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Twisted Hessian Curves over the Ring F,[e],e? = ¢

Elhamam Moha Ben Taleb, Abdelhakim Chillali, Lhoussain El Fadil

ABSTRACT: Let Fy[e] be a finite field of ¢ elements, where g is a power of a prime number p. In this paper, we
study the Twisted Hessian curves over the ring Fq[e], where e = e, denoted by H,_ 4(Fqle]); (a,d) € (Fqle])?.
Using the Twisted Hessian equation, we define the Twisted Hessian curves H, 4(Fq[e]) and we will show that
Hyo(a),mo(a)(Fq) and Hy, 4y 7, (a)(Fg) are two Twisted Hessian curves over the field Fg, where 7o and 71 are
respectively the canonical projection and the sum projection of coordinates from Fyle] to Fy. Precisely, we
give a bijection between the sets H, q(Fgle]) and Hr( (a),xo(d) Fq) X Hr, (a),m1 (a) Fq)-
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1. Introduction

Let K be a finite field of order ¢ = p™ where n is a positive integer and p is a prime number. Daniel,
Chitchanok, David and Tanja (2015), in [1], has studied the Twisted Hessian curves H, 4(K) defined
over the field K. A. Boulbot et al, study the arithmetic of the ring F,[e], e* = e, in particular we show
that this ring is not a local (see [2]). In section 3, we define the Twisted Hessian curves H, 4(F,[e]) over
this ring, we study discriminant and the Twisted Hessian equation which allows us to define two Twisted
Hessian curves: H(q),xo(a)(Fq) and Hy, (a),x, (a)(Fq) defined over the finite field ;. In the next of this
section, we classify the elements of H, 4(F4[e]) and we give a bijection between the two sets: Hg q(F,[e])
and Hr(a),mo(d)(Fq) X Hr, (a),x (4)(Fq), where mg and 7y are surjective morphisms of rings defined by:

w0 :  Fyle] — By and ™G F.le] — F,
rog+ T — X Tro+T1€ — To+ T

2. The ring F,le],e? =¢

F, is a finite field of order ¢ = p™ where n is a positive integer and p is a prime number. The ring
F,[e], e? = e can be constructed as an extension of the ring F, by using the quotient ring of F,[X] by the
polynomial X2 — X. An element X € F,[e] is represented by X = x¢ + x1e where (zg,z1) € F,.

The arithmetic operations in F,[e] can be decomposed into operations in Fy and they are computed as
follows:
X +Y = (zo+yo) + (z1 +y1)e

XY = (zoyo) + (zoy1 + T1y0 + T131)e,
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where X = xg + z1e and Y = yy + y1e.
We can see ([2]), where the authors have proved the following results:
o (Fyle],+,.) is a finite unitary commutative ring.
e I, [e] is a vector space over F, of dimension 2 and {1, e} is it’s basis.
o XY = (2oyo) + (w0 + x1)(yo + y1) — zoyo)e.
o X2 =12+ ((xo +71)% — 2d)e.
o X3 =2a3+ ((wo + z1)® — 23)e.
o Let X = 9 + z1e € Fyle], then X € (Fyle])™ if and only if zg # 0 and x¢ + 1 # 0. The inverse is
given by: X! = x5! + ((xo +21) 7" — 25 Ve
e Let X € Fyle], then X is not invertible if and only if X = ze or X = = — e, such that z € F,, .
e I, [e] is a non local ring.
e 7o and 7 are two surjective morphisms of rings.

3. Twisted Hessian curves over the Ring F[e],e? = ¢

In this section the elements X, Y, Z, a and d are in the ring F,[e] such that X = xo+z1e, Y = yo+ 116,
Z = zy+ z1e, a = ag + are and d = dy + die where xg, x1, Yo, Y1, 20, 21, G0, a1, do and dy are in F,. We
define an Twisted Hessian curve over the Ring Fe], as a curve in the projective space P?(F,[e]), which
is given by the equation:
aX3+ Y3+ 2723 =dXYZ

where the discriminant A = a(27a — d?) is invertible in F,e].
We denote this curves by: H, q(Fqle]).

Remark 3.1.
7T0(A) = a0(27a0 — dg),
7T1(A) = (CL() + al)(27(ao + CL1) — (d() + dl)g).
Proposition 3.1. Let Ay = mo(A) and A1 = 71 (A), then A = Ao+ (A1 — Ap)e
Proof. We have:
A = a(27a — d*)
= (ag + a1€)(27(ap + are) — (do + die)?)
= 2Tag(ap + are) — ap(dp + alle)3 + 27are(ap + are) — are(dy + dle)3
= 27a(2] + 27apar1e — aodg —ag(do + dy)3e + aodge + 27aga; + 27a3e — aldge —ay(do + dy)3e + aldge

= ao(27ag — dg) + ((ap + a1)(27(ap + a1) — (do + d1)3) —ap(27ap — dg))e
= Ay + (Al — Ao)e.

Corollary 3.2. A is invertible in Fyle] if and only if Ao # 0 and Ay # 0.

Using corrolary3.2, if A is invertible in Fy[e], then Hr(q) xo(d)(Fq) and Hy, (a) x,(a)(Fq) are two Twisted
Hessian curves over the finite field F,, and we notice:

Hroa)mo(@y(Fg) = {[z 1y : 2] € P2(Fy) | aoa® + y° + 2° = doayz}
He (@)m(a)(Fg) ={[zr:y:2] € PQ(Fq) | (ao + a1)z® + 3> 4+ 22 = (do + dy)zyz}

Proposition 3.2. Let X, Y and Z in Fyle], then [X : Y : Z] € P%(F,le]) if and only if [mo(X) : mo(Y) :
7o(Z)] € P%(F,) and [m1(X) : m1(Y) : m1(Z)] € P%(F,) .
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Proof. Suppose that [X : Y : Z] € P?(F,[e]), then there exists (U, V,W) € (F,[e])®> such that

UX +VY +WZ =1. Hence for i € {0,1}, we have:

mi(U)mi(X) + mi(V)m (V) + mi(W)mi(Z) = 1, so (mi(X),m:(Y), 7:(Z)) # (0,0,0), which proves that

[1i(X) : i (Y) : m(Z)] € P*(F,) .

Reciprocally, let [m;(X) : m;(Y) : m;(Z)] € P3(F,), where i € {0,1}.
Suppose that zg # 0, then we distinguish between two case of xg + x1:

a) if 2o + 21 # 0, then X is invertible in Fyle], so [X : Y : Z] € P?(F,[e]).
b) if g + x1 = 0, then yo + y1 # 0 or 29 + 21 # 0.

i) If yo + 11 # 0 then:

zo + (Yo + y1 — wo)e = w0 — xoe + (yo + y1)e = X + €Y € (Fyle])™,

so there exists U € F,le], such that UX +eUY = 1, hence [X : Y : Z] € P?(F,e]).
ii) If 20 + 21 # 0 then X +eZ € (F,[e])* ,s0 [X : Y : Z] € P*(F[e]).
We can use the same proof if yg not 0 or zg not 0.

Theorem 3.3. Let X, Y and Z in Fyle], then

(XY : Z] € Hyq(Fyle]) if and only if [7;(X) : (YY) : mi(Z)] € Hr,(a),xi(a)(Fq), for i€ {0,1}.

Proof. We have:

aX?® = (ap + are)(zg + z1€)?
= (a0 + are)(xj + (w0 + 1)* — x3)e)
= aoxg + ap(zo + 21)3%e — aoxge + alxge +ay(zo +21)% — alxge
= apxd + (ag + a1)(zo + x1)%e — apxde
V8 =y + ((yo +11)® — vd)e
Z3 =23+ (20 +21)° — 20)e
dXYZ = (do + dire)(zo + z1€)(yo + y1€)(20 + 21€)
= doxoyozo + doxoyozie + dozoyizoe + doxoyrz1€ + dox1yozoe + doz1yoz1€
+ doz1y120e + dor1y121€ + dixoyizie + dixoyozoe + dixoyoz1e
+ dizoyrz0e + diz1yozoe + diz1yozie + diziyizoe + diz1y121€
Or {1,e} is a basis F, vector space Fy[e], then: a X3+ Y3 + 73 =dXYZ
if and only if agxd + y3 + 28 = dozoyozo and
(a0 + a1)(zo + 1’1)3 + (yo + yl)3 + (20 + 21)3 = (do + d1)(zo + z1)(yo + y1) (20 + 21).

Corollary 3.4. The mappings 7o and 71 are well defined, where 70; for i € {0,1} is given by:

i ¢ Haa(Fgle]) — Hr,(a),mi(a)(Fq)
(X:Y:Z] = [mX):mY):m(2)]

Proof. From the previous theorem, we have [m;(X) : m;(Y) : m(Z)] € Hr,(a),x:(a)(Fq)

I[X:Y:Z]=[X:Y':Z], then there exist A € (Fy)* such that: X' =X, Y’ =AY and Z’

then:
(XY 7)) = [m(X) i (Y') s mi(2))]
= [m(N)m(X) s mi(N)mi (V) : mi(AN)mi(2)]
mi(A)=Ae(Fq)*
= [mi(X) : mi(Y) s mi(Z)]
=m([X:Y:Z]).

AZ,
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4. Classification of elements in H, 4(F,[e])

In this subsection, we assume that —3 is not a square in Fy, we will classify the elements of the
Twisted Hessian curves into three types, depending on whether the projective coordinate X is invertible
or not. The result is in the following proposition.

Proposition 4.1. The elements of Hy 4(F,le]) are of the form:
o [1:yo+yie: zo+ 1€

e [0:—1:1]

efe:—1+ye: 1+ ze]
e[l—e:—1—y+yre:1—2z + z1¢€]

Proof. Let P=[X :Y : Z] € Hy 4(F,le])), where X =g +z1e, Y = yo + y1e and Z = zy + zie.
We have two cases of the projective coordinate X:
1) first case: X is invertible, then: [X : Y : Z]~[1:Y : Z]
2) second case: X is no invertible, in this case we have:
i) X = ze, where x € F,, then:
eifz=0then [X:Y :Z]=1[0:—-1:1], else x # 0 then:

(X :Y:Z]~[e:yo+y1e: 20 + 21€]

we have: mo([e : yo + yie: 20 + 2z1€]) = [0: Yo : 20] € Hyy(a),mo(a) then:
Yo =—1and zo = 1, i.e:

[e:yo+yie:zo+ z1e] =[e: =1+ y1e: 1+ z1€]

ii) X =z — ze, where © € Fy, then:
eifzr=0then [X:Y :Z]=1[0:—-1:1], else x # 0 then:

(X:Y:Z]~[1—e:yo+uyie: 20+ 21¢€]

we have 71 ([1 —e:yo+y1e: 20+ 21€]) = [0: yo +y1 : 20 + 21] € Hy,(a),r,(a) then:
Yyo+y1=—1and 20+ 21 = 1, i.e:

l—e:yo+yie:zo+zie]=[1—e: =1 -y +yre:1— 2z + z1€]

From this proposition we deduce the following Corollaries :

Corollary 4.1. H, 4(Fyle]) =[1:Y : Z]\a+ Y3+ Z3 =dY Z}

U{le: —1+wyre:1+z1e]\ [1: =1+ y1: 1+ 21] € Hry(a),m,(a)(Fo)}
U{ll—e:=1—y1+ye:l—z+z1e]\[1: =1 =y1: 1= 2] € Hry(a),mo(a)(Fg)}
u{[o:-1:1]}

Corollary 4.2. my is a surjective mapping.

Proof. Let [z :y: 2] € Hrj(a),mo(a)(Fq), then:
eifz=0then [z:y:z]~[0:—1:1]; hence [0: —1: 1] is an antecedent of [0 : —1 : 1]
eifx #0,then[z:y:2]~[l:y:z];hence [l —e:y—(1+y)e:z+(1—2)e]is an antecedent of
[1:y:z].
(]

Corollary 4.3. 7 is a surjective mapping.

Proof. Let [z :y: 2] € Hr (4)x,(d)(Fq), then:
eIfx=0,then [z:y:2]~[0:—1:1]; hence [0: —1: 1] is an antecedent of [0: —1 : 1]
elfx#0,then[z:y:2z]~[l:y:z];hencee: =1+ (y+1)e: 14 (2 —1)e] is an antecedent of [1 : y : z].
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The next proposition gives a bijection between the two sets
Ha,a(Fyle])

and
Hzo(a),mo(d)(Fq) X Hry (a),m (d) (Fq)-

Proposition 4.2. The @ mapping defined by:

T i Haa(Fgle]) — Hro(a),mo(d) Fa) X Hiry (a),m1(d) (Fa)
X:Y:Z] — ([ro(X):7m0(Y):7m0(2)], [71(X) : m1(Y) : m1(2)])

s a bijection.

Proof. e As 7y and 7 are well defined, then 7 is well defined.
e Let ([0 1 yo : zo]s [x1: 1 1 21]) € Horg(a) mo () (Fg) X Hoy(a),m,(a) (Fg)), clearly:
7([zo + (1 — zo)e : yo + (y1 — yo)e : 20 + (21 — 20)e]) = ([xo : yo : 20, [x1 : y1 : 21]), hence 7 is a surjective
mapping.
o Lets [X : Y : Z] and [X' : Y’ : Z'] are elements of H, 4(F,[e]), where X = z¢ + z1¢, Y = yo + y1e,
Z=zy+z1e, X' =z + 2le, Y =y, +yle and Z' = 2, + Z]e.
If [0 : yo : zo] = [x) syl = 20) and [xo + 1 :yo +y1 2 20 + 21] = [x) + 2} vy +y) 20 + 1],
then there exist (k,1) € (F;)? such that:

xh = kxg xh+ 2t = Uz + 1) 2y =1 —k)xg+ a1
yo="kyo and ¢ yo+yi=1yo+vy1) so yi=0—kyo+m
2y = kzo 2y + 21 =1Uz0 + 1) j:( —k)zo+ 21
X’:kxo+((l—k)xo+x1)e—(k+( k)
then: ¢ Y’ =kyo+ ((I = k)yo +y1)e = (k+ (I = k)e)Y
Z'=kzo+ (I —k)zo+z1)e=(k+(1—k)e)Z

Or k + (I — k)e is invertible in Fle], so [X' : Y’ : Z'] = [X : Y : Z], hence 7 is an injective mapping.
We can easily show that the mapping 7! defined by:

7 M@0t yo : 20), [w1 1 y1 : 21]) = [wo + (w1 — 2o)e : yo + (y1 — yo)e : 20 + (21 — 20)e]
is the inverse of 7.
O

Since there is a bijection between H, 4(Fyle]) and Hr,(a),ro(a)(Fq) X Hr,(a),m:(a)(Fq) then we deduce the
following corollary:

Corollary 4.4. The cardinal of H, 4(Fye]) is equal to the cardinal of Hy () xo(a)Fq) X Hr, (a),m: (a)(Fq)-
Example 4.5. InFsle], leta=2+2e, d=1+e. We have:

Hya(Fsle]) ={[0: —=1:1],[1:0:2+4e],[1:2:4e],[1:e:2+ 3e],[1:2¢e:2+ 2e¢,
[1:3e:2+4¢],[1:4e:2],[1:4e:2+2e¢],[1:2+2e:2e],[1:2+ 2e: 4e],
[e:d:14e€],[e:4:143e],[e:d+e:1],[e:4+2e:1+4e],
[e:4+4de:1+4 2], [1+4e:4e:2+4e],[1+4e:2+2e:¢],[1:2+¢: 3¢,
[1:2+3e:¢],[1:2+4e:0],[e: 4+ 3e: 1+ 3e]}
0:=1:1),[1:0:2],[1:2:0]}
0:=1:1],[1:0:1],[1:1:0],[1:2:4],[1:3:3],[1:4:2],[1:4:4]}

So, card(H, q(Fsle]) = 21, card(H21(F5)) = 3 and card(Ha3(Fs)) = 7. Note that ”"card” is the cardinal
of a set.
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5. Cryptography applications

Several authors have introduced cryptographic applications on projective curves such as elliptic curves,
see [3,4,5], in our work, we propose the following cryptographic applications:
o If card(H,,q4(F4le])) := n is an odd number, then n = s x ¢ is the factorization of n, where s :=
card(Hzr(a),ro(a)(Fq)) and t := card(Hy, (a),x, ) (Fq)), hence the cardinal of H, 4(F4[e]) is not a prime
number.
e The discrete logarithm problem in H, 4(F,[e]) is equivalent to the discrete logarithm problem in

Hoo(a),mo(d) Fq) X Hry(a),m1 (a) (Fg)-
6. Conclusion

In this work, we have proved the bijection between H, 4(Fqle]) and Hy(a),xo(d)(Fq) X Hr, (a),r (d) (Fq)s
classified the elements of H, 4(F4[e]) and it has been proven that its cardinal is never a prime number.
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