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Some Existence Results on Positive Solutions for an Iterative Second-order
Boundary-value Problem with Integral Boundary Conditions

Safa Chouaf, Rabah Khemis and Ahleme Bouakkaz

ABSTRACT: The present paper is devoted to study a nonlinear second order differential equation with
iterative source term and integral boundary conditions. The utilization of some suitable fixed point theorems
ultimately led us to establish some sufficient conditions that guarantee the existence, uniqueness and continuous
dependence of positive bounded solutions. The obtained results are illustrated by an example.
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1. Introduction

Iterative differential equations constitute a particular type of the so-called delay differential equations
where the delays which depend on both the time ¢ and the state variable x are defined implicitly by the
iterates. To the best of our knowledge, the concept of iterative equations appeared for the first time in
1815 by Babbage [2] in his essay towards the calculus of function in which he was interested in finding a
function equalling its n-th iterate. But the first step of the theory for iterative differential equations is
said to have begun in the late twentieth century see [14].

Recently they have been attracting great interest. Many researchers have concentrated on studying
first order iterative differential equations by different approaches such as fixed point theory, Picard’s
successive approximation and the technique of nonexpansive operators. But the literature related to the
equations of higher order is limited since the presence of the iterates increases the difficulty of studying
them. This motivates us to investigate the following second order iterative differential equation:

2 () + f (x[o] (), 2V (), 22 (1), ..., " (t)) —0,0<t<b, (1.1)

z(0) =0, a/onx(s)ds:x(b) with n € (0,b), o € R*, (1.2)

where 2 (t) = t, 21 (1) =z (¢), ..., 2" (t) = 2"~ (2 (¢)) and f: [0,b] x R™ — [0, +00) is a continuous
function with respect to its arguments. Equation (1.1) describes diffusion phenomena with a source or
a reaction term. For instance, in thermal conduction, it can be interpreted as the one-dimensional heat
conduction equation which models the steady-states of a heated bar of length b with a controller at x = b
that adds or removes heat according to a sensor, while the left endpoint is maintained at 0°C and f is
the distributed temperature source function depending on delayed temperatures. We refer the interested
reader to [9,10,13] and the references therein for more details.
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We would like to mention some recent results on this type of equations with integral boundary conditions
which arises in many areas of applied mathematics such as physics, electrodynamics, infectious diseases,
population dynamics and many others.

In [12], G. Infante used the theory of fixed point index for treating the following equation:

u’ () + f(tu(t) =0, 0<t <1,
W (0) =0, u(1)=/0 + (5, (s)) ds.

In [8], by virtue of Krasnoselskii’s fixed point theorem, A. Boucherif investigated the existence of positive
solutions of the following problem:

y' () =ty @), 0<t <1,

y(0) — ay/ (0) = / g0 (5)y (s) ds,

0
1
y (1) — by (1) = / 01 (3)y (5) ds,

where a,b >0, f:[0,1] x R — R and go, ¢1 : [0,1] — [0, +00) are continuous functions.
In [4], M. Benchohra et al. used nonlinear alternative Leray Schauder type and Banach contraction
principle to establish the existence of solutions of the following second-order boundary value problem:

" (t)=f(ty(t), aed<t<l,
y(0) =0, y<1>=/0 9(5)y (s) ds,

where f :]0,1] x R — R is a given function and g : [0,1] — R is an integrable function. In [11], by
using Schauder’s fixed point theorem, Juan Galvis, Edixon M. Rojas, Alexander V. Sinitsyn proved the
existence of positive solutions of the problem

(@) +a(t) fu(t) =0, 0<t<r,

u(0) =0, u(v):a/onu(s)ds with n € (0,7).

This work is a continuation of the obove montioned works, some other works on positivity and bound-
ary value problems [1,3] and our recent papers on iterative problems (see [5,6]). Our main contribution
to this important area is to show that the fixed point theory can be applied successfully to iterative
problems with integral boundary conditions.

We briefly outline the structure of the paper. In the beginning of it, we provide some basic concepts
which are useful in the sequel. In the third section we prove our main results by means of Banach and
Schauder’s fixed point theorems. Finally, an illustrative example is given in the last section.

2. Preliminaries

Before attempting to prove our desired results, we start by defining a subset of C([0,b],R) that it will
be able to contain the iterates and the solutions if they exist. To this end, we define a subset CBj,; of
C([0,b] ,R) as follows:

CBrnt = {xe@([O,b],R) cx(0) =0, a/onx(s)ds:x(b), aceR* ne (O,b)}.

It’s obvious that CBj,;, equipped with the supremum norm

[zl = sup | (£)],
te0,b]
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is a Banach space as a closed linear subspace of the Banach space € ([0,b],R).
For0O< L <band M >0, let

GB]nt (L,M):{{EE GB]nt, OSLCSL, |x(t2)—x(t1)| §M|t2—t1|, th,tg S [O,b]},

then CBy,: (L, M) is a closed convex and bounded subset of CB ;.
Throughout this paper we assume that the function f(¢,z1,x2,...,2,) is globally Lipschitz in 1, ..., z,,.
i.e., there exist n positive constants c1, ca, ..., ¢, such that

|f(t,$1, ,Z‘n) - f (tvyla ay2)| < Zci Hxl - yl” ’ (21)

i=1

and we introduce the following constants

p= sup |f(s,0,0,..,0)], (= p—l—LiciJ:ile.
s€[0,b] i—1 =0
Lemma 2.1. [11] Let 2T # an?, then for y € C([0,T],[0,+0o0)), the problem
2" (t)+y(t) =0, (2.2)
x(O):O,a/onx(t)dt:x(T),nE(O,T),a;AO, (2.3)

has a unique solution given by
2t at

T n t
:m/o (T—S)y(S)ds—m/o (77—8)2y(s)ds—/0(t—s)y(s)ds.

2
Lemma 2.2. [11] Let 0 < o < el Ify € C[0,T] and y(t) > 0 on (0,T), then the unique solution of the
problem (2.2)-(2.3) satisfies u(t) > 0 for t € [0,T].

(1)

Lemma 2.3. [16] For any ¢,v € CBr, (L, M),
m—1 .
et —wt| < Yo a7 e — vl m=12....
j=0

Theorem 2.1. [15/(Schauder) Let M be a non-empty compact convex subset of a Banach space (X, ||.||)
and let A : M — M be a continuous mapping. Then A has a fized point in M.

3. Main results
3.1. Existence results

The aim of this section is to convert our boundary-value problem (1.1)-(1.2) to a fixed point problem
where the proof of our main result relies on Schauder’s fixed point Theorem.
By virtue of Lemma 2.1, we define an operator A : CBr,; (L, M) — CByy,; as follows:

b
(42) (1) = gm0 301 (60, (5). ), o)) s

at

- m/on(n —5)*f (w[o] (5), o1 (s), P2 (s), ..., " (s)) ds

= [ =91 (#1061, 6), 1), o)) s, (31)
0
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It follows that, ¢ is a solution of the boundary-value problem (1.1)-(1.2) if and only if ¢ is a fixed point
of the operator A. Using the Arzela-Ascoli theorem, we can show that the closed subset CBy,,; (L, M) of
CBrnet is compact since it is an uniformly bounded and equicontinuous part of the space € ([0, ], R). So,
to prove the existence of solutions for (1.1)-(1.2), we must prove that A is well defined, continuous and
A(CBpi (L, M)) C CBrpe (L, M).

Lemma 3.1. Let 2b # an?, then operator A : CBrny (L, M) — CBry,y given by (3.1) is well defined.

n
Proof: To show that A is well defined it suffices to show that (Ap) (0) =0 and a/ (Ap) dt = (Ap) (b)

0
for all ¢ € CBy,e (L, M). Clearly (Ag) (0) = 0.
Let ¢ € CBypi (L, M), we have

b
(A0) (4) = s [ (0= 97 (909 0).1(5). ) (3)) s
el "= 5 F (£705), 1), 9 (5), . £ (s)) s

b
= [ 0= 901 (900,051, (5), o o (5)) s
0

2

OZ’I’] b 1 9 .
B / (b= 5)f (£(s), 1 (5), 92 (5), ., 917 (5)) s

n
- gbfibomz/o (n—s)f (w[o](S), Pl(s), o2(s), .., (p[”](s)) ds,

o[ o =alf’ ( s [ 0= 95 (9,70 51 710) ds> @

(g [ 2 (£ 60 5 ) )

|
va ! ( / (t = F (£9(). 1), p(5), ... 61 () ds) i,

and

+ «

which implies
2

n a b
o[ )it = 5 [0— 97 (09(5). 6. o 0) ) s

CLoat? T e (01 ot (s) o2 (s (g1 ds
| 0= 927 (). 019, 21 0) )

22b — an?
1 n
= o[ = 5P (2905). 01 (6), 1 5), o (5)) s
0
2 b
e _ (0] 1] [2] [n]
s | 0= 97 (29, 0). (5. ) 5)) s
ab g
~ g [ = 92 (P60 0. ) s
n
So a/ (Ap) (t) dt = (Ap) (b) . Consequently A is well defined. O
0

Lemma 3.2. Suppose that condition (2.1) holds. Then the operator A : CB e (L, M) — CBrpy given
by (3.1) is continuous.
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Proof: For o, € CBp,; (L, M), we have
(49 (1) = (A8) ()] < = [ /Ob 9|F (901,61, 62(5), . 07 (5))

1 (#1(5) 01 (5), ¥ ), oy (s) ) | s

i [ = 92 [ (2909, M (5). ), (5))

£ (8°(), 61 (5), 6P (5), . w1 (5)) s

[ 1= |7 (60,66 660, )

=1 (), (), 9 (s), ..o 6 (5)) | s

According to condition (2.1), we obtain that
b n
() (6~ (0) ()] < s | [ 0= s)as ) { el = w8
126 —an? \ Jo el
ot (/” 2 ) e ||t
+ = n—s)ds ci || —
B Uy 0 ) (2
t n
+</ |(t—s)|ds) <Zci ol )
0 i=1
tb? . : :
S M plil — qpld]
T (za o]
L1 tPlal tn’ Jaf ZC H CRVIC] [ . t2 ZC ng ol
312b — an?|
< Zci o — 1
T 2b—an?| \
1 bnp*lal
* 326 — an?| (Zci
b 1 n?al 1 (i (i
_<|2b—an2|+§|2b an| ) ZC H —v
16 (30 + |a|n?)
S (el el —b2 : .
<3 |2b — an?| ZC
From Lemma 2.3, we can also obtain

2 o n Jj=i—1
|<A¢>(t>_(ﬁ¢)<t>|<(b<§j%& 3) e MJ) o= vl

op?| i=1  j=0

)
)

_ 1b[i]

)
)

l{] _ ¢[Z]

) oLy (zc 9 — gt

)

which proves the continuity of the operator A.

Lemma 3.3. Suppose that condition (2.1) holds. If

302+ |a|n® 1
— — 4+ b | <L
5 <3|2b—an2|+2b -

(3.2)
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and

362 + |af 3
P <M .
§(3|2b—an2| Cb) - (33)

then A (CBrn (L, M)) C CBrpe (L, M).
Proof: From Lemma 2.2, (Ap) (t) > 0 for t € [0,b]. It remains to show that (Ayp) (t) < L and

[(Ap) (t2) — (Ap) (t1)| < M |ta — t1], for all ¢ € CBrue (L, M) and ty,t5 € [0, 5] .
For ¢ in CByp (L, M), we have

(A9) (0] € o [ 0 6= 9|7 (6(6), #1(5), (), o (5 s
e [ \f( d”(>so[21<s>,...,so[”1<s>)\ds

/|t—s|’f O1(5), o (s), (5),.... $(s)) .

‘f (go[o](s),goll] (s), o1 (s),...,cp[n](s))’ - ’f (s,cp(s),cp[Q] (s),...,cp[n](s)) ~ £(5,0,0,...,0) + f(s,0,0, ...,0)

< |7 (5,0(), 9 (5), s 7 (5)) = £ (5,0,0,...,0)
+1f (,0,0,...,0)|

n j=i—1 _
<pt+d e Y, M|

i=1 j=0

n Jj=i—1

SpHLY e Y M=,
i=1 j=0

then

) b
) (01 < o [0 9yds + M s ¢ [ o1

la| 3+ 30 1
=0 ——=+=b) <L.
<<3|2b— 7t

By using (3.2), we get
(4¢) (1) < I(Ag) (B)] < L.
Let t1,t5 € [0, b] with t; < to, we have
[2t2 = 2t1] (" 0)(5). ol1](s). o2 o]
(Ap) (t2) = (A) (1) < 5=y | (b =5) \f (so (), (5). 1 (5), o 01" (5)) | s

ate — at .
||2b2— an21|| / a S ](8) (p[l] (8)5 @[2] (S)v ey <P[ ](S)) ds

+

I (ta—S)f(w[O](S), (), 02 (s), o 0" (5)) s

0

+ [t =901 (#60015). ). 75 )

)

= [ = 98 (#06) ). (), ()
0
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SO

(b [ty —ta]  1¢n° |l lta — 1]
%) — %) < —
I(Ap) (2) = (Ag) (B1)] < |2b — an?| 3 |20 — an?|

B+ o))
B 312b — an?|

1
+Cb|ta — 1] + §Cb|t2 — 1]
3
+ §Cb> [te — t1].
Using (3.3), we find
[(Ap) (t2) — (Ap) (t1)] < M [t2 — t1].
Since A is well defined, i.e. (Ag) (t) € CByy for all ¢ € CBr,y (L, M), we conclude that

A(GBIM (L,M)) C CBrus (L,M) O

Theorem 3.1. Suppose that conditions (2.1) and 3.2)-3.3) hold. Then the problem (1.1)-(1.2) has at
least one positive bounded solution x in CBr, (L, M).

Proof: From Lemma 2.1, the problem (1.1)-(1.2) has a solution & on CBy,; (L, M) if and only if the
operator A defined by (3.1) has a fixed point.

From Lemmas 3.1, 3.2 and 3.3, all conditions of Schauder’s fixed point theorem 2.1 are satisfied. Conse-
quently, A has at least one fixed point on CBy,, (L, M) and these fixed points are solutions of problem
(1.1)-(1.2). O

3.2. Uniqueness

In this section, we present our uniqueness result.

Theorem 3.2. Under hypotheses of Theorem 3.1, assume further that
302+ |an® 1 L bt S
bl —————5 + =b i M7 <1, 34
(S 32) oo 2o < 39
then problem (1.1)-(1.2) has a unique solution in CB .,y (L, M) .

Proof: Let ¢, be two distinct solutions of (1.1)-(1.2). Using the same technique as in the proof of 3.3
we can prove

o () =9 ()]

|(Ap) () = (AP) (1)]

302+ a|n® 1. — .
o ) L A : M| o — |-

Using (3.4) leads us to
[(Ap) = (AD)| < Tl — o],

where
302 +aln® 1)) — 2t
I'=bl———-+=0b i M.

Since we have a contradiction, the fixed point must be unique. O
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3.3. Continuous dependence

In this section, we show that the unique solution proved in the last theorem depends continuously on
the function f.

Theorem 3.3. Suppose that the conditions of Theorem 3.2 hold. The unique solution of (1.1)-(1.2)
depends continuously on the function f.

Proof: Let fi, fo : [0,b] x R® — [0,+00) be two continuous functions with respect to their argu-

ments. From Theorem 3.2, it follows that there exist two unique corresponding functions z; and x5 in
CBrnt (L, M) such that:

b
0 /0 (b— s)fy (x[f] (s), 20(s), 23 (s), ..., 2! (s)) ds

2b — an
ot i -
g [0 A (o920 0 5) e 0)

— /Ot(t —s)f1 (x[lo] (s), x[ll] (s), x[12] €) x[ln] (s)) ds,

and

_ % ’ 01y [ [ [n]

w2 () = gy | (0= )2 (1), 28106, #5(5). o2l (5)) s
ot n -
~ g [ =92 (10090800
t

- /0 (t—s)f2 (x[QO] (s), x[zl] (s), x[;] (8), ..y x[Q"] (s)) ds.

We have

20 =1 01 = g [ 0= 912 (8106089, #2109, a6
- fi (331 (s),x[ll](s),x[f](s),...,x[ln](s)) ds
+ % / QU [f2 (a8(5), 2 (), 2 (s), 2l ()
- h (x[o](s) 2H(s), x[2](s),...,x[1"](s)) ds
b [ 1 1] (810 b0 810,00
—f( '(s) [”<>x[2]<s>,...,x5"1<s>) ds
—f( '(s) “]<>,x52]<s>,...,x£"]<s>).

It follows from (2.1) and Lemma 2.3, that

12 (28(9), 280, 2 (9), e () = 1 (215,00 s), 2 (9), s 9))|
Jj=1—1

<lfa= All+d e D Moz — .

i=1  j=0
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This implies that

302+ |a|n® 1
S| < (S LY,
o =l < (3 pi + 50 ) 12 i)
32+ laln® 1\ I
p (2 LAY ST M s — ]
* (3|2b—an2|+2 e oz =]
i=1 7=0
Therefore,
3% + |aln?
p (2l
<3I2b—a772| e

lz2 — x| <

2 3 ||f2_f1H
1—b(3b + |a|n +1

L) s e smi=icl g
3126 — an?| 2)21—”2]—0

This completes the proof.

4. Example

To illustrate the results established in Theorems 3.1, 3.2 and 3.3, we consider the following boundary-

value problem:
" . 9 1 2 1] 1, .5 2]
o (t) + f (sin”t + 10 (cos®t) &t (1) + % (sin®t) 2 (1) | =0,

2(0) =0, a/onm(t)dt:m(b) with 1 € (0,b),

where
f(t,z,y) =sin®t + ixcos2t+ iys1112t
B 10 25 '
We have ) )
If (& y1,92) — f(t,21,22)] < o ly1 — 21| + % ly2 — 22/,
therefore

2

|f (tvylayQ) - f(ta21722)| S Zci ||yl - zl” ’

i=1

1 1
where ¢; = — and ¢; = —. Furthermore, if b = zand L =17, M =6 in the definition of CB,, (L, M),

10 25 %
we have f >0, p= sup [f(s,0,0)]=1and (= —.
s€[0,b] 4
Fora—land = —, we have 2b = #ag—ia—1<£—18and
T MO T R WEAESE R AA T YT e T
30 +|aln® 1
(| ==+ b)) 243623 < L =7,
C(3|2b—m;2|+2 =
302 + |a|n® 3
0 TN Ch) ~5.526 < M =6,
C<3|2b—0¢772|+2 -
302+ |a|n® 1 L e
bl ————5 + b i M7 | ~0.94725 < 1.
<3|2b—a772|+2 ;C P <

From Theorems 3.1, 3.2 and 3.3, problem (4.1)-(4.2) has a unique positive bounded solution.
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