0 weakly in L? ().

Proof. The convergences of (3.12) — (3.16) are a direct result of inequalities (3.5).

(3.12)

(3.13)
(3.14)

(3.15)
(3.16)

To be able to pass to the limit in the Problem Pe , we must prove the convergence of the integral term

defined on w. The following lemma is adapted for this case.

Lemma 3.1 ([2]). There exists a subsequence of R(o;(4°)) converging strongly towards R(o5(4*)) in

L? (w).
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4. Main results and limit problem
Theorem 4.1. With the same assumptions of Theorem 3.2, the solution 4* satisfy

a; = a;  for i =1,2 strongly in V.,

L= f; fori=1,2, in L*(Q)% XeR

>3 | filvi —a})daedz, Vo eTL(V).

%Z Qg (%t) %(ﬁi—ﬂj)dxdz+/w§r}3(02(ﬂ*))}(|U—5| |a* — s|)dx

(4.3)

Proof. The proof of the strong convergence of (4§, u§) to (43, 45) in V. using the same techniques
from ([7], Proof of Theorem 4.2). By the convergence of Theorem 3.2 and as J is convex and lower

semi-continus, the inequality (3.4) became

From ([6]; Lemma 5.3), we can choose 9; in (4.4) such that

b =0 £, 0, € HF(Q)i=1,2

e (5

Now, by the Green formula, we deduce

S f (3

Using the fact that € is linear, then there exists a real A such that

we get

)aa%d dz = / Fipduds.

) pdrdz = / fipdadz.

62 %
322

=fi in H1(Q).
We know that f; € L2(Q), then (4.2) is true in L(Q). O

Theorem 4.2. Under the assumptions of the previous Theorem 4.1, we have

/ §|R(U;(S*))| (o + s* —s| — |s" — s|)dx — )\/ T pdr > 0,V € L*(w)?

on w,

Nr*| < F|R(o5(s)| = s* =s,
AT = ?‘R(a;‘](s*))‘ = 35 >0, such thats* = s+ SAT",

where i
* _ ok «_ ou
§* =10*(x,0), T = (x,0).

%i/ﬂg (%if) 832( )dxdz+/§|3(a;(a*))\(|a—s|—|ﬂ*—s|)dx

(4.5)

(4.6)
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Also the limit function O satisfies the weak generalized equation

B h
/ (F + )\/0 a*(z, z)dz) V(x)dr =0, Yo € H' (w) (4.7

where

/sz)dz—hF(x h) and F(z, ) = //flxadads

Proof. The inequality (3.4) can be written as

i 311; 0 e
Z / ( (8:3] &ri) 8—% (v; —43) dmdz)

Q=1

+ Z/ ( <8u € gjf) {% (v; —45) + &2 81 (vg — ﬂg)] dmdz) (4.8)

)

> Z (ﬁ,fh —@1) +e (f3,173 —@3) :
i=1

Passing to the limit, then using the Green formula and we choose in the variational formulation (4.8),
0; = U} + ¢;, where ¢; € Hf. p (Q),i=1,2, with

8” ~
(v~ @) dodz + [ F[R(; ()] o+ 5" = 5| = | = sl =X [ 7"

Hi or, (Q)={veH'(Q):v=00n [T UL},

we obtain

] o . . ) )
_)\Z/Q 922 ‘Pidxdz—k/w&"‘R(Un(S N(e+ s —s|—|s —s|)dm—/\/wr odx

On the other hand, from (4.2) we deduce that for ¢ = (¢, ¢y) € Hf r, ()3

/ ?‘R(a;(s*))‘ [(Jo+ 8" —s| —|s" —s])dx — )\/ T pdx > 0. (4.9)

Inequality (4.9) holds also for all ¢ € D(w)? and by the fact that D(w) is dens in L(w) we find (4.5). The
proof of (4.6) is similar to those given in case of the problem of fluid-solid with Coulomb law ([7]. For
the rest of proof, we integrate twice (4.2) between 0 and z, we obtain

// madadf——/\//a (z, ) dad€

=—A/ T @) - 5 w0 as

= =AU} (z,2) — G (2,0) — 27%),

3

(=)

then
z &

0 (x,2) = s (x,0) + 27" — —/ / x, «) dad€. (4.10)

0
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As af (z,h (x)) = 0, we have

s (z,0) + ht* (z, o) dadg. (4.11)

>/I'—‘

S p

o\m

Integrating (4.10) between 0 and h give

h h h .
/ U (z,2z)dz = / s (x,0)dz + / 2mrdz — X
0 0 0

. h
1 1

/ af (x,2) dz = hs* (2,0) + Sh°7" — X/

0 0

fi (z, ) dad€dz,

o\w
o\m

/0

fi(z, ) dadédz,

o\n
o\m

we deduce that

~ 1
ar (x,2)dz + F () — §h27'* =0,

o\w

so, we give (4.7). O

Theorem 4.3. Under the assumptions of Theorem 4.1, there exists a positive constant F* (sufficiently
small), such that for < F* then the solution of the limit problem (4.2) is unique in V.

L (w)

Proof. Let 4} and 05 be two solutions of the problem (4.2). For any ¢; € II (V'), we have

2
1 ar,\ 0, - N e ) .
52/ ( L ) g( —uli)dxdz+/?|R(an(u1))| (|6 — s| — |aF — s|)da
=1 w
2
ZZ/fZ l_ul’L dde

>Z/ fl U5 Ugl dde

Taking ©; = 43, in the first and 0; = 4}; in the second equation then summing the two inequalities above
taking in mind that € is linear, we get :

= oat;\ 9 da
52/98( 6;) P (45, — 43;)dxdz + = Z/ ( 2l> —(ay; — 43;)dzdz

+ [ F (1R - |Repa) (5 - - |45 - s) ds
>

then

- |R(U* (4

n

)|) a5 — a3|da,

ok

dxdzg/§(|R(a;§(ﬁ§))
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this implies

2

0 A% Ak -~ %[ Ak %Ak ke N
< / F (|R(o%(03))| - |Ro%(00))]) 6 — a5da
0,0 w

||5||Qoo 92 (4] —43)

By Poincaré’s inequality, we find

1
0 A % Ak ? * T * [ Ak % [ Ak 2 E A K AKX
lella. |52 i —an)| <7 5], ([ 1reie) - Re@inf ) e - ol
0,0 (w) w
As H:?"HL oy S T then we have o5 — 8y, = 0. O
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