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Mathematical Behavior of Solutions of the Kirchhoff Type Equation with Logarithmic
Nonlinearity

Erhan Piskin and Nazh Irkil

ABSTRACT: We consider the existence and decay estimates of solutions for Kirchhoff type equation with
damping logarithmic source term. We proved global existence of solutions under suitable conditons by potential
well method and the decay estimates result of the solutions for subcritical energy level.
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1. Introduction
In this work, we focus on the following Kirchhoff type equation with nonlinear damping and logarith-

mic nonlinearity

ug + M <||Au||2) A2u+ agus + ay e ug = [ufP T Infulf, e, >0
u(x,0) =ug (z), u(z,0)=u(x), x € Q, (1.1)
u(x,t):%u(x,t)zo, x eI, t>0,

where ag, a1, k are a positive real number and M (s) = 8, + 5587, v >0, 8; > 1, 85 > 0. Also

2y +2k <p< 22y sy,
29+ 2k<p<oo, n<d4,

where Q C R™ (n > 1) is a bounded domain with smooth boundary 9€2.

1.1. Wave equation with logarithmic term

Studies of logarithmic nonlinearity have a long history in physics as it occurs naturally in different
areas of physics such as inflation cosmology, supersymmetric field theories, quantum mechanics and
nuclear physics [4,8].

In [6], Cazenave and Haraux studied the existence of the solution following equation

utt—Au+u:uln|u|k, (1.2)

in R3. Nowadays, there are much more works related to logarithmic nonlinearity in the literature, we
refer the interested readers to [7,12,16,17,22,25] and papers cited there in.
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2 E. Pigkin AND N. IRKIL

Al-Gharabli and Messaoudi [1,2] studied the following equation
wgr + A?u A4 u+ h(ug) = |u/In |u|k ,

where k > 0 and h (s) = s. They proved the local-global existence and the exponential decay rate of the
solutions. Then Peyravi [15], studied stability and instability at infinity of solutions to a logarithmic
wave equation

Uy — A+ u+ (g Au) () + b (u) ue + [u>u = u|In |ul®,

in an bounded domain Q C R?® with h (s) = ko + k1 |s]" "
1.2. Kirchhoff type equation

In 1876, Kirchhoff [3] introduced Kirchhoff type equation in order to study the nonlinear vibrations
of an elastic string. Kirchhoff model to described the transverse oscillations of stretched string, with local
or nonlocal flexural rigidity [24]. So that, Kirchhoff model was very important for many applications in
mechanics, elastic theory and other areas of mathematical physics [3]. It is worth noting that there have
been mang interesting study of the with initial and boundary value problems for Kirchhoff type equation,
for details on Kirchhoff type equation, we refer to see the works [9,13,19,20,23]

The original equation is

L
Eh
phuy + duy + f = P0+E/|ur|2ds Uz,
0

where ¢t > 0 and 0 < xz < L. F is the Young modulus, p is the mass density, h is the cross-section area,
Py is the initial axial tension, J is the resistance modulus, f is the external force.

1.3. Kirchoff type equation with logarithmic term
Then, some authors discussed the following Kirchhoff type equation
uge — M ([[Vul]) Au+g(u) = f(u),

which including more general function M and dissipative term (see [10,11,14]).

Nowadays, the studies have intensified about analysis of solutions for a class of Kirchhoff equation
with logarithmic source term. We refer to work of see [5,21]. In 2019, Yang et. al [21] considered the
following equation

we — M (||vu|\2) Au+ Juel” g — Aug = n ], (1.3)

where M (s) = a+ 8s7, v > 0, > 1,8 > 0. They studied local existence, finite time blow up and
asymptotic behavior of solutions in cases subcritical energy and critical energy. And also, they proved
finite time blow up solutions in case arbitrary high energy.

Motivated by the above studies, we established the global existence and decay estimates of the solution
for the problem (1.1). The results can be also viewed as a improved proof to the global existence theorem
in [18].

The rest of our work is organized as follows. In section 2, we gave some notations and lemmas which
will be used throughout this paper. In section 3, we proved the global existence of the solutions of the
problem. The decay estimates result are presented in section 4.

2. Preliminaries

In this work, we give some useful lemmas and assumptions, which have an essantial role in our proof.
Let W™ (Q) be the usual Sobolev space. Specially, W™2 (Q) and WP () will be marked by H™ (Q)
and LP (), respectively. We denote .| = .|/ 2(q) and [|.|l, = [/l »(q) - Moreover, C; (i = 1,2,...) are
arbitrary constants.

We define the energy functional E(t) of the problem (1.1) by

1 2, b1 2 By 2y+2 K koo
E(t) = 3 [lue]|” + > [Aul|” + 5 10 1Al - u? In |u| dx + e [[wll, - (2.1)
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Lemma 2.1. E(t) is a nonincreasing function for t > 0 and

E'(t) = —ao |l — a1 [l 7F < 0. (2.2)

Proof. By multiplying the equation in (1.1) by u; and integrating on 2, we have

/uttutdx—i—/M ||Au|| )AuAutdx—i—ao/ututdx—i—al/|ut| wuydx
Q

/|u|p Un |l wpda,

d (1 s By k k
- —IIUt||2+71IIAUH2+ 1272 p/U”IHIUIdxﬂL];HUHZ

dt \ 2 2y +2
Q
= —ao [luel® = a1 Juellr iy
and , .
E'(t) = —ao Jue|” — ax [Juell; 17 <0, (2.3)
t t
E(t)+ ao// lug|? dadt + a // lu|" T dadt = E(0)
0 Q 0 Q
E() < E(), (2.4)
where ) 5 5 k %
_ 2 1 2 2’y+2 P
B(0) =5 Il + 3 18 + 225 18l = 2 [winfuldo+ Sl (25)
Q
O
Lemma 2.2. [6] (Logarithmic Gronwall Inequality).
Let ¢ >0, v € L'(0,T; RT) and assume that the function w : [0, T] — [1, 00) satisfies
¢
w(t) <c 1—|—/7(s)w(s)lnw(s)ds , 0<t<T,
0
then .
cy(s)ds
w(t)gceb[7 ,0<t<T.
3. Global existence
In this section, we prove the global existence of solution of the problem (1.1) .
Now, we define the following functionals
k k
I = B 1Al + 2 Au = 2 il do + 2 (31)
Q
and
I(t) = By || Au® + By | Au** - /up In ful da. (3.2)

Q
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Obviously
70 = Sr+ 8 (P ) 1aul? + 8 (P ZESE Y I 4 Sl 63)
and )
E@t) =3 el |* + T (). (3.4)
The potential well depth is defined as
W ={ueHi(Q)|J(u)<dI(u)>0}uU{0} (3.5)
and the outer space of the potential well
V={ueH;Q)|J(u)<dI(u)<0}. (3.6)

Now, we establish some properties of the J(u) and I(u).

Lemma 3.1. For any u € HZ (), |[Aul| #0 and let g(A\) = J (Au). Then we have
i) limg (A\) =0, lim g(\) = —o0,
A—0 A—00
ii) there is a unique A1 such that g’ (\) = 0,
i11) g (X) is strictly decreasing on A1 < A, strictly increasing on 0 < X < Ay and takes the mazimum
at A= X3 I (Au) =g’ (N\) and

>0, 0<A< Ay,
I(Qu)=XJ(\){ =0, A=A,
<0, A< A\

Proof. i) By the definition of J (u), we obtain
g = J(w)

_ 61 ||/\AuH + H/\Au||2V+2 S/()\u)pln|)\u|dx+1%/|)\U|pd$
Q

= Do a4+ P
2y +2

k k k
——)\p/upln|u|dx - —)\pln)\/u”—i— — N ully (3.7)
p p p
Q
which means limg (A) =0, lim g(\) = —cc.
A—=0 A—r00

ii) Now, differentiating g (\) with respect to A\, we have

LTO0) = () = B\ IAul + BN AP

—kAPT! /up In [u| da — kAP~ [Jull?
Q

= A By Au)? + B2 [ Au| P — kAP / uP In ful dz — kAP ||ul?
Q

= (B Al + v ), (3.8)
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where
¥ (A) = BoA || Au||P T — kAP2 /up In Ju| do — AP~ [|ul[? .
Q
We observe from 2y < p — 2 that AILH;Q ¥ (\) = —oo. Then we can see ¢ (\) is monotone decreasing when

A > A" and there exists a unique \* such that 1 (A\*) = 0. Then we obtain there is a A\; > A" such that
BiA || Aul® + 1 (A) = 0, which means ¢’ (A;) = 0.
iii) The conclusion (iii) directly follows from

dJ (\u)

I(Au)=\ =g (\). .
() = A= =g () (39)
O
Lemma 3.2. i) The definition the depth of potential well
d= inf J(u), (3.10)

ueN

where
N = {ue B (@)\{0}: I (u) = 0},

s equivalent to

d:inf{supJ()\u) |ue H2(Q), |Au||27£0}. (3.11)
A>0

it) d is defined as

d_ﬁl(P_Qk)( B4 >‘”21
- 2p Cf+1 :

Proof. i) On one hand from (iii) of Lemma 3.1 it implies that for any u € H3 (Q), there exist a A; such
that I (Au) =0, that is \yu € N. By the definition of d we obtain

J (Mu) > d for any u € HZ (2)\ {0}, (3.12)
and because of Lemma 3.1 of property (iii), this A; is also the maximizer of J (Au) such that

sup J (Au) = J (A\u),

A>0
which by virtue of (3.12) means
inf supJ(A\u)= inf J(M\u)>d. 3.13
ueHg(Q))\ZIS ( ) uEHZ () (1 )* ( )

Asu € HZ (Q)\ {0}, we obtain d is not equavilent to 0, which gives (3.11). But then, from the definition
of d given by (3.11) it implies that there exists A* such that

supJ (Au) = J (Au).
A>0

Then from Lemma 3.1 we can deduce \* = \;. Again from Lemma 3.1 of property (iii) it shows that
I (N'u) =1(Mu) =0,
which means \*u € N. By the definition of d we get

d= inf J(\"u),
A*ueN
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that is

d= ulg]va(u) (3.14)

This complete our proof for (i).
ii) By virtue of I (u) = 0, definition of I (u) and embedding theorems we obtain

By [ Aul® + B, || w72 = /up1n|u|dx
Q
B, lAu)® < /upln|u|dm
Q
<l
< ortjau)™, (3.15)
which means
1
B, \7 1
| Aull > <C”1“ . (3.16)
From the definition of d, we have v € N. By (3.15) and I (u) = 0, we get
k p— 2k 2 p—2v—2k 42 K
Juz—]u—i—ﬁ( )Au—kﬁ(i Au|| 7+ = ull®
) = 21+ (B ) 18ul? + 8, (Bt ) 1l + 2l
p—2k
> 6 (P52

iy -2
= /31(1’2p ><O§L> ’

we take 2y < p — 2k and since 5, > 1, 85 > 0 and k is a positive constant. Combining of (3.14) and

(3.16), we can see clearly that
2
_ s, (P—2k Bi \"!
d_ﬁl( 2p )(Cf*l '

Definition 3.3. A function u (t) is called a weak solution to problem (1.1) on Q x [0,T), if

ueC((0,T);Hg (2)NC ((0,T); L* () NC? ((0,T); H?)

and
ug € L= ((0,7); L* () N L™ (Q))

satisfy
Ju (z,t)w (z) de + [ M (HAUHQ) AulAw (z) dz + + [ aqupw (z) da
O ) O

+ [ fue] " ww () de = k [ |u (2, 8)| w?~" (2, t) w (z) d.
) Q

Lemma 3.4. Let u (t) be a weak solution problem of (1.1) and ug (t) € HE (Q),u1 (t) € L? (). Suppose
that E (0) < d.

i) If up € W, thenu € W for 0 <t <T,;
it) Ifup € V, thenu € V for 0 <t < T,
where T is the mazimum existence time of u (t) .
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Proof. 1) If u (t) is a weak solution problem of (1.1) under the conditions E (0) < d, ug € W, then by
(2.4) says that
E(u(t) <E(0)<d.

We shall prove I (u(t)) > 0 for 0 < t < T. We will use conradiction and we suppose that; there is a
t1 € (0,7T) such that I (u(¢1)) < 0. Observe by the continuity of I (u (t)) in ¢ that there exists a t* € (0,7)
such that I (u (t*)) = 0.Then by (3.10), we get

d>E(0) > E(u(t) = J(u(t")) = d,

which is a contradiction.
ii) The proof of case (ii) is similar. O

Lemma 3.5. Under the conditions of Lemma 3.4 in (i) , we have

E(0)> E(u) > J(u) > /31( p%)nAun?.

Proof. By definition of J (u), I (u) and I (u) > 0, we get

p—2y k
) Naul? + 5y (2T ) a4l

J(u) = %I(u) (

p—2k p—2’y—2> 2942 | K
> Aul|” + — ) [[Au[TT 4+ = [Ju]?
1 (P50 ) sl + 6y (P 2 Al 4
p—2k
A
> o (P52 .
Because of (3.4) and (2.4) we can see clearly that

BO)2 B 270> 6, (252 ) I8l

O

Theorem 3.6. Let ug (z) € HZ () ,u1 (z) € L?(Q). If I (up) > 0 and E(0) < d or ||Aug|| = 0, then
problem (1.1) admits a global weak solution u € L> (0,00; H3 (Q)) , ug € L> (0,00; L? () N L™ () .

Proof. Let {w;}}2, be an orthogonal basis of the “separable” space Hg (2) which is orthonormal in
L2 (Q). Set
Vi = span {wy, wa, ..., W, }

and let the projections of the initial data on the finite dimensional subspace V;,, be given by
Za]w] — g in HZ (Q),
waJ ) = uy in L?(Q),

for j=1,2,....m
We look for the approximate solutions

(e, t) = SR (0w (),
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of the approximate problem in V,,

/ (ul’tlwdx +M <||Au||2) AumAw + agulw + ay [u|" u{”w) dx
Q
= [n|u™* [um P wde,  w e Vi,
e (3.17)
u™ (0) = ug' = -21 (uo,w;) w, '
=
up (0) = uy® = Zl (u1,w5) w;.
J:

This leads to a system of ordinary differantial equations for unknown functions A} (t). According to
the standard existence theory for ordinary differantial equation, one can obtain functions

hy:[0,tm) = R, j=1,2...m

which satisfy (3.17) in a maximal interval [0,t,,), 0 < ¢, < T. Next, we show that ¢,, =T and that the
local solution is uniformly bounded independent of m and ¢. For this purpose, let us replace w by uj* in
(3.17) and integrate by parts, we have

d

(1) = —ao |u" | = an lu" 137 <0, (3.18)
where
Em _ Au™ 5 Au™ 2v+2 Pl m| 4 k m||P
(t) = —|| up||? + b || u™||? mIl | Iu " In [u™] T 5w (3.19)

Integrating (3.18) from 0 to ¢, and using of (3.4), we obtain

t

3 I P T + [ (ao [ ? + a [ 733) ds = E70), (3.20)
0

By virtue problem of (3.17) initial data, while m — oo we obtain E™(0) — E(0). By choosing of large
m we have

t
3 P g+ [ (ao a2+ an 2 751) ds < (3.21)
0

By ug € W,

Lo m o2 m
5 i (O + J (™ (0)) = E(0),
and initial data, for choosing large m and 0 < ¢t < oo, we get u™ (0) € W. By (3.21) and an argument
similar to Lemma 3.4, by choosing large m and 0 < t < co, we have u" (t) € W. Therefore, by virtue of
(3.21) and (3.1) we get

m 5 m 2 2
—|| u|? + ||AU [ m”AU [

m m k m
——/|u Infu do + 2 o

t

[ (ao P+ aa 1751 s
0

< d (3.22)
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where 0 < ¢t < oo and choosing k is a positive constant smallest enough and p > 2+ 2k. For a sufficiently
large m and 0 <t < o0, (3.22) gives

[Jug" || < 2d,

2p
Au™|? < —d,
| | By (p — 2k)

p(2y+2)

Aum|P 72« 22T TS ,
| | By (p — 2y — 2k)

2
m||P p
||U ||p < ZCA

t
d
/||u;”||2ds <4
Qo
0

“+1
/ ;s < =

Then we obtain

™, is uniformly bounded in L (0, oo; HE (Q)) ,
w}", is uniformly bounded in L* (0,00; L* () N L™ ().

By using of Sobolev embedding inequality, (3.21) and (3.22) we get

/ WP dz < fum

IN

1
Gy || Au™||5"

p+1
2pd R
= <51 (p - 2k)> ’

lu™ [P | is uniformly bounded in L™ (0, 00; LPT1 () .

so that we obtain

Then integrating (3.17) with respect to t , for 0 < ¢ < oo we have

(ug, w /M ||Au|| Aw)dr
= (u1,w) + (Aug, Aw) —|—/ 1n|u |p71,w) dr
t
—ao/ (U™, w 1/<|u "~ |,w) dr. (3.23)
0 0

Therefore, up to a subsequence, we may pass to the limit in (3.23), and get a weak solution (u) to problem
(1.1) with the above regularity. On the other hand, initial data conditions in (3.17) we may conclude
(u(z,0)) = (up) in HZ and (u; (x,0)) = (u1) in L2 (Q) N LITH(Q). O
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4. Decay Estimates

Theorem 4.1. Let ug (z) € HZ (Q), uy (z) € L*(Q). Assume that E(0) < d, I (ug) > 0 or ||Aug|| =0

and
2
1< r<2P2 3
n—2
1 < r<oo, n=1,2,

there exist positive constants N and n such that
E(t) < Ne ™t >0.

Proof. Let
ao 2
LO =B @)+ [ w5 ul?,
Q
then we observe for sufficient small £ that there exist positive constants A1, A2, such that

ME() <L) < ME (),

and L (t) > 0 for any ¢ > 0.
By multiplying the (1.1) by u and integrating on 2, we obtain

/uttudx: k/ln|u|u”*1wudm—/M (HA'LL||2) AuAudx—/aoutudx—a1/|ut|rflutudx.
Q

Q Q Q Q

By derivative of (4.1) and using of (2.3) and (4.3) we obtain

L' (t)

—ao |Jue])® — a1 HUtH:E e ful?® + /uuttdm + ao/uutdm
Q )

k
—aolluell® = ar Juell T + e [ el + / [ 1 ol de
Q

— (21 (I8ul®) 18w + a1 [ ol veuda
Q

—ag Juel® = a1 fJuell; 5y + IIUtII2+/IUIp1DIUIkdx

Q

—e |5 IIAU||2+52HAUH27+2+611/|ut|”1utudx
Q

Now, our aim is to estimate every term of (4.4) severally.
By Sobolev embedding inequality and Lemma 3.5, we conclude

P k p+1
/ WP nfuf dz < fluf?t?
Q

< OFFH||AulPt
% Lt ,
< crtt <7E 0 ) Au
B lp —2%) (0) | Aul|

2
= V[Aul”,

(4.3)

(4.4)



BEHAVIOR OF SOLUTIONS OF THE KIRCHHOFF TYPE EQUATION 11

p—1
2

where ¥ = P (27213 (0))
B1(p—2k)
By using Young’s inequality for the last term in the right term-hand side, for 6 > 0, we conclude

al/IUtIPIUtudx < a0 () Jully iy + ard fuell 1y (4.6)

—(rt1) ri1

where C (§) = 2 — and § =
Then by Lemma 3.5 and embeddlng inequality

+1 +1
lullidy < G AullT

r—1

r 2p 2 2
< G (5 tggE ) lal

£l Aul?, (4.7)

r—1

where ¢ = Cy ! (%E (O)) > 0. So that we can write (4.6)

o / ™ weuds| < 1€ 0) € Aul” + 16 el (48)

Inserting (4.8) and (4.5) into (4.4), yields

L'(t) < (e —ao) lul®+ a1 (6 = 1) [lugllyfy — eBa || Aul
+e (U = By +ar1C (5) ) [|Au®. (4.9)
By the definition of E (t) ,which combining (4.5) makes (4.9) to be
L'(t) < (e —ao) llul® + a1 (66 — 1) [ludllyfy — eBy || Aul* ™
+e (¥ =B, +a1C ()€ | Aul* —ewB (1) + 2 [l

ﬁlsw Bogw 212 ksw/ kew
Au Rkt Pl d — ||lu||?
| Aulf? o3 o 1A o) n[u| dz + e [[ull,

Q
< (e (14+%) — o)l + an (20 = 1) 34 + e 5=y — 1) 172
— 2 r+1 27—’—2

S g+ (w B+ mC (@) + 2 Tlf) JAul? - ewE (1), (4.10)

where w > 0, which will be determined later. By again using of sobolev embedding inequality and Lemma
3.5, we estimate ||ul|} as follows

[l < Of aul (1.11)
2p = 2
< al(—2_p 0) Au
{5t FO) 8l
< ollauf?.

p—2

2

where o = C¥ (%E (O)) > 0.
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Then by combining (4.11) and (4.10), we have

w 2 r+1 w 242
L) < (c(1+3%)—ao) luel’® + a1 (5= 1) uell ;1 + Bae (27 ok 1) 1 Au) 2
kwW k
+e (qf — By +aiC(8) €+ 517“) + wT + %) |Au|? — ewE (1)
2 r+1 2v+2 2
= gy el 4 pg el + g [ Aul ™ + g | Aul® — ewE (). (4.12)
Firstly, combining E (0) < d and definition of d we conclude
2%\ [ By \7T
p— 1\
E0) < d=p, ( % ) (C}Z“)
) —
14
B> ot (32l sE0)
! EATEEDRAY
which means -
2p R
¥ =Crtt <7E o) < By 4.13
ﬁl (p _ 2]€) ( ) 1 ( )
We can take ¢ small enough such that p; <0 and py < 0. In order to ensure pg < 0 and p, <0 for
¥ < B,,we need
.
w:min{(27+2),ﬁlﬁ W‘“Ck(‘s)g} > 0. (4.14)
T+t
2 P P
By choosing small enough C (§) > 0 such that (4.14) makes sense.
Hence, by the above arguments we can write (4.12) such that
L' (t) < —ewE (t). (4.15)
Therefore, by using of (4.2), we can write (4.15) as follows
Lt
() < 2.
A2
Then by Gronwall inequality we get
L)< LO)e ™, n="Ee
A2
Again using of (4.2) we obtain
E(t) < Ne ™,
where N = %(0). This completed our proof. O
1
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