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Supercyclicity of Multiplication on Banach Ideal of Operators

Mohamed Amouch and Hamza Lakrimi

ABSTRACT: Let X be a complex Banach space with dim X > 1 such that its topological dual X* is separable
and B(X) the algebra of all bounded linear operators on X. In this paper, we study the passage of property
of being supercyclic from T' € B(X) to the left and the right multiplication induced by T on an admissible
Banach ideal of B(X). Also, we give a sufficient conditions for the tensor product T&R of two operators on
B(X) to be supercyclic.

Key Words: Orbit, Hypercyclicity, Supercyclicity, Left multiplication, Right multiplication, Tensor
product, Banach ideal of operators.

Contents
1 Introduction and Preliminary 1
2 Supercyclicity of the left and the right multiplication on Banach ideal of operators 3

3 Tensor stability of supercyclicity 8

1. Introduction and Preliminary

Throughout this paper, let X be a Banach space with dim X > 1 such that its topological dual X*
is separable, B(X) be the algebra of all bounded linear operators on X and X(X) be the algebra of all
compact operators on X. For T' € B(X), the orbit of € X under T is the set

Orb(T,x) :={T"x : n €N}

An operator T € B(X) is said to be hypercyclic if there is some vector x € X such that Ord(T, x) is dense
in X; such a vector x is called a hypercyclic vector for T'. Similarly, T € B(X) is said to be supercyclic
if there is some vector x € X such that

COrv(T,z) :={aT"x: o€ C,n e N}

is dense in X; such a vector z is called supercyclic vector for T'. From [7], T € B(X) is supercyclic if and
only if for each pair (U, V') of nonempty open subsets of X there exist a € C and n € N such that

oT"(UYNV 2 0.

We say that an operator T' € B(X) satisfies the hypercyclicity criterion, if there exist two dense subsets
Dy,D; C X, a strictly increasing sequence (ng)i>o of positive integers and a sequence of maps S, :
Dy — X such that :

(1) T™ 2z — 0 for any x € Dy;
(13) Sp,y — 0 for any y € Da;
(tit) TS,y — y for any y € Ds.

The hypercyclicity criterion was introduced in [15] and studied in [3,8,15]. In [21], Salas gave a char-
acterization of the supercyclic bilateral backward weighted shifts in terms of the supercyclicity criterion
that ensure supercyclicity. We say that 7' € B(X) satisfies the supercyclicity criterion, if there exist two
dense subsets Dy and Dy in X, a sequence (ng)r>0 of positive integers and a sequence of maps S, :
Dy — X such that :
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(0) [|[T™z||||Sn,y|| — O for every = € Dy and y € Da;
(15) T™ Sy, y — y for every y € Ds.

For a more general overview of hypercyclicity, supercyclicity and related properties in linear dynamics,
we refer to [1,2,7,12,18,19].

For T € B(X), denote by Ly and Rp the left multiplication operator defined by Ly (S) = TS, for
S € B(X) and the right multiplication defined by Rp(S) = ST, for S € B(X), respectively. Recall [11]
that (J, ||.||;) is said to be a Banach ideal of B(X) if :

(i
(it) The norm ||.||; is complete in J and ||S|| < ||S||s for all S € J;

)
)
)
)

J C B(X) is a linear subspace;
(1i1) VS € J,VA,B € B(X), ASB € J and ||[ASB|; < ||AlllIS]Is11B];
(iv

A one-rank operator defined on X as (z ® 2*)(2) = (z,2%)x = z*(2)x for all x € X, 2* € X* and
any z € X. The space of finite rank operators F(X) is defined as the linear span of the one-rank

The one-rank operators z ® * € J and || ® 2*||; = ||z||||«*|| for all z € X and 2* € X*.

operators, that is F(X) = {Z @, v, € X, xf € X*,;m > 1}. A Banach ideal (J, ||.||;) of B(X) is
i=1

said to be admissible if F(X) is dense in J with respect to the norm |.|[;. Let T' € B(X), if (J,|.||s)
is an admissible Banach ideal of B(X), we denote by L1 and Rjr the left multiplication operator
defined by L;r(S) =TS, for S € J and the right multiplication defined by R;r(S) = ST, for S € J,
respectively. Similarly, we denote by L 7 and Rg 7 the left and the right multiplication operators
induced by T' € B(X) on K(X) endowed with the norm operator topology, respectively.

Let Y and Z be two normed linear spaces. The projective tensor norm on Y @) Z is the function
II:YQRZ—[0,+00| defined for all z € Y @ Z by :

I(2) = inf () aglllysll = 2= 25 @y}
j=1 j=1

For z = # ® y, we have II(z) = ||z||||y||, with this topology the space is denoted by Y @), Z and its

completion by Y@ Z. For more general information about the projective tensor norm and its related
properties we refer to [6,14,20].

In the setting of Banach ideals, J. Bonet et al in [4], use tensor product techniques to characterize the
hypercyclicity of the left and the right multiplication operators on (J, ||.||7). Subsequently, Yousefi et al in
[22], characterized the supercyclicity of the left multiplication using Hilbert Schmidt operators. In [13],
Gupta et al gave a sufficient criterion for the map Ca p(S) = ASB to be supercyclic on certain algebras
of operators on Banach space. Recently, Gilmore et al in [9,10], investigate the study of the hypercyclicity
properties of the commutator maps Ly — Ry and the generalized derivations Ly — Rp on (J,|.||s). In the
present work, we will characterize the supercyclicity of the left and the right multiplication on (J, ||.||s),
also we give a sufficient conditions for the tensor product T&R of two operators to be supercyclic. As a
consequence, we give some equivalent conditions for the supercyclicity criterion.

In section 2, we study the passage of the property of being supercyclic from an operator T € B(X) to
Ljr and Rjr. So, we prove that :

(1) T satisfies the supercyclicity criterion on X if and only if L ;7 is supercyclic.
(13) T™* satisfies the supercyclicity criterion on X* if and only if R is supercyclic.

In section 3, we give a sufficient conditions for the tensor product T&R of two operators to be supercyclic.
As a consequence, we prove that if Y and Z are two separable Banach spaces such that dim Z > 1 then
T € B(Y) satisfies the supercyclicity criterion if and only if T®I : Y®,Z — Y®,Z is supercyclic for
the projective tensor norm 7.
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2. Supercyclicity of the left and the right multiplication on Banach ideal of operators
We begin this section with the following lemma which will be used in the sequel.

Lemma 2.1. Let (J,]|.||s) be an admissible Banach ideal of B(X). If D and ® are a countable dense
subsets of X and X*, respectively. Then the set

X :=span{zr @ ¢/x € D, € P}
is a dense subset of J with respect to ||.||s-topology.

Proof. Let T' € J. If € > 0 is arbitrary, then there is a finite rank operator F' such that || T'— F'|| ; < §. Let

N
F= Zaiai@)gpi, where a; € X, ¢, € X*and o; € Cfor i =1,2,...,N. For every i € {1,2,..., N}, there
i=1

exist some ¢, € ® such that ||¢;, — ;|| < INTa ey and there exist z; € D such that lla;—z;|| < N o
Therefore
N N N
IF =Y cimi@ells = 1D i@ =Y aiw; @ ¢l
i=1 i=1 i=1
N
= 1D ailai®p, —zi @9,
i=1
N
< S Jailllai © g — 2@ 6l
i=1
N
= > lailla;@p, —ai®¢,+a;i®¢, —x; @6,
i=1
N
= Y lelllai ® (0 — 6;) + (a; — ) @ ¢yl
i=1
N
< D lail(lla © (o = ¢)lls + (@i = zi) © ¢3l.)
i=1
N
= > lail(laillle; = ¢l + llas — ailll1:1)
i=1
< L€
4 4
€
= 5
Hence
N N
1T =Y ciwi@oills = IT—F+F =) o @6,
i=1 1=1
N
< [ T=Fly+I[F - ZO&iZ‘i ® ¢l
i=1
< £
2 2
= e
Thus X is a dense subset of .J with respect to ||.|| ;-topology. O

In the setting of Banach ideals, J. Bonet et al [4] prove that :



4 M. AMOUCH AND H. LAKRIMI

(i) T satisfies the hypercyclicity criterion on X if and only if L is hypercyclic.

(#7) T* satisfies the hypercyclicity criterion on X* if and only if R is hypercyclic.

In the following, we prove that this result holds for supercyclicity.

Theorem 2.2. Let T € B(X) and (J,||.]ls) an admissible Banach ideal of B(X). Then T satisfies the
supercyclicity criterion on X if and only if L1 is supercyclic.

Proof. =) Assume that T satisfies the supercyclicity criterion on X, then there exist a strictly increasing
sequence (ny )k of positive integers, two dense subsets D1, Do of X and a sequence of maps Sy, : Dy — X
such that for all x € Dy and y € Do

a) [T x||[|Sn,yll — 0, as k — +o0;

b) TS,y — vy, as k — +o0.

Let @ be a dense subset of X* and consider the sets Xy := span{z ® ¢/x € D1, € ®} and Y :=
span{y ® ¢/y € Do, ¢ € ®} and the maps Q,,, : Yo — J define by

N N
an(z Biyi ® ¢;) = Zﬁj(snkyj ® ¢;).
j=1 j=1
Ny
By Lemma 2.1, X and Yj are subsets of J which are ||.||j-dense in J. Let A = Z a;x; ® @; € Xo and
i=1

No
B= Zﬁjyj ® ¢; € Yo, then
j=1

Ny N2
(L) All1]|Qn,. Blls I(L)™ (O iws @ )11 Qnc O By @ 6,)|1s
j=1

i=1

N1 N2
= 1> aT™ i @l Y B;(Snys ® 65)lls
i=1 j=1

IN

N1 N2
QO laillT™ 2 @ @l ) 18;118m,u5 © ¢5119)
=1

i=1
N1 N2

= O laillT™illlles D 181115111651
i=1 j=1

= >l T il Snyi il

i<N1;j<N2

Using the assumption a), we show that ||(Ljr)™ Al s||@Qn,Bll; — 0, as k — +o00. In the other hand
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we have :

Ng N2
[ L75Qn, (B) — Bl L5 QO By @ 65) = > By ® byl
j=1

Jj=1

N2 N2
= L3O BiSnys @ 6;) = > By @ 5l
j=1 j=1
N2 N2
= | ZﬁjTﬂkSnkyj ® ¢j - Zﬁjyj ® ¢j||J
j=1 j=1

No
= | Zﬁj(TnkSnkyj ® (bj —Y; @ ¢J)”J

Jj=1

N2
D BT Sy = ) © 5l

=1

IN

No
= D 18T Sneys — yslll1651.-

Jj=1

Using the assumption b), we prove that ||L7%.Qy, (B) — Bll; — 0, as k — +oo. Hence L1 satisfies
the supercyclicity criterion. Thus L ;7 is supercyclic.
<) Suppose that L is supercyclic. Assume that 1,22 € X are linearly independent and define

e  J — XPpX
R +— Rz ® Rz,

then ¢ is surjective. Indeed, let y1,y2 € X, by using the Hahn-Banach theorem, there exist 7, x5 € X*
such that z7(z1) = 25(z2) = 1 and zj(x2) = 25(x1) = 0. Let R = y1 @ 27 + y2 ® 25 € J, then
QD(R) = Rx1 ® Rxo = y1 D yo.

For A € J, we have

(poLyr)A = ¢(TA)

(TA)z1 ® (TA)xs
T(Axy) ® T(Axs)
(TaT)(Ax; @ Axs)
(T®T)op(A)

(T &T)op)A.

Therefore, oo Ly = (IT'®T) o on J. Thus T & T is supercyclic on X @ X by quasi-similarity.
Hence, [2, Lemma 3.1], implies that T" satisfies the supercyclicity criterion. O

It was shown in [17,21] that the supercyclicity of Ly on B(X) with the strong operator topology
provided that T satisfies the supercyclicity criterion. In the following corollary, we give a simple and
different proof for supercyclicity of Ly from what has been proven in [17,21].

Corollary 2.3. If X(X) is an admissible Banach ideal of B(X), then for all T € B(X), the following
statements are equivalent :

(1) T satisfies the supercyclicity criterion on X.

(#4) Lgc,T is supercyclic.
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(#i1) Lt is supercyclic on B(X) in the strong operator topology.

Proof. (i) < (ii) Consequence of Theorem 2.2, since K(X) is an admissible Banach ideal of B(X).

(1) = (iii) Suppose that T satisfies the supercyclicity criterion on X. Let U and V be two non-empty
open subsets of B(X) in the strong operator topology. Since K(X) is dense in B(X) with the strong
operator topology [5, Corollary 3], there exist A, Ay € K(X) such that 4; € U and Ay € V. Thus we
can find z1, 22 € X\{0} and €1, €2 > 0 such that

{AeB(X) : [[(A—A)x||<e}CcU
and
{AeB(X) : ||(A—-A)xs|| < e} CV.

Let

U ={AeX(X) : ||A—Ai||<ﬁ}, i=1,2.

U, is a non-empty open subset of K(X) with the norm operator topology. By Theorem 2.2 with J = K(X),
Lagc 1 is supercyclic, so there is some o € C and n € N such that

Oz(LjQT)nUl NU; #£ 0.

Hence, it follows that a(L7)"UNV # (. Thus, L is supercyclic on B(X) in the strong operator topology.
(791) = (i) By the same technique as in the proof of Theorem 2.2. O

Theorem 2.4. Let T € B(X) and (J,||.||s) an admissible Banach ideal of B(X). Then T* satisfies the
supercyclicity criterion on X* if and only if Ry r is supercyclic.

Proof. =) Assume that T™ satisfies the supercyclicity criterion on X*, then there exist a strictly increasing
sequence (ny )y of positive integers, two dense subsets ®1, P2 of X* and a sequence of maps M,,, : P —
X* such that for all ¢ € &7 and ¢ € D,

a) [[(T*)"* ||| Mn, ¢l — 0, as k — +oo0,
b) (T*)" M, ¢ — ¢, as k — +oo.

Let D be a dense subset of X and consider the sets ®¢ := span{z ® ¢/x € D,p € &1} and ¥y :=
span{y ® ¢/y € D, p € o} and the maps N, : ¥y — J define by

N N
N"Lk(z 5jyj ® ¢J) = Zﬁjyj ® Mnk¢J

j=1 j=1

Ny
By Lemma 2.1, ®j and ¥, are subsets of J which are ||.|| -dense in J. Let A = Zaixi ® @; € ®g and
i=1
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No
B = Zﬁjyj ® ¢; € ¥, then
j=1

(Ryr)"™ All 7| Nny Bl 5

I(Ryr)" Zazww@% 711N, € Zﬁ y; ® ¢;)lls

i=1 j=1

N1 N2
= 1Y @ (T @il ) B3 © M)l
i=1

Jj=1

IN

N1 N2
D lallle: @ (T @ill (Y 18511y © M 6511)
i=1 =1

N1 N2
= O leallla @)™, D 185 s My 511)
i=1 Jj=1

= > BT ™ @il Mo il iyl

1<N71;5<N2

Using the assumption a), we show that |[(Ryr)™ A|j||Np,Bll; — 0, as k — +oo. In the other hand
we have

N2
I(Ryr)™ N (B) = Bll; = |[(Ryr)"™ N nkZﬁ Ui ® b)) — > By ® bl
=1
JN2
= [(Ryr)" Zﬁ Y5 © M, d)) = > By @ 65l
j=1
= | Zﬁjyj ® (T7)™* nk¢j - Zﬁjyj ® ¢j||J

J=1

= IIZﬁ (y; @ (T*)™ My, b5 — y; @ ;)11

IN

Z 1Billly; @ (T*)™ M, &; — ¢5)l.1

= Zlﬁlllyjllll )" M, 65 — ¢l

Using the assumption b). we prove that [[(Ryr)"*N,,(B) — B|l; — 0, as k — +o00. Hence Ry
satisfies the supercyclicity criterion. Thus Rt is supercyclic.
<) Suppose that R ;7 is supercyclic. Let a7, 25 € X* are linearly independent and define

o + J —  X*pX*
R +— R*2] ® R*z5.

Then ¢ is surjective, indeed, let yi,y5 € X*, we take z7,25 € X* such that z}(x;) = 0;; and set
R =21 ®y{ + 1z @3, then ¢(R) = (R*z], R*x3) = (z] o R, 25 0 R) = (yi, y3)-
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For A € J, we have

(6o Rir)A = @(AT)
= (AT)*z} & (AT)*z}
= TUA @ T A
= (T*®T")(A* " @ A*z%)
— (T" @ T)o¢)A

Therefore, po Ryp = (T @T*) o ¢ on J. Thus T* & T* is supercyclic on X* P X*. Hence, by [2,
Lemma 3.1], T* satisfies the supercyclicity criterion on X*. O

Corollary 2.5. If X(X) is an admissible Banach ideal of B(X), then for all T € B(X), the following
statements are equivalent :

(1) T* satisfies the supercyclicity criterion on X*.
(i7) Rx 1 is supercyclic.
(13i) Ry is supercyclic on B(X) in the strong operator topology.

Proof. (i) < (i1) Consequence of Theorem 2.4, since K(X) is an admissible Banach ideal of B(X).

(1) = (4i7) Suppose that T* satisfies the supercyclicity criterion on X*. Let U and V be two non-empty
open subsets of B(X) in the strong operator topology. Since K(X) is dense in B(X) with the strong
operator topology [5, Corollary 3], there exist A;, Ay € K(X) such that A1 € U and Ay € V. Thus we
can find x1, 29 € X\{0} and €1, e2 > 0 such that

{AeB(X) : [[(A- Azl <ea}CU
and
{AeB(X) : |[(A—Ag)xa]| < e} C V.
Let .
Ui={AeX(X) : IIA—Ai||<Hx—f”}, i=1,2.

U, is a non-empty open subset of K(X') with the norm operator topology. By Theorem 2.4 with J = K(X),
R ;1 is supercyclic on (X(X),|].||), so there is some o € C and n € N such that

Q(RJC’T)nUl NUsy # ().

Hence, it follows that a(R;7)"U NV # (. Thus R;r is supercyclic on B(X) in the strong operator
topology.
(791) = (i) By the same technique as in the proof of Theorem 2.4. O

3. Tensor stability of supercyclicity

In [16] the authors gave a sufficient conditions for the tensor product T&R of two operators to be
hypercyclic. We extend this results to the supercyclic case, we give a sufficient conditions for the tensor
product T®R of two operators to be supercyclic.

Definition 3.1. Let T € B(X). We say that T satisfies the tensor supercyclicity criterion if there exists
two dense subsets D1, Dy C X, an increasing sequence (ny)ren of positive integers, (An, )ren € C\{0}
and a sequence of maps Sy, : Do — X such that :

(1) AT x)pen is bounded for all x € Dy;

(i) (ﬁksnky)keN is bounded for all y € Da;
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(#i1) (T™Sp,y)ken —> Yy for all y € Da.

Example 3.2. 1. A sequences of operators satisfying the supercyclicity criterion satisfy the tensor
supercyclicity criterion .

2. The identity map on X satisfies the tensor supercyclicity criterion .

3. Any isometry on a Banach space satisfies the tensor supercyclicity criterion with respect to the
sequence of all positive integers.

Theorem 3.3. Let Y and Z be two separable Banach spaces. If Ty € B(Y') satisfies the supercyclicity
criterion and To € B(Z) satisfies the tensor supercyclicity criterion with respect to the same sequence
(nk)k of positive integers, then

T1&:Ts : Y®rZ — Y&, Z

satisfies the supercyclicity criterion.

Proof. Let D1,Dy C Y, D3, Dy C Z be two dense subspaces of Y and Z respectively, ()x,llk)keN,
()‘ik)keN c C\{0} and S}, : Dy — Y, S2 : Dy — Z, for all k € N, linear maps satisfying the
conditions of supercyclicity criterion and tensor supercyclicity criterion for 73 € B(Y) and Ty € B(Z),
respectively. We will see that Xy := Dy ® D3, Xy := Da ® Dy, (A, = /\}zk-)\ik)keN and the maps
Sh,, 1= S}lk ® 572% : X2 — Y ® Z are such that the conditions of the supercyclicity criterion are satisfied
for the operator

T:=TQT :Y®,Z — Y®xZ.

Indeed, for every z1 € D1, 22 € D3, y1 € Dy and y3 € Dy :

Jim (O T @ @ 02) = lim TG, X (T @ T3 @ 22)
=l T, T @02, T3 (1 @ 22)

: 1 : 2
=l N T A2, T

= 0.
Analogously
lim (- Su) 1 ©92)) = lim T~y (51, © S2,)(01 @ 12)
k4o An, F R AL A2 e Y1 Y2
1 1
= lim O(—S! ® —82
k%HJPoo (()\7117@ S"k ® /\zk Snk)(yl ® yQ))
1 1
= li _— gl 2
= 0.
Finally,

lim T[T Sn, ) (11 @ y2) — (1 ® y2)] = kETmH[(TT’“ @ Ty*)(Sh, @ S, ) (11 @ y2) — (31 @ Ty* Sa, y2)+

k—+oo
(y1 @ Ty*Sr, y2) — (y1 @ y2)]
- kETmH[((Tf’“S}%yl —y1) @ Ty*S2 yo) +y1 @ (T35 S2 y2 — y2)]
< Jim AT Sn 01 = 91) @ T3 ST, ye] + lys @ (1555, y2 — o))}
- kETOO{IITf"“Sikyl =yl T3 S5, ()|l + Il 75 S5, 2 — wall}
:()7

which completes the proof by taking a linear combinations of elementary tensors. O
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The following Corollary is an immediate consequence of the above Theorem.

Corollary 3.4. Let T € B(X). If T satisfies the supercyclicity criterion, then
TR T : X8z X — X®-X
satisfies the supercyclicity criterion. Accordingly, it is supercyclic.

In the following Corollary, we show the connection between supercyclicity of tensor products and
supercyclicity of direct sum, and yields another equivalent formulation in the context of tensor products
of the supercyclicity criterion.

Corollary 3.5. Let Y and Z be two separable Banach spaces with dimZ > 2 and T € B(Y). The
following are equivalent :

(1) T satisfies the supercyclicity criterion.
(i) TRI:YR.Z — Y®xZ is supercyclic for the projective tensor norm .
(iit) TOT : YPY — YEPY is supercyclic.
Proof. (i) = (i) This is a consequence of Theorem 3.3 by taking To = I.
(#7i) = (i) See [2, Lemma 3.1].
(14) = (i4i) Since dim Z > 2, let x7, 25 € Z* and consider the following commutative diagram

YR.Z A vR 2

where gp(z e @ x;) = (Z(mi,;ﬁ)ei, Z(ml,xg)el) ¢ is surjective. Indeed, let ej,es € Y, we take
i<N i<N i<N
x1,%2 € Z such that xf(z;) = ¢, ;, where 0; ; is the Kronecker symbol, so we have p(e1 @ x1 +e2 @ z2) =

(e1,€2).

Let u = Z e;x; € Y@ﬂZ, then
i<N

(ToTop)(u) = (Te&Top)() e®;)
i<N

= (TeT)(Y_(wi,27)es Y (wi,75)es)

i<N i<N

= (D (@i, a))Tes, Y (wi,a3)Te;)

i<N i<N

= (Z(Tei ® z7)wi, Z(Tei ® x3)T;)

i<N i<N

= (D_(TRI)(e; @ a})mi, Y (TRI)(e; © x5 );)

i<N i<N

= gpo (T@I)(Z ei @ x;)
i<N

= po (TR ).
Thus T®I is quasi-similar to T' @ T, hence T & T is supercyclic on Y pY. O

Remark 3.6. All the results in this section are valid for any tensor norm a see [6], since the w-topology
is the finest one.
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