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abstract: The problem of existence and stability results for fractional problem is considered. Based on the
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1. introduction and Preliminaries

It is known that fractional order equations serve as the basis for mathematical modeling of processes
occurring in fractal media. When constructing mathematical models of geophysical processes, the in-
troduction of the concept of the effective rate of change of certain physical quantities characterizing the
modeled processes leads to differential equations containing a composition of fractional differentiation
operators with different principles [4], [10].
In this paper we consider the following IVP of fractional differential equation






CDp

0+x(t) = g(t, x(t)) + CDp−1
0+ f(t, x(t)), t ∈ [0,+∞)

x(0) = x0, x′(0) = x1,
(1.1)

where 1 < p < 2, (x0, x1) ∈ R
2, f, g : R+ × R −→ R are continuous functions with f(t, 0) = g(t, 0) ≡ 0

and CDp is the standard Caputo fractional derivative of order p.
The nonlinear fractional differential problem have been studied less intensively. Unlike the classical
differentiation operator of integer order, the action of the fractional differentiation operator on the product
of two functions does not appear to be a finite sum, but an infinite series (The so-called generalized
Leibniz rule). A particular case of which is also equation (1.1). Nevertheless, there are a number of
general mathematical approaches that make it possible to construct solutions and to treat the stability,
one of which is Krasnoselskii’s fixed point theory (Please see [1], [2], [3], [6], [7] ).
Here, we present some notations, definitions and auxiliary Lemmas concerning fractional calculus and
fixed point theorems. Some preliminary concepts of fractional calculus [11].

Definition 1.1. Let q > 0 and ζ : R+ −→ R. The Riemann-Liouville fractional integral of order q of a
function ζ is defined by

Iq

0+ζ(t) =
1

Γ(q)

∫ t

0

(t− s)q−1ζ(s)ds, t ∈ R+.
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Definition 1.2. [11] Let q > 0, the Caputo fractional derivative of order q of a function ζ : R+ −→ R

is defined by

CDq

0+ζ(t) =
1

Γ(n− q)

∫ t

0

(t− s)n−q−1ζ(n)(s)ds

= In−q

0+ ζ(n)(t), t ∈ R+,

where n = [q] + 1, provided the right side is pointwise defined on R+.

Lemma 1.3. [11] For real numbers q > 0 and appropriate function ζ(t) ∈ Cn−1[0,∞) and ζ(t) exists
almost everywhere on any bounded interval of R+.

(Iq

0+

CDq

0+ζ)(t) = ζ(t) −

n−1∑

k=0

ζ(k)(0)

k!
tk.

Lemma 1.4. [8] Let be Λ be a subset of the Banach space X. Then, Λ is relatively compact in X if the
following assumptions hold

(A1)
{

x(t)
h(t) : x(t) ∈ Λ

}
is uniformly bounded.

(A2)
{

x(t)
h(t) : x(t) ∈ Λ

}
is equicontinuous on any compact interval of R+.

(A3)
{ x(t)

h(t) : x(t) ∈ Λ
}

is equiconvergent at infinity i.e. for each given ǫ > 0, there exists T0 > 0 such

that for any x ∈ Λ and t1, t2 > T0, we have

∣∣∣∣
x(t2)

h(t2)
−
x(t1)

h(t1)

∣∣∣∣ < ǫ.

Lemma 1.5. [9](Krasnoselskii’s fixed point Theorem) Let E be bounded, closed and convex subset in a
Banach space X. If T1, T2 : E −→ E are two applications satisfying the following conditions
1) T1x+ T2y ∈ E, for every x, y ∈ E.
2) T1 is a contraction.
3) T2 is compact and continuous.
then, there exists z ∈ E such that T1z + T2z = z.

Let Ω be the set of all strictly increasing functions h : R+ −→ [1,+∞) satisfying the following as-
sumptions
(H1) h(0) = 1.
(H2) lim

t→∞
h(t) = +∞.

(H3) h(t) ≥ h(t− s)h(s) for all 0 ≤ s ≤ t ≤ ∞.

Remark 1.6. Note that Ω is a non-empty set, because the functions h1(t) = et and h2(t) = et2

belong
to Ω.

We denote

E =
{
x(t) ∈ C[0,+∞), sup

t≥0

|x(t)|

h(t)
< ∞

}
,

with the norm

‖x‖ = sup
t≥0

|x(t)|

h(t)
.

Then (E, ‖ · ‖) is a Banach space. For more details of this Banach space we refer to [5,8].
In addition, we define ‖φ‖t = max{|φ(s)|, 0 ≤ s ≤ t} for all t ≥ 0,
all given function φ ∈ C(R+), and let B(ǫ) = {x : x ∈ E, ‖x‖ ≤ ǫ}
be a non-empty closed convex subset of E, for each ǫ > 0.
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Lemma 1.7. Let g(t, x(t)) ∈ C[0,+∞) and f(t, x(t)) ∈ C1[0,+∞).
Then x(t) ∈ C[0,+∞) is a solution of (1.1) if and only if x(t) is a solution of the following Cauchy
system:





x′(t) = Ip−1
0+

(
g(t, x(t)) + CDp−1

0+ f(t, x(t))

)
+ x1, t ≥ 0

x(0) = x0.

(1.2)

Proof. To begin the proof, note that for any 0 < α < 0, if ϕ ∈ C[0,+∞), then (Iα
0+ϕ)(0) = 0. Indeed

|Iα
0+ϕ(t)| =

1

Γ(α)

∣∣∣∣
∫ t

0

(t− s)α−1ϕ(s)ds

∣∣∣∣

≤
‖ϕ‖t

Γ(α+ 1)
tα −→ 0, as t −→ 0. (1.3)

To simplify calculations, we use the notation

m(t) = g(t, x(t)) + CDp−1
0+ f(t, x(t)).

(1) let x(t) ∈ C[0,+∞) be a solution of (1.1). By the definition 1.2, we get

CDp

0+x(t) = (CDp−1
0+

CD1
0+x)(t) = (CDp−1

0+ x′)(t) = m(t),

then from Lemma 1.3 we obtain

x′(t) = Ip−1
0+

CDp−1
0+ x′(t) = x′(0) + Ip−1

0+ m(t) = Ip−1
0+ m(t) + x1,

therefore x(t) is a solution of (1.2).
(2) Conversely, let x(t) be a solution of the problem (1.2). Then we have

CDp

0+x(t) = CDp−1
0+ x′(t) = (CDp−1

0+ Ip−1
0+ m)(t) + CDp−1

0+ x1 = m(t).

Since m(t) ∈ C(R+), then we find (Ip−1
0+ m)(0) = 0, this implies

x′(0) = (Ip−1
0+ m)(0) + x1 = x1.

Thus, x(t) is a solution of the problem (1.1). �

Lemma 1.8. The problem (1.2) is equivalent to the problem






x′(t) = −ρx(t) +G(t, x(t)) +
d

dt

∫ t

0

ψ(t− s)x(s)ds,

x(0) = x0,

(1.4)

where: ψ(t− s) = (t−s)p−1

Γ(p) + ρ, ∀ρ ∈ R, 0 ≤ s ≤ t < +∞,

and: G(t, x(t)) = Ip−1
0+

(
g(t, x(t)) − x(t)

)
+ f(t, x(t)) − f(0, x0) + x1.
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Proof.

x′(t) = Ip−1
0+

(
g(t, x(t)) + CDp−1

0+ f(t, x(t))

)
+ x1.

= Ip−1
0+

(
g(t, x(t)) + CDp−1

0+ f(t, x(t)) − x(t)

)
+ Ip−1

0+ x(t) + x1.

= Ip−1
0+

(
g(t, x(t)) − x(t)

)
+ Ip−1

0+

CDp−1
0+ f(t, x(t)) + Ip−1

0+ x(t) + x1.

= Ip−1
0+

(
g(t, x(t)) − x(t)

)
+ f(t, x(t)) − f(0, x0) + Ip−1

0+ x(t) + x1.

= G(t, x(t)) + Ip−1
0+ x(t).

= G(t, x(t)) +

∫ t

0

(t− s)p−2

Γ(p− 1)
x(s)ds.

= G(t, x(t)) +
d

dt

∫ t

0

ψ(t− s)x(s)ds − ρx(t).

�

Lemma 1.9. x(t) is a solution of the problem (1.4) if and only if x(t) satisfies the following integral
equation:

x(t) = e−ρtx0 +
(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)x(u)du (1.5)

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds +

∫ t

0

∫ t

u

e−ρ(t−s)

Γ(p− 1)
(s− u)p−2ds g(u, x(u))du.

Proof. Using the variation of constants method to the first order nonlinear equation in (1.4) with inte-
gration by parts, we find:

x(t) =e−ρtx0 +

∫ t

0

e−ρ(t−s)

[
G(s, x(s)) +

d

ds

∫ s

0

ψ(s− u)x(u)du

]
ds.

=e−ρtx0 +

∫ t

0

e−ρ(t−s)

[
d

ds

∫ s

0

ψ(s− u)x(u)du

]
ds+

∫ t

0

e−ρ(t−s)G(s, x(s))ds.

=e−ρtx0 +

[
e−ρ(t−s)

∫ s

0

ψ(s− u)x(u)du

]s=t

s=0

− ρ

∫ t

0

e−ρ(t−s)

∫ s

0

ψ(s− u)x(u)duds

+

∫ t

0

e−ρ(t−s)

[
Ip−1

0+ g(s, x(s)) − Ip−1
0+ x(s) + f(s, x(s)) − f(0, x0) + x1

]
ds.

=e−ρtx0 +

∫ t

0

ψ(t− s)x(s)ds − ρ

∫ t

0

∫ t

u

e−ρ(t−s)ψ(s− u)dsx(u)du

+

∫ t

0

e−ρ(t−s)

∫ s

0

(s− u)p−2

Γ(p− 1)
g(u, x(u))duds−

∫ t

0

e−ρ(t−s)

∫ s

0

(s− u)p−2

Γ(p− 1)
x(u)duds

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds−

∫ t

0

e−ρ(t−s)f(0, x0)ds+

∫ t

0

e−ρ(t−s)x1ds.

=e−ρtx0 +

∫ t

0

ψ(t− s)x(s)ds − ρ

∫ t

0

∫ t

u

e−ρ(t−s)ψ(s− u)dsx(u)du

+
1

Γ(p− 1)

∫ t

0

∫ t

u

e−ρ(t−s)(s− u)p−2ds g(u, x(u))du −
1 − e−ρt

ρ

(
x1 − f(0, x0)

)

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds−

∫ t

0

∫ t

u

e−ρ(t−s) ∂ψ(s− u)

∂s
ds x(s)du.
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=e−ρtx0 +

∫ t

0

ψ(t− s)x(s)ds − ρ

∫ t

0

∫ t

u

e−ρ(t−s)ψ(s− u)dsx(u)du

+
1

Γ(p− 1)

∫ t

0

∫ t

u

e−ρ(t−s)(s− u)p−2ds g(u, x(u))du

+
1 − e−ρt

ρ

(
x1 − f(0, x0)

)
+

∫ t

0

e−ρ(t−s)f(s, x(s))ds

+

∫ t

0

{[
e−ρ(t−s)ψ(s− u)

]s=t

s=u

− ρ

∫ t

u

e−ρ(t−s)ψ(s− u)ds

}
x(u)du.

=e−ρtx0 +
(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)x(u)du

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds+

∫ t

0

∫ t

u

e−ρ(t−s)

Γ(p− 1)
(s− u)p−2ds g(u, x(u))du.

Conversely, suppose that (1.5) is satisfied, then we have x(0) = x0 and :

(
eρtx(t)

)′

= ρeρtx(t) + eρtx′(t).

=

[
x0 +

eρt − 1

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

eρux(u)du

+

∫ t

0

e−ρsf(s, x(s))ds+

∫ t

0

e−ρuIp−1
0+ g(u, x(u))du

]′

.

= eρt

[
x1 − f(0, x0) + ρx(t) + f(t, x(t)) + Ip−1

0+ g(t, x(t))

]
.

= eρt

[
Ip−1

0+ g(t, x(t)) + Ip−1
0+

CDp−1
0+ f(t, x(t)) + x1

]
+ ρeρtx(t).

Thus,
x′(t) = Ip−1

0+ g(t, x(t)) + Ip−1
0+

CDp−1
0+ f(t, x(t)) + x1.

�

Based on Lemma 1.7, Lemma 1.8 and Lemma 1.9, we conclude that the problem (1.1) is equivalent
to the integral equation (1.5).
Section 2, provide the proofs of the existence of solution to the problem (1.1) in Banach space. Finally,
a stability result and an illustrative example is presented in Section 3.

2. Existence result

In order to prove the existence of the solution for the problem (1.1) in E. We transform the problem
(1.1) into fixed point problem Px = x Where P is an operator defined on B(ǫ) by

Px(t) = e−ρtx0 +
(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)x(u)du (2.1)

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds +
1

Γ(p− 1)

∫ t

0

∫ t

u

e−ρ(t−s)(s− u)p−2ds g(u, x(u))du.

We decompose the operator P into two operators P1 and P2 (i.e. P = P1 + P2) defined on B(ǫ), as
follows:

P1x(t) = e−ρtx0 +
(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)x(u)du.
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P2x(t) =

∫ t

0

e−ρ(t−s)f(s, x(s))ds+

∫ t

0

∫ t

u

e−ρ(t−s)(s− u)p−2

Γ(p− 1)
ds g(u, x(u))du.

=

∫ t

0

e−ρ(t−s)f(s, x(s))ds+

∫ t

0

K(t− u)g(u, x(u))du,

where : k(t− u) =





∫ t

u

e−ρ(t−s)(s− u)p−2

Γ(p− 1)
ds, t− u ≥ 0

0, t− u < 0,

Theorem 2.1. Suppose that there are strictly positive constants ϕ, δ, c1, c2, c3 where c1 + c2 + c3 <
1, |x0|+ |x1|+ |f(0, x0)| ≤ δ and the functions f, g : R+ × (0, ϕ] −→ R+ are continuous and nondecreasing
in r for fixed t with f, g ∈ L1[0,+∞) in t for fixed r, such that

|g(t, νh(t))|

h(t)
≤ g(t, |ν|),

|f(t, νh(t))|

h(t)
≤ f(t, |ν|), (2.2)

hold for all t ≥ 0, 0 < |ν| ≤ ϕ and

sup
t≥0

∫ t

0

k(t− u)

h(t− u)

g(u, r)

r
du ≤ c2 < 1 − c1 − c3 (2.3)

sup
t≥0

∫ t

0

e−ρ(t−s)

h(t− s)

f(s, r)

r
ds ≤ c3, (2.4)

hold for every 0 < r ≤ ϕ. Then there exists at least one fixed point of the operator P in B(ǫ).

Proof. Suppose that there exists constant c4 > 0 such that
e−ρt

h(t)
≤ c4 and

e−ρt

h(t)
∈ BC[0,+∞) ∩ L1[0,+∞), |ρ|

∫ +∞

0

e−ρs

h(s)
ds ≤ c1. (2.5)

Let

0 < δ ≤

[
1 −

(
c1 + c2 + c3

)]
|ρ|

c4|ρ| + 1 + c4
ǫ. (2.6)

Firstly, we will show that: P1B(ǫ) ⊆ E, P2B(ǫ) ⊆ E, and P1 is a contraction mapping.
It is clear that for x ∈ B(ǫ), P1 and P2 are continuous functions on R+. Moreover, for all x ∈ B(ǫ) and
each t ≥ 0, we have

|P1x(t)|

h(t)
=

1

h(t)

∣∣∣∣e
−ρtx0 +

(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)x(u)du

∣∣∣∣.

≤
e−ρt

h(t)
|x0| +

(1 − e−ρt)

ρh(t)

(
|x1| + |f(0, x0)|

)
+ ρ

∫ t

0

e−ρ(t−u)

h(t− u)

x(u)

h(u)
du.

≤ c4|x0| +
1 + c4

|ρ|

(
|x1| + |f(0, x0)|

)
+

|ρ|

ρ
ǫ.

< +∞,

which means that P1B(ǫ) ⊆ E.
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Similarly, for any x ∈ B(ǫ), we have

|P2x(t)|

h(t)
=

1

h(t)

∣∣∣∣
∫ t

0

e−ρ(t−s)f(s, x(s))ds +

∫ t

0

K(t− u)g(u, x(u))du

∣∣∣∣.

≤

∫ t

0

e−ρ(t−s)

h(t− s)

∣∣f(s, x(s))
∣∣

h(s)
ds+

∫ t

0

K(t− u)

h(t− u)

∣∣g(u, x(u))
∣∣

h(u)
du.

≤

∫ t

0

e−ρ(t−s)

h(t− s)
f

(
s,

|x(s)|

h(s)

)
ds+

∫ t

0

K(t− u)

h(t− u)
g
(
u,

|x(u)|

h(u)

)
du.

≤ c3‖x‖ + c2‖x‖

≤
(
c3 + c2

)
ǫ,

< +∞. (2.7)

which implies that P2B(ǫ) ⊆ E. For any x, y ∈ B(ǫ), we have

sup
t≥0

∣∣∣∣
P1x(t)

h(t)
−
P1y(t)

h(t)

∣∣∣∣ ≤ sup
t≥0

|ρ|

∫ t

0

e−ρ(t−u)|x(u) − y(u)|

h(t)
du.

≤ sup
t≥0

|ρ|

∫ t

0

e−ρ(t−u)

h(t− u)
.
|x(u) − y(u)|

h(u)
du.

≤ |ρ|

∫ t

0

eρs

h(s)
ds‖x− y‖ ≤ c1‖x− y‖.

Since c1 < 1, hence P1 is a contraction.
Secondly, for every x, y ∈ B(ǫ), we have

sup
t≥0

|P2x(t) + P1y(t)|

h(t)

= sup
t≥0

{
1

h(t)

∣∣∣∣e
−ρtx0 +

(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)y(u)du

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds+

∫ t

0

K(t− u)g(u, x(u))du

∣∣∣∣
}
.

≤ sup
t≥0

{
e−ρt

h(t)
|x0| +

1

|ρ|

(
1

h(t)
+
e−ρt

h(t)

)(
|x1| + |f(0, x0)|

)
+ ρ

∫ t

0

e−ρ(t−u)

h(t− u)

|y(u)|

h(u)
du

+

∫ t

0

e−ρ(t−s)

h(t− s)

|f(s, x(s))|

h(s)
ds+

∫ t

0

K(t− u)

h(t− u)

|g(u, x(u))|

h(u)
du

}
.

≤ c4|x0| +
1 + c4

|ρ|

(
|x1| + |f(0, x0)|

)
+ c1‖y‖ + c3‖x‖ + c2‖x‖.

≤
c4|ρ| + 1 + c4

|ρ|
δ + (c1 + c3 + c2)ǫ.

≤ ǫ.

Thus, P1 + P2 ∈ B(ǫ).

From the assumption
|P2x(t)|

h(t)
< +∞, we find that the set

{x(t)

h(t)
: x(t) ∈ B(ǫ)

}
is uniformly bounded

in E. Furthermore, the convolution product of two functions where the first one is of L1 and the other
tends to zero also tends to zero. Therefore, for t− u ≥ 0, we have:

0 ≤ lim
t−→+∞

k(t− u)

h(t− u)
≤ lim

t−→+∞

1

Γ(p− 1)

∫ t

u

e−ρ(t−s)(s− u)p−2

h(t− s)h(s− u)
ds

= lim
t−→+∞

1

Γ(p− 1)

∫ t

0

e−ρ(t−u−s)

h(t− u− s)
.
(s)p−2

h(s)
ds = 0,
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because,
tp−2

h(t)
−→ 0 as t −→ +∞ for 1 < p < 2. In addition, by the continuity of the functions k(t) and

h(t), it follows that there exists a positive constant c5 such that

∣∣∣∣
k(t− u)

h(t− u)

∣∣∣∣ ≤ c5 and for any x ∈ B(ǫ)

and for all t1, t2 ∈ [0, T ⋆], T ⋆ ∈ R+, t1 < t2, we have:

∣∣∣∣
P2x(t2)

h(t2)
−
P2x(t1)

h(t1)

∣∣∣∣

≤

∫ t1

0

∣∣∣∣
k(t2 − u)

h(t2)
−
k(t1 − u)

h(t1)

∣∣∣∣|g(u, x(u))|du +

∫ t2

t1

k(t2 − u)

h(t2)
|g(u, x(u))|du.

+

∫ t1

0

∣∣∣∣
e−ρ(t2−s)

h(t2)
−
e−ρ(t1−s)

h(t1)

∣∣∣∣|f(s, x(s))|ds +

∫ t2

t1

e−ρ(t2−s)

h(t2)
|f(s, x(s))|ds

≤

∫ t1

0

∣∣∣∣
k(t2 − u)h(u)

h(t2)
−
k(t1 − u)h(u)

h(t1)

∣∣∣∣g
(
u,

|x(u)|

h(u)

)
du+

∫ t2

t1

k(t2 − u)

h(t2 − u)
.
|g(u, x(u))|

h(u)
du.

+

∫ t1

0

∣∣∣∣
e−ρ(t2−s)h(s)

h(t2)
−
e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣f
(
s,

|x(s)|

h(s)

)
ds+

∫ t2

t1

e−ρ(t2−s)

h(t2 − s)
.
|f(s, x(s))|

h(s)
ds

≤

∫ t1

0

∣∣∣∣
k(t2 − u)h(u)

h(t2)
−
k(t1 − u)h(u)

h(t1)

∣∣∣∣g(u, ǫ)du + c5

∫ t2

t1

g(u, ǫ)du.

+

∫ t1

0

∣∣∣∣
e−ρ(t2−s)h(s)

h(t2)
−
e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣f(s, ǫ)ds+ c4

∫ t2

t1

f(s, ǫ)ds.

Thus,

∣∣∣∣
P2x(t2)

h(t2)
−
P2x(t1)

h(t1)

∣∣∣∣ −→ 0, as t2 −→ t1, which means that
{

x(t)
h(t) : x(t) ∈ B(ǫ)

}
is equicontinuous on any compact of R+.

Now, based on Lemma 1.4 to show that P2B(ǫ) is relatively compact it suffices to prove that { x(t)
h(t) :

x(t) ∈ B(ǫ)} is equiconvergent at infinity. Indeed, for any ǫ⋆ > 0, there exists M > 0 such that

c5

∫ +∞

M

g(u, ǫ)du ≤
ǫ⋆

6
, c4

∫ +∞

M

f(s, ǫ)du ≤
ǫ⋆

6
.

Then there exists T > M such that for all t1, t2 ≥ T , we get

sup
u∈[0,M ]

∣∣∣∣
k(t2 − u)h(u)

h(t2)
−
k(t1 − u)h(u)

h(t1)

∣∣∣∣ ≤ sup
u∈[0,M ]

∣∣∣∣
k(t2 − u)

h(t2 − u)

∣∣∣∣ + sup
u∈[0,M ]

∣∣∣∣
k(t1 − u)

h(t1 − u)

∣∣∣∣

≤
ǫ⋆

6A
,

sup
s∈[0,M ]

∣∣∣∣
e−ρ(t2−s)h(s)

h(t2)
−
e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣ ≤ sup
s∈[0,M ]

∣∣∣∣
e−ρ(t2−s)

h(t2 − s)

∣∣∣∣ + sup
s∈[0,M ]

∣∣∣∣
e−ρ(t1−s)

h(t1 − s)

∣∣∣∣

≤
ǫ⋆

6B
,

where

A =

∫ +∞

0

g(u, ǫ)du, B =

∫ +∞

0

f(s, ǫ)ds.
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Then, we have

∣∣∣∣
P2x(t2)

h(t2)
−
P2x(t1)

h(t1)

∣∣∣∣

≤

∫ M

0

∣∣∣∣
e−ρ(t2−s)

h(t2)
−
e−ρ(t1−s)

h(t1)

∣∣∣∣f(s, x(s))ds+

∫ t2

M

e−ρ(t2−s)

h(t2)
f(s, x(s))ds

+

∫ M

0

∣∣∣∣
k(t2 − u)

h(t2)
−
k(t1 − u)

h(t1)

∣∣∣∣g(u, x(u))du+

∫ t2

M

k(t2 − u)

h(t2)
g(u, x(u))du

+

∫ t1

M

e−ρ(t1−s)

h(t1)
f(s, x(s))ds+

∫ t1

M

k(t1 − u)

h(t1)
g(u, x(u))du

≤

∫ M

0

∣∣∣∣
e−ρ(t2−s)h(s)

h(t2)
−
e−ρ(t1−s)h(s)

h(t1)

∣∣∣∣f(s, x(s))ds +

∫ t2

M

e−ρ(t2−s)

h(t2 − u)
f(s, x(s))ds

+

∫ M

0

∣∣∣∣
k(t2 − u)h(u)

h(t2)
−
k(t1 − u)h(u)

h(t1)

∣∣∣∣g(u, x(u))du +

∫ t2

M

k(t2 − u)

h(t2 − u)
g(u, x(u))du

+

∫ t1

M

e−ρ(t1−s)

h(t1 − s)
f(s, x(s))ds +

∫ t1

M

k(t1 − u)

h(t1 − u)
g(u, x(u))du

≤
ǫ⋆

6
+
ǫ⋆

6
+ 2c5

∫ +∞

M

f(s, x(s))ds + 2c4

∫ +∞

M

g(u, x(u))du

≤
ǫ⋆

6
+
ǫ⋆

6
+
ǫ⋆

3
+
ǫ⋆

3
= ǫ⋆.

Finally, from krasnoselskii fixed point Theorem, we conclude that the problem (1.1) has at least one
solution. �

3. Stability Result

Before stating and proving our main stability results, we need the following definitions:

Definition 3.1. The trivial solution x = 0 of fractional order system (1.1) is said to be

1) Stable in Banach space E, if for every ǫ > 0, there exists δ = δ(ǫ) such that

i=1∑

i=0

|xi| ≤ δ implies that

the solution x(t) = x(t, x0, x1) exists for all t ≥ 0 and satisfies ‖x‖ ≤ ǫ.

2) Asymptotically stable, if it is stable in E and there exists a number µ > 0 such that

i=1∑

i=0

|xi| ≤ µ

implies that lim
t→+∞

‖x(t)‖ = 0.

Theorem 3.2. Assume that all assumptions of Theorem 2.1 hold such that |x0| ≥ |f(0, x0)|. Then the
trivial solution x = 0 of the system (1.1) is stable in the Banach space E.

Proof. Let for any ǫ > 0

0 < δ1 ≤

{
1 −

(
c1 + c2 + c3

)}
|ρ|

c4|ρ| + 1 + c4
ǫ. (3.1)

From the assumption |x0| + |x1| + |f(0, x0| ≤ δ it follows that

|x0| + |x1| ≤ δ − |f(0, x0| = δ1 > 0.
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Then, we get

‖x‖ = sup
t≥0

∣∣∣∣
e−ρt

h(t)
x0 +

1 − e−ρt

ρh(t)
(x1 − f(0, x0)) + ρ

∫ t

0

e−ρ(t−u)

h(t)
x(u)du

+

∫ t

0

e−ρ(t−s)

h(t)
f(s, x(s))ds +

∫ t

0

k(t− u)

h(t)
g(u, x(u))du

∣∣∣∣

≤ sup
t≥0

{
e−ρt

h(t)
|x0| +

1 + e−ρt

ρh(t)
(|x1| + |f(0, x0)|) + |ρ|

∫ t

0

e−ρ(t−u)

h(t− u)

|x(u)|

h(u)
du

+

∫ t

0

e−ρ(t−s)

h(t− s)

|f(s, x(s))|

h(s)
ds+

∫ t

0

k(t− u)

h(t− u)

|g(u, x(u))|

h(u)
du

}

≤ c4δ1 +
1 + c4

|ρ|
δ1 + c1‖x‖ + c3‖x‖ + c2‖x‖.

Hence,

‖x‖ ≤
c4|ρ| + 1 + c4

|ρ|
δ1 ≤ ǫ,

therefore, the trivial solution x = 0 of the problem (1.1) is stable in the Banach space E. �

Theorem 3.3. Suppose that all assumptions of Theorem 2.1 are satisfied with

lim
t→+∞

e−ρt

h(t)
= 0, (3.2)

and for any r > 0 there exist two strictly positive functions ϕr(t), ψr(t) ∈ L1[0,+∞) such that |u| ≤ r
implies

|g(t, u)|

h(t)
≤ ϕr(t),

|f(t, u)|

h(t)
≤ ψr(t), a.e: t ∈ [0,+∞). (3.3)

Then the trivial solution x = 0 of the system (1.1) is asymptotically stable in E.

Proof. From Theorem 3.2 it follows that the trivial solution x = 0 of problem (1.1) is stable in the Banach
space E. So, it suffices to show that x = 0 is attractive. For this fact, we define for any r > 0

B̃(r) = {x ∈ B(r) : lim
t→+∞

x(t)

h(t)
= 0}.

We only show that P2x+ P1y ∈ B̃(r) for any x, y ∈ B̃(r), in other words,

lim
t→+∞

P2x(t) + P1y(t)

h(t)
= 0.
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For all x, y ∈ B̃(r), we have:

|P2x(t) + P1y(t)|

h(t)

=
1

h(t)

∣∣∣∣e
−ρtx0 +

(1 − e−ρt)

ρ

(
x1 − f(0, x0)

)
+ ρ

∫ t

0

e−ρ(t−u)y(u)du

+

∫ t

0

e−ρ(t−s)f(s, x(s))ds+

∫ t

0

K(t− u)g(u, x(u))du

∣∣∣∣.

≤
e−ρt

h(t)
|x0| +

1

|ρ|

( 1

h(t)
+
e−ρt

h(t)

)(
|x1| + |f(0, x0)|

)
+ |ρ|

∫ t

0

e−ρ(t−u)

h(t− u)

|y(u)|

h(u)
du

+

∫ t

0

e−ρ(t−s)

h(t− s)

|f(s, x(s))|

h(s)
ds+

∫ t

0

K(t− u)

h(t− u)

|g(u, x(u))|

h(u)
du.

≤
e−ρt

h(t)
|x0| +

1

|ρ|

( 1

h(t)
+
e−ρt

h(t)

)(
|x1| + |f(0, x0)|

)
+ ρ

∫ t

0

e−ρ(t−u)

h(t− u)

|y(u)|

h(u)
du

+

∫ t

0

e−ρ(t−s)

h(t− s)
ψr(s)ds +

∫ t

0

K(t− u)

h(t− u)
ϕr(u)du.

From (2.5) and (3.2), we have:

∫ t

0

e−ρ(t−u)

h(t− u)

|y(u)|

h(u)
du −→ 0, as t −→ +∞,

and
k(t− u)

h(t− u)
=

1

Γ(p− 1)

∫ t

0

e−ρ(t−u)

h(t− u)
(s− u)p−2ds −→ 0, as t −→ +∞.

Together with the hypotheses ϕr(t), ψr(t) ∈ L1[0,+∞), we find

∫ t

0

K(t− u)

h(t− u)
ϕr(u)du −→ 0, as t −→ +∞,

and ∫ t

0

e−ρ(t−s)

h(t− s)
ψr(s)ds −→ 0, as t −→ +∞.

Moreover, since h(t) −→ +∞ as t −→ +∞, we conclude that

P2x(t) + P1y(t)

h(t)
−→ 0, as t −→ +∞.

Therefore, P2x+ P1y ∈ B̃(r) which implies that the trivial solution x = 0 of problem (1.1) is asymptoti-
cally stable. �

Example 3.4.






CD
4
3

0+x(t) =
t3x3

e(σ+2)t
+ CD

1
3

0+

(
x

4
3

(1 + t4)e(σ+1)t

)
, t ∈ [0,+∞)

x(0) = x0, x′(0) = x1,

(3.4)

where σ > 0. Suppose 0 < |ρ| ≤ σ
2 . Let h(t) = e(σ+1)t and c1 = |ρ|

σ+1+ρ
.

Then, (2.5) holds i.e.,

e−ρt/h(t) =
e−ρt

e(σ+1)t
= e−(ρ+σ+1)t ∈ BC(R+) ∩ L1(R+),
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and

|ρ|

∫ +∞

0

e−ρs

e(σ+1)s
ds = |ρ|

∫ +∞

0

e−(ρ+σ+1)s ≤
|ρ|

σ + 1 + ρ
= c1.

The Banach space is

E1 = {x(t) ∈ C(R+) : sup
t≥0

|x(t)|

e(σ+1)t
< ∞},

equipped with the norm

‖x‖ = sup
t≥0

|x(t)|

e(σ+1)t
.

Let

g(t, r) =
t3r3

et
, f(t, r) =

r
4
3

1 + t4
.

We get f(t, r), g(t, r) ∈ L1(R+) in t for fixed r.
After some computations, we find

k(t− u)

h(t− u)
≤

1

Γ(1
3 )

∫ t

u

(s− u)− 2
3

e(σ+1)(s−u)
ds =

1

Γ(1
3 )

∫ t−u

0

τ− 2
3

e(σ+1)τ
dτ ≤ (σ + 1)

1
3 ,

∫ t

0

e−ρ(t−s)

h(t− s)

f(s, r)

r
ds =

∫ t

0

e−ρ(t−s)

h(t− s)

r
1
3

1 + t4
ds ≤ c3,

and ∫ t

0

k(t− u)

h(t− u)

g(u, r)

r
du =

∫ t

0

k(t− u)

h(t− u)

t3r2

et
du ≤ c2.

Therefore, all assumptions of Theorem 3.2 are satisfied, then the trivial solution of (3.4) is stable in the
Banach space E1.
Let ϕr, ψr ∈ L1(R+) where

ϕr(t) =
t3r3

e(σ+2)t
, ψr(t) =

r
4
3

(1 + t4)e(σ+1)t
,

satisfies the following inequalities

|g(t, r)| ≤ ϕr(t), |f(t, r)| ≤ ψr(t),

and

lim
t−→+∞

e−ρt

h(t)
= 0.

Then, from Theorem 3.3 we conclude that trivial solution of (3.4) is asymptotically stable.
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