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Existence and Non-existence of Solutions for a (p, ¢)-Laplacian Steklov System

Youness Oubalhaj, Belhadj Karim and Abdellah Zerouali

ABSTRACT: In this paper, we study the existence and non-existence of weak solutions to the following system:

Apu=Aqv =0 in Q,
[VulP=2 2% = Mmn|u|P~2u — e[(a + 1)]u|*Tuv[PT1 — f]  on 0Q,
[Vol972 52 = Mnfv|97 %0 — e[(B + 1)[o] P~ To[ul*F! —g]  on 99,

where Q is a bounded domain in RN (N > 2) with a smooth boundary 99, Apu = div(|Vu|P~2Vu) is the

p-Laplacian, % is the outer normal derivative, € € {0,1}, m,n, f and g are the functions that satisfies some

conditions.

Key Words: Steklov system, weights, nonlinear boundary conditions, (p,¢)-Lapacian, eigenvalue

problem.
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1. Introduction
Consider the system with nonlinear boundary conditions
Apu=Aqv =0 in €,

(Vu|P~22% = Amju[P~?u — [(a + 1)[u* Lulv[f+ — ] on 99,
|Vv|q*28—3 = Mnv]|77 20 — g[(B + 1)[v]*~to|uloT! — g] on 01},

(1.1)

where Q is a bounded domain in RY (N > 2), with a smooth boundary 92, 1 < p < 400, 1 < ¢ < 400,

€€

{0,1} and suppose the following conditions:

aZO,BZOsuChthato‘Tfl—i—%:land

p N -1
fel™(0Q), r= ,plj ; <p<ooifp<Nandp>1lif p>N,
pp—p+1 p-—1
. q N -1
g el (09), 7= —2 <j<ooifq<Nand§>1if ¢>N.

@q—q+1 ¢—1

Mﬁ:{mELf’(aﬂ),er;éO,/ mdo < 0},
00

My = {m € LY(02),m" # O,/ mdo < 0},
o0

Apu = div(|]Vu[P72Vu) is the p-Laplacian. The operator A, turns up in many mathematical setting:
e.g., non-newtonien fluids, reaction-diffusion problems, porous media, astronomy, etc. (see for example

[4])-
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Many publications, such as [6,8], discuss quasilinear elliptic systems involving p-Laplacian operators
and show the existence and multiplicity of solutions. The authors in [6] studied the existence of solutions

for
—Apu = Fy(x,u,v) in €,
—Ag = F,(x,u,v) inQ,
u=v=0, on 01,

where p, ¢ are real numbers larger than 1.

In [1,5], the authors studied a Dirichlet problem involving critical exponents. The author, in [9], has
been interested to the system involving (p(z), ¢(z))-laplacian with Dirichlet conditions, which generalize
and improve the result of [1].

Existence results for nonlinear elliptic systems when the nonlinear term appears as a source in the
equation complemented with Dirichlet boundary conditions have been studied by various authors; we
cite the works [6,10,11].

For the nonlinear boundary condition, the authors in [7] proved the existence of nontrivial solutions

of the quasi-linear elliptic system.

Apu = |u|P~2u, Agv = |v]97% in €,
|Vu|p*2% = F,(z,u,v), |Vv|q72% = F,(z,u,v) on 99,

where (F,, F,) is the gradient of some positive potential F': 9 x R x R — R.
The (p, ¢) harmonic case for the Steklov system has been studied in [2].

In the present paper, we are interested at the existence and non-existence of (p, ¢)-harmonic solutions,
(u,v) € WEP(Q) x Wh4(Q), for a Steklov system (1.1).

This paper is organized as follows. In section 2, which has a preliminary character, we collect some
results relative to the following Steklov problem (2.1). In section 3, we study the existence and non-
existence solutions for our system (1.1). Our proofs are based on variational arguments.

2. Preliminaries

In this section, we collect some results relative to the Steklov eigenvalue problem

{ Apu =0 in €,

|Vu|P~28% = Am(z)[ulP~2u  on OQ, (2.1)

where the weight m is assumed to lie in M = {m € LP(9Q),m* # 0, [, mdo < 0}.
O. Torné in [12] showed, by using infinite dimensional Ljusternik-Schnirelman theory, that the problem
(2.1) admits a sequence of eigenvalues:

Ax(m,p) = mf sup — /|Vu|pdx
CelkgeC P

where

'y, = {C C S;C is symmetric, compact and v(C) > K},
with )

S = {ue Wr(Q); —/ mlu|Fdo = 1} and v(C) is the Krasnoselski genus of C.
D Joa

Let A\ (m,p) = inf{}—lj Jo |VulPda; u € WHP(Q) and %faﬂ mlu|Pdo = 1}.
This author also showed that if [, mdo < 0, then Ay (m, p) > 0.
In [3], A. Anane et al have also proved that there exists an increasing unbounded sequence of positive
eigenvalues for the problem (2.1) but by applying an other deformation lemma.
In [3] the authors showed the following result.

Theorem 2.1. 1. If m,mo € Mp, then we have

1 1 1
— = ——— =sup - mlu|Pdo,
At A(mep)  weap Joo
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where )
A= {uec WP (Q); —/ |[VulPde = 1}.
P Ja
2. If m <=#£ my, then A\1(mo,p) < A1(m,p).

3. Existence and nonexistence of solutions for a Steklov system

In this section, where ¢ = 1, we show that the problem (1.1), admits at least a nontrivial solution
under some conditions on the positive number A, we also show the non-existence results for nontrivial
solutions of the system (1.1) in the case € = 0. The following theorem is the main result in this paper.

Theorem 3.1. Let m € My, n € Mg and 0 < A < inf(Ai(m,p), M (n,q)). Then
1. Ife =1, the system (1.1) admits at least a solution for any f,g.
2. If e = 0, the system (1.1) has no non-trivial solutions.

Consider the space W = WHP(Q) x WL9(Q) equipped with the norm

[wll = llullp + o]

lulliy = ([ 1Vapds+ [ jupas)”
Q Q

Iolhe = ( / Voltd + / ofrde) .
Q Q

We say that (u,v) € WHP(Q) x Wh4(Q) is a weak solution of (1.1) if :

1,q, for w=(u,v) € W,

where

and

/|Vu|p72VuV<pdx:/ )\m|u|p*2ug0d0—€[(a+1)/ |u|a*1u|v|ﬁ+1g0do—/ fedo],
Q o9 o0 o9

/|Vv|q*2VvV¢dx:/ )\n|v|q’2vwda—€[(5+l)/ |v|671v|u|a+1¢da+/ gido].
Q 00 00 o9

for all (p,1) € WLP(Q) x WH9(Q), where do is the N — 1 dimensional Hausdroff measure.
The energy functional corresponding to the system (1.1) is the functional ®. such that ®. : W — R with

1 A 1 A
O (u,v) = —/ |Vu|pdx——/ m|u|pdo+—/ |Vv|qu——/ nl|v|%do
P Ja D Joa q.Ja q Joo

+e [/ |u|a+1|v|ﬁ+1da—/ fuda—/ gvda}
o9 o) o)

It is clear that the critical points of the energy functional ®. are the weak solutions of the system (1.1).
To prove the Theorem (3.1), we need the following lemmas.

Lemma 3.2. If e = 1, m € My and n € Mg, then the functional ®.—1 is coercive for, 0 < A <
inf(>‘1 (mvp)a )\l(na q))

Proof. Suppose by contradiction that ®.—; is not coercive. Then there exist a sequence w,, € W and
¢ > 0 with w, = (un,v,) such that ||w,| — 400 and [Pe—q(wy)| < c.
The condition |®.—;(wy)| < ¢ implies that

1 A 1 A
—/ |Vun|pdx——/ m|un|pdo+—/ |an|qu——/ n|v,|%do
P Ja P Joq qJo q Joo

—|—/ |un|a+1|vn|5+1da—/ funda—/ gupdo < c.
19) 19) 19)
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Since
/ |t | 0, [P de > 0,
a0
then \ \
1 1
—/ |Vun|pdm——/ m|un|pda+—/ |an|qdm——/ nl|v,|?do
P Ja P Jon qJo 4 Joo
—/ fundo—/ gupdo < c.
a0 a0
Thus \
1
—/ |Vun|pdx——/ m|up|Pdo — funda—/ gupdo < c, (3.1)
b Ja P Jon o0 o0
and \
1
—/ |an|qu——/ n|vn|qdo—/ fundo—/ gupdo < c. (3.2)
qJq qa.Joa o0 o0

As 0 < A < inf(A(m,p), A1(n,q)), then we have

1
(1—#)—/ |Vun|pdm—/ funda—/ gupdo < c,
A(m,p)/ p Jo a0 a0

and
A 1
(1 — 7) — [ |Vu,|%dz — funpdo — gupdo < c.
A(n,q9)/ q Jo a0 a0
Put @, = pi=y and O, = 2y, dividing by [|w, [P and [Jw,[|?, we obtain

S

A 1/ 1
l1—— )= Vi, |Pde — ——— funda—F/ gupdo ) < ,
o)y Ve - s () o 90n7) < o

A 1/ i 1 / c
1-— - Vo, |lde — ——— funda—/ gupdo ) < .
(- 5tmp) 7 Lol - o ( o 70) < o

Since i, is bounded, for a further subsequence still denoted y,, i, — % weakly in WHP(Q) and @,, — @
strongly in LP(€2). On the other hand, we have

/|va|%+/ \@[Pdz < lim inf (/ |van|de+/ ).
Q Q n—r+oo \ Jq Q

Passing to the limit, we obtain I—lij |[Va|Pde = 0. Thus @ = cst = ¢1 and ||Uy|l1,p — [|@]]1,p. Since

WLP(Q) is uniformly convex and reflexive, @,, — cst = ¢; strongly in WLP(Q). By a similar argument,
we show that @, — cst = co strongly in WH9(Q).
Dividing (3.1) and (3.2) respectively by ||w,||P and ||w, || and passing to the limit, we obtain

p
Aal? [ e <o
p o0
and
q
—/\|02| / ndo < 0.
q o0

Since [y, mdo < 0 and [,,ndo <0, then ¢; = ¢z = 0. Consequently ||w,|| — 0, where @, = (tn, On).
This contradicts ||w,| = 1. Finally, ®._; is coercive. O

Lemma 3.3. If m € My and n € My, then the energy functional ®.—, is a weakly lower semicontinuous.
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Proof. Tt suffices to see that the trace mapping W — LT (092) x LT (09) is compact. Indeed, if we
have WHP(Q) x WH9(Q) C L%t (092) x Lar (0Q) with compact injection, then for any bounded part in
W, it is relatively compact in L3~T (09) x LaT (09).

Let (un,v,) be a bounded sequence in W, it means that wu,, is bounded in W'P(Q) and v,, is bounded
in Wh4(€). For the subsequences , there exists (u,v) € WHP(Q) x WH4(Q) such that u,, — u weakly
in WHP(Q), strongly in LP(2) and Lﬁp_fl(aQ) and v, — v weakly in WH9(Q), strongly in L4(2) and
L7 (09). Thus

/|Vu|pdx§hminf/ [Vu, |Pdz

1
—/ |Vu|pdx—é/ m|u|pda+/ |u|o‘+1|v|ﬁ+1da—/ fudo <
P Jo P Joa o0 o0

1 A
lim inf {—/ |Vun|pdx——/ m|un|pd0+/ |un|°‘+1|vn|ﬁ+1da—/ funda}.
n—eo P Ja D Joo o9 o9

We have the same result, if we replace u,, by v,,. This implies that

and

Doq(u,v) < liminf @eq (un, vy,),

n—oo
consequently ®._; is weakly lower semi-continuous. O
Proof of Theorem 3.1. 1. By Lemma 3.2, ®._ is coercive and by Lemma 3.3 ®._; is weakly lower

semicontinuous. Furthermore ®._; is continuously differentiable.Thus the proof is complete by
using the minimum principle.

2. For € =0, the system (1.1) becomes

Ap’u, = Aq’[} = O in Q,
|V'u/|p72a—g = )\m|u|P*2u on 59, (33)
|Vv|q_23—5 = An|v|97 2% on 0.

Affirm that if 0 < A < inf(A;(m,p), A1(n,q)), then the system (3.3) has no non-trivial solution.
Indeed, suppose, by contradiction, that the system (3.3) have a non-trivial solution (u, v) such that u # 0
or v # 0. Then, we obtain

/|Vu|p_2VuV<pdx:/ Am|u|P~2updo,
Q e}

/|Vv|q_2Vquz5dm=/ An|v|? 2vedo.
Q e}

For all (p,9) € WHP(Q) x WH4(Q). Thus for ¢ = u and ¢ = v, we obtain

/|Vu|pdx=)\/ m|u|Pdo and / |Vv|qu=)\/ nlv|?do.
Q 1) Q 1)

So, we distinguish two cases:

L If [, [VulPde = [, |Vo|%dz = 0, then u = cst and v = cst. So, we have 0 = Aest|P [, mdo and
0 = Aest|? [, ndo. Since [,, mdo < 0and [,,,ndo <0, u=wv=0. This contradicts the fact that
u # 0 or v # 0.

2. If [, |[VulPdz > 0 or [, |Vo|?dz > 0, then

Jo IVulPdz
Joq m|ulPdo B

Voul|ld
oo < JalVultde

0< =
Joq nlv]ado
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Thus f Vulrd
ulPdx
)\l(mvp) < -

Vulldx
< 4o lTE ot < 22000
o0

= JoqnlvlPdo B
So
A(m,p) < Xor Ai(n,q) < A

It follows that
inf(A1(m, p), A1(n,q)) < A

This contradicts our assumption.

O

Corollary 3.4. 1. Fore =1, let m,mg € Mz and n,ng € Mg, if m <# mg, n <# ng on 0 and
A = Ai(mo,p) = A (no,q), then the system (1.1) admits at least a solution for any f,g.

2. Fore =0, let m € Mz, n € Mg, if 0 < X <inf(Ai(m,p), A\(n,q)) < sup(A1(m,p), Ai(n,q)), then
the system (1.1) has no non-trivial solution (u,v) € W in the sense that u % 0 and v # 0.

3. For e =0, let m € Mp, n € Mg, if X\ = A\ (m,p) = A (n,q)), then the system (1.1) has infinitely
many solutions.

Proof. 1. Let m,mg € Mp, n,ng € Mg, by Theorem 2.1, if m <z mp and n <# ng, then A =
A1(mo,p) < Ai1(m,p), and A = Ai(ng,q) < A1(n,q) this implies that A < inf(A;(m, p), A1(n, q)).
According to Theorem 3.1 the proof is complete.

2. o if 0 < A <inf(A(m,p), A\1(n,q)), we use the Theorem 2.1.

o If 0 < A =inf(A(m,p), A\(n,q)) <sup(Ai(m,p), Ai(n,q)), then we have two cases. First case:
if A = Ai(m,p) < Ai(n,q)), the non-trivial solutions are of the form (ay,(m,p),0), where
1 (m,p) is an eigenfunction of system (2.1) associated to Ai(m,p) .

Second case: if A = A1(n,q) < A1(m, p)), the non-trivial solutions are of the form (0, B¢, (n, q)),
where ¢, (n, q) is an eigenfunction of system (2.1) (with ¢ and n instead p and m) of associated
to Ai(n,q) .

3. We use the simplicity of the first eigenvalue A1 (k,r) of the system (2.1), where k = m and r = p or
k=nandr=gq.
[
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