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ABSTRACT: In this paper, we define the concept of (F,h) — o — B-contractive mappings in probabilistic
Menger space and prove some fixed point theorems for such mappings. Some examples are given to support
the obtained results.
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1. Introduction and preliminaries

probabilistic metric space were introduced by Menger in 1942, by using the notion of distribution
functions in place of non-negative real numbers [5]. Sehgal and Bharucha-Reid proved the probabilistic
version of the classical Banach contraction principle for B-contraction mappings in 1972 [8]. After this
initial work, the fixed point theory in probabilistic metric spaces has been developed in many works such
as [7,12,13,14,15,16,17,18]. The concepts of a — 1h—type contractive and a— admissible mappings were
introduced by Gopal et. al.[3], who also established some fixed point theorems for these mappings in
complete Menger spaces. After that, Shams and Jafari generalized this concept to («, 8, 1)-contractive
and o — f—admissible mappings and proved some fixed point theorems for such maps [11].
In this paper, we give a generalization of concept of contractive mapping in [11] and introduce the notion
of (F,h) — a — [-contractive mapping. Also we compare it with previous results in Menger space and
prove some fixed point theorems for these contractive mappings. Our results generalize and improve the
previous results in [3] and [11].
We first bring notion, definitions and known results, which are related to our work. For more details, we
refer the reader to [4].

Definition 1.1. A distribution function is a function F : (—o0,00) — [0, 1], that is non-decreasing and
left continuous on R. Moreover, infeg F(t) = 0 and
sup,cp F'(t) = 1. The set of all the distribution functions is denoted by D, and the set of those distribu-
tion functions such that F(0) = 0 is denoted by DY. We will denote the specific Heaviside distribution
function by:

1 t
H(t) = >0
0 t<0.

Definition 1.2. A binary operation T : [0,1] x [0,1] — [0,1] is a continuous t-norm if the following
conditions hold:

(a) T is commutative and associative,
(b) T is continuous,

(¢c) T(a,1)=a for all a € [0,1],
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(d) T(a,b) < T(c,d) whenever a < ¢ and b < d, for a,b,c,d € [0, 1].

The following are three basic continuous t-norms.
(i) The minimum t-norm, say Ths, defined by Ths(a,b) = min{a,b}.
(ii) The product t-norm, say T}, defined by T,(a,b) = a.b.
(iii)The Lukasiewicz t-norm, say 17, defined by T (a,b) = max{a + b — 1,0}.
These t- norms are related in the following way: T, < Tp < T);.

Definition 1.3. A Menger space is a triple (X, F,T), where X is a nonempty set, T is a continuous
t-norm, and F is a mapping from X x X into DT such that the following conditions hold:

(PM1) F, ,(t) = H(t) if and only if x =y,

(PM2) Fyy(t) = Fyo(t)

(PM3) Fy ,(t+s) > T(Fy (), F.y(s)) for all z,y,z € X and s,t >0
Definition 1.4. Let (X, F,T) be a Menger space. Then

(i) A sequence {x,} in X is said to be converge to x if, for every e > 0 and 0 < X\ < 1, there exists a
positive integer N such that Fy, () > 1 — X, whenever n > N.

(i) A sequence {x,} in X is called Cauchy sequence if, for every e > 0 and A > 0, there exists a positive
integer N scuh that Fy, o, (€) > 1 — X whenever n,m > N.

(iii) A Menger space is said to be complete if and only if every Cauchy sequence in X is converge to a
point in X.
According to [6], the (e, A)-topology in Menger space (X, F,T) is introduced by the family of neigh-
borhoods N, of a point z € X given by
Ny = Nr(eaA) t€> 07)‘ € (07 1);
where
Ny(e,N)={ye X : F, ,(e) >1— A}
The (¢, ) -topology is a Hausdorff topology. In this topology, a function f is continuous in xy € X if
and only if f(z,) — f(z0), for every sequence x,, — xo.
Definition 1.5. [2] A function ¢ : [0,00) — [0,00) is said to be a ®-function if it satisfies the following
conditions:
(i) ¢(t) =0 if and only if t =0,
(ii) ¢(t) is strictly monotone increasing and ¢(t) — oo as t — oo,
(iii) & is left continuous in (0,00),
(iv) ¢ is continuous at 0.
In the sequel, the class of all ®-functions will be denoted by ®.
Definition 1.6. [11] Let (X, F,T) be a Menger PM-space and f : X — X be a given mapping and
a,f: X x X x(0,00) = [0,00), be two functions, we say that f is o — f-admissible if
(i) For all x,y € X and for all t > 0, a(z,y,t) > 1= afx, fy,t) > 1,
(ii) For all x,y € X and for allt >0, B(x,y,t) < 1= B(fx, fy,t) < 1.

Definition 1.7. [11] Let (X, F,T) be a Menger space and let f : X — X be a given mapping. We say that
[ is a generalized oo — - contractive mapping if there exist two functions v, B : X x X x (0,00) — (0, 00)
such that

B, Py ((0) 2 ey, ) ming Fay (9(0)), Fepal0(5),
Py (), Frpa20(2), Fo g 20()}) (1)

for all x,y € X and for all t > 0, where € ® and ¢ € (0,1).
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Definition 1.8. [9,10]We say that the function h: Rt x Rt — R is a function of subclass of type I, if
z>1= h(l,y) < h(z,y) for ally € R".

Example 1.9. [9,10] Define h: RT x RT — R by:

(a) h(z,y) = (y + 1) 1> 1;

(b) h(z,y) = (z+1)V,1> 1;

(¢) h(z,y) =a"y, n € N;

(4) h(x,y) = y;

(¢) hw,y) = 37 (Xiso ') ¥, n €N;

. y
(1) hlay) = [ (Siga) +1] 1> 1, nen
for all z,y € RT. Then h is a function of subclass of type I.

Definition 1.10. [9,10] Let h,F: RT x RT — R, then we say that the pair (F,h) is an upper class of
type I, if h is a function of subclass of type I and:
(i) 0<s<1= F(s,t) <F(1,¢),
(ii) h(1,y) < F(1,t) =y <t for all t,y € RT.

Example 1.11. [9,10] Define h,F: RT x RT — R by:

(a) h(z,y) = (y+1)*,1>1 and F(s,t) = st +1;

(b) h(z,y) = (z +1)¥,1> 1 and F(s,t) = (1 +1)*;
(¢) h(z,y) = 2™y, m € N and F(s,t) = st;

(d) h(z,y) =y and F(s,t) = t;

(@) h(z,y) = =5 (Xl @)y, n €N and F(s,t) = st;

(¢) h(z,y) = [#1 (7 2) + z}y,z >1,neN and F(s,t) = (1 +1)*

for all z,y,s,t € RT. Then the pair (F,h) is an upper class of type L.

Definition 1.12. [9,10] We say that the function h : RT x RT x RT™ — R is a function of subclass of
type II, if v,y > 1 = h(1,1,2) < h(x,y, 2) for all z € RT.

Example 1.13. [9,10] Define h: RT x RT x RT — R by:
(a) hz,y,2) = (z+ D)™, 1> 1;
(b) h(z,y,2) = (xzy+1)*,1>1;
(c) hz,y,2) =
(d) h(

(e) h(

for all z,y,z € RT. Then h is a function of subclass of type II.

x,y,2) =x™y" 2P m,n,p € N;
z,y,2) = %Z .m,n,p,q, k €N,

Definition 1.14. [9,10] Let h: RT x Rt x Rt — R and F: Rt x Rt — R, then we say that the pair
(F,h) is an upper class of type II, if h is a subclass of type II and:
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(i) 0< s < 1= F(s,t) < F(L,1),

(ii) h(1,1,2) < F(s,t) = z < st, for all s,t,z € RT.

Example 1.15. [9,10] Define h: R" x RT x RT - R and F: Rt x Rt — R by:
(a) h(z,y,z
(b) h(z,y,z

(z+ D", 1> 1,F(s,t) = st +1;
(zy +1D)*,1 > 1,F(s,t) = (1 +1)%¢;

(d) h(z,y,z) =ax™y"zP,m,n,p € N,F(s,t) = sPt?;

n, P

LuszamanvpaQ7k € N) S:(S)t) = Sktk7

(x,y,2) =
( )=
(¢) h(z,y,2) = 2, F(s,t) = st;
( )
(x,y,2) =

(e) h(z,y,z
for all z,y,2,s,t € RT. Then the pair (F,h) is an upper class of type II.

2. Fixed point theorems for generalized (F,h)—a — S-contractive mappings

In this section we introduce the notions of generalizd (F, h)—«a— B-contractive mapping in probabilistic
Menger spaces.

Lemma 2.1. [1] Let (X, F,T) be a complete Menger space and ¢ : [0,00) — [0,00) be a ®-function.
Then the following statement holds:
If for xz,y € X,c € (0,1), we have Fy ,(p(t)) > Fypy(p(%)) for all t > 0, then x = y.

Definition 2.2. [3] Let (X, F,T) be a Menger space and f : X — X be a given mapping. We say that f
is a generalized B-type contractive mapping if there exists a function B : X x X x (0,00) — (0,00) such
that

B, Py ((0) 2 min{ ey (0(2)), Fr.pal9(2)),

Py (), Frpa20(2), Fo. g 20()}) 21)

for all x,y € X and for all t > 0, where p € ® and ¢ € (0,1).

Theorem 2.3. [1] Let (X, F,T) be a complete Menger space with continuous t-norm T which satisfies
T(a,a) > a for each a € [0,1]. Let c € (0,1) be fized. If for a ®-function ¢ and a self-mapping f on X,
we have

Frapa@(®) > min{Fry(p(2), Frpa(0(): Fypy(0(5)),

Fupy(20(2)), Fy. 1220}, (22)

for all x,y € X and for allt > 0, then f has a unique fired point in X.
Now, we introduce the following definition:

Definition 2.4. Let (X, F,T) be a Menger space and [ : X — X be a given mapping. We say that f is a
generalized (F, h)—a — B- contractive mapping if there exist two functions a, 8 : X x X x (0,00) — (0, 00)
such that

T8y, 1), Frapu(@(0)) 2 hlale,y, 1), min{Fyy (¢ (é))F,fm«o(é)),

Fy,fy(w(é)) Iy fy(Q‘P( ) Fy.r2(2¢(=))}) (2:3)

(S

for all x,y € X and for all t > 0, where pair (F,h) is an upper class of type I, ¢ € ® and ¢ € (0,1).
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Remark 2.5. If a(z,y,t) = f(x,y,t) = 1 for all z,y € X and for all t > 0, then the condition (2.3)
reduces to condition (2.2), but the converse is not true always, (see Example 2.12).

Remark 2.6. If F(s,t) = st and h(z,y) = xy, then the condition (2.3) reduces to condition (1.1).

Remark 2.7. If F(s,t) = st, h(x,y) = zy and a(z,y,t) = 1, then the condition (2.3) reduces to
condition (2.1), but the converse is not true always.

Theorem 2.8. Let (X,F,T) be a complete Menger space with continuous t-norm T which salisfies
T(a,a) > a with a € [0,1], let f : X — X be a generalized (F,h)—a — - contractive mapping satisfyings
the following conditions:

(i) [ is o — B-admissible,
(ii) there exists xo € X such that oz, fxo,t) > 1 and B(xo, fro,t) <1 for allt > 0,

(iii) if {xn} is a sequence in X such that B(zp,xn+1,t) <1, a(zp, Tpt1,t) > 1 for alln € N and for all
t >0, and x, = x as n — oo, then f(zy,x,t) <1 and (xn,x,t) >1 for alln € N and for all t > 0.

Then f has a fixed point.
Proof. Since T is continuous and T'(a,a) > a, for all a € [0, 1], then we have
T(a,a) > T (min{a, b}, min{a, b}) > min{a, b},

for all b € [0, 1], and we can write Fy ,,(2t) > min{F}, .(t), F. ,(t)}, for all z,y,z € X. Now, Let zp € X
be such that (ii) holds and define a sequence {z,} in X such that x,4; = fa,, for all n € N. First, we
suppose T, # x,4+1 for all n € N, otherwise f has trivially a fixed point. Now, since f is a — S-admissible,
we have
B(xo, fxo,t) = Bz, 21,t) < 1= B(x1,22,t) = B(fxo, fr1,1) <1
and

alzo, fxo,t) = a(xg, x1,t) > 1 = a(x1,x2,t) = afxo, fr1,t) > 1.

Consequently, by induction, we get B(z,, nt1,t) < 1, and oz, xpi1,t) > 1 for all ¢ > 0. From the
properties of Definition 1.5, we can find r > 0 such that ¢ > (r). Therefore we have:

F, Fran g2, (0(r) = F(B(@n-1,2n,7), Fre, 1 f2,(0(1)))
> h(e(Tn-1,Tn, ), min{Fys, 2, (p(r/c), Fu, .z, (0(r/c)),
Fownin(0(1/0)), Fo 12000 (20(r/€)), Fa,y 2, (20(1/ ) })
> h(,min{Fy, o, (0(r/c), Fo, 2. (0(r/c)),
)

Fop o (0(1/€)s Fap s znia (20(1/€)), By oz, (20(r/C))}).

So we have
Bz ) = Fray o g, (0(r) = min{Fy, 4, (0(1/0)), Fu, 2, (p(r/c)),
B ia (P(1/€))s Fap s 20 (20(7/€)), P,y 2, (200(r/ €))
= min{Fo, ,.2,(0(r/¢)), Fupwnii (0(1/€)s Fap s w0 (200(r/ )}
> min{ly, ., @r/c)), Fu, .z, (0(r/c), min{Fy, 4, (p(r/c)),
Fep wnin (p(r/c)}}
= min{Fy, ,.0,(0(r/0), Fo, e, (o(r/c))}.

We shall prove that

Frrionin(9() = Fo, iz, (9(2): (2.4)
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If we assume that Fy, . . (©(%)) is the minimum, that from lemma 2.1, we get that x,, = x,1, which
leads to contradiction with the assumption that 1 # 2, and so F,, _, z,(¢(%)) is the minimum and
therefore (2.4) holds true. Since ¢ is strictly increasing, we have

r r
Frn,zn+1(t) > Frn,zn+1(<ﬂ(7')) > Fe i, (‘P(E)) >z Fro,fcl(‘»@(c_n))a

that is, Fi, z,,,(t) > Frye, (0(Z7)) for arbitrary n € N. Next, Let m,n € N with m > n, then by (PM3)
we have

Fin,rm,((m - n)t) > min{an7fn+1 (t)a a3 Fr'm,—l7r'm, (t)}

> min{Frg o, (2 5): o Frg o, (2 p)))-

V

Since ¢ is strictly increasing and ¢(t) — 0o as t — oo, then for any fixed € € (0, 1), so there exists ng € N
such that Fi, ., (¢(Z%)) > 1 — ¢, whenever n > ng. This implies that, for every m > n > ng, we get
Fy, 2, ((m—n)t) > 1—¢€ Since t > 0 and € € (0,1) is arbitrary, we deduce that {x,} is a Cauchy
sequence in the complete Menger space (X, F,T). Then, x,, — u as n — oo for some v € X. We will
show that u is a fixed point of f. By (PM3), we have

Fruu(t) = T(Frua,(@(r), Fe, u(t — ¢(r)))

2 min{Fruz, (9(r), e, u(t — (1))}

Notice that, if z,, = fu for infinitely many values of n, then © = fu and hence the proof finishes. Assume
that x,, # fu for all n € N. Thus, since lim,_, x, = u, for any arbitrary € € (0, 1) and n large enough,
we get Fy, o(t — ¢(r)) > 1 — e and hence, we have F,, 5, (t) > min{Ff, o, (¢(r)),1 —€}. Since € > 0 is
arbitrary, we can write Fy o (t) > Fruz, (p(r)). Next, we get

F, Frua, (0(r) = FA, Frufa, 1 (#(r)))

> F(B@u-17), g, (0(1))
> b, ,m) min{ Pus,y (9(5), Fa,yon, (9(5)),
Frua@(2))s Frue, (20()), Fua, (20(2)})
> h(Lming P, (2(2)): Fro .o, (D), Frun(e(2)),

Fpua,(20(2)), Pus, (20(D)}).

Hence we have

Frual®) 2 Fpus, (0() = Frupe, ()
> min{ P, ((5): Fr, o, ((5): Frua(p(5)),
Fpua,(20(2)), Pus, 20(0)}
> min{ P, (0(2)): Frun(@(2): Fou o (0())):
It follows that
Froalt) = lminf e, (o(r)
> liminfmin{ Py, (0(5), Fruw(@(2))s Fr, v, (2(5)}

> min{l — ¢, Fuu(o(5)),1— ¢}
C

Finally, since € € (0,1) is arbitrary, we have Fr, .(¢(r)) > Fruu(¢(%)) and so, by Lemma 2.1, we deduce
that w = fu. This completes the proof. O
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Corollary 2.9. [11] Let (X, F,T) be a complete Menger space with continuous t-norm T which satisfies
T(a,a) > a with a € [0,1], let f: X — X satisfy the following conditions:

(i) [ is a generalized o — B- contractive mapping,

(ii) [ is o — B-admissible,

(iii) there exists xg € X such that a(xo, fxo,t) > 1 and B(xo, fxo,t) <1 for all t > 0,

(iv) if {xn} is a sequence in X such that 5(zn, Tni1,t) <1, a(Tpn, Tny1,t) > 1 for alln € N and for all
t >0, and x,, — = as n — o0, then B(x,,x,t) <1 and a(z,,z,t) > 1 for alln € N and for all t > 0.

Then f has a fixed point.

Corollary 2.10. Let (X, EF,T) be a complete Menger space with continuous t-norm T which satisfies
T(a,a) > a with a € [0, 1], let there exists a function §: X x X x (0,00) — (0,00) such that f: X — X
satisfy the following conditions:

(i) [ is a B-type contractive maping,

(it) For any x,y € X and for all t >0, f(x,y,t) < 1= B(fz, fy,t) <1,

(iii) there exists xg € X such that 8(xo, fxo,t) <1 for all t > 0,

(iv) if {xn} is a sequence in X such that B(xn,xni1,t) <1 for alln € N and for all t > 0, and x,, — x
as n — 0o, then B(xy,,x,t) <1 for alln € N and for all t > 0.

Then f has a fixed point.

Two examples of the generalized contractions of Definition 2.4 possessing fixed points according to
the above results follow below:

Example 2.11. Let X =R, T'(a,b) = min{a, b} for all a,b € [0,1] and F, ,(t) = m forallz,y e X
and for all t > 0. Clearly (X, F,T) is a complete Menger space. Define the mapping f: X — X by
i z2el0,1)
fr= 1 x=1
2 otherwise

and two functions o, B : X x X x (0,00) — (0,00) by

1 =z,y€[0,1) 1 2,ye(0,1)
)0 z=lory=1 . % r=1lory=1
6(xay7t)_ 1 x:yzl ’ a(x,y,t)— 1 x:y:]_
3 otherwise 0  otherwise,

We define F,h: RT xRT — R by h(z,y) = (y+3)* and F(s,t) = st+3. Now, consider ¢ : [0,00) — [0, 00)
defined by p(t) =t. Let ¢ = % We show that f satisfies the hypotheses of Theorem 2.8. At first we prove
[ is a — B-admissible. If B(x,y,t) = 1, this implies x,y € [0,1], so B(fxz, fy,t) = 1. If B(z,y,t) =0, this
impies x =1 or y = 1. There are two cases:

(1) If x =1 and y € [0, 1], hence B(fz, fy,t) = B(1,1,t) = 1.

(2) If x = 1 and y is not in [0,1], so by the definitions of f and B, we have B(fx, fy,t) = f(1,3,t) = 0.
Similarly when a(xz,y,t) > 1, then o(fx, fy,t) > 1. Hence [ is a — B-admissible. On the other hand for
xo = 1 we have a1, f(1),t) =1 and 5(1, f(1),t) = 1. Finally we show that f satisfies (2.3).

Ifx,y €10,1) orx =y =1, then F(1,1) = 4 and hence the inequality (2.3) is true. Ifx =1 ory =1, we
have F(0,1) = 3 and the inequality is true. In the other cases « =0 and the inequality is obviously true.
Thus all the conditions of Theorem 2.8 hold and f has two fixed points, xt =1, xt =2 and © = % On the
other hand, [ does not satisfy (1.1). Indeed for x =1 and y = %, we get B(xz,y,t) =0 and a(z,y,t) = %,
then the left inequality of (1.1) is equal zero. Hence [ does mot satisfy condition (i) of Corollary 2.9.
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Example 2.12. Let X = [0,00), T'(a,b) = min{a,b} for all a,b € [0,1] and F, ,(t) = t—Hz o1 Jor all
xz,y € X and for allt > 0. Clearly (X, F,T) is a complete Menger space. Define the mapping f: X — X
by

z€10,1)

r=1

otherwise

fo=

DN = N

and two functions o, B : X x X x (0,00) — (0,00) by

2 x,yel0,1)
_ o _ 1 r,y € [0,1]
Blx,y,t) =9 1 z=y = L, alnyt)= { 0  otherwise,
1 otherwise

We define F,h: R x RY — R by h(x,y) = (z +1)Y and F(s,t) = (1 +1)*. Now, consider ¢ : [0,00) —
[0,00) defined by p(t) =t. Let c = 3. We show that f satisfies the hypotheses of Theorem 2.8. At first
we prove that f is o — B-admissible. If B(x,y,t) < 1, this implies x,y ¢ [0,1), so by the definitions of
f and B, we have B(fx, fy,t) = 1. Similarly when o(z,y,t) > 1, then o(fx, fy,t) > 1. Hence [ is
o — p-admissible. On the other hand for xo = 1 we have o(1, f(1),t) =1 and 5(1, f(1),t) = 1. It is easy

to show that [ satisfies (2.3) and hence f has three fized points, x = 1, v = % and r = 2.

On the other hand, [ does not satisfy (2.2) and (1.1). Indeed for v =2 and y = 1, we get ¢ > 1, that is
a contradiction.

We prove, with next theorem, uniqueness of the fixed point.

Theorem 2.13. With the same hypotheses of Theorem 2.8, if for all w € Fix(f) (The set of fixed points
of [ ) and for all t > 0 there exists z € X such that 5(z, fz,t) <1 with B(u,z,t) <1 and a(z, fz,t) > 1
with a(u, z,t) > 1, then f has a unique fized point.

Proof. Let u,v € X be such that fu =wu and fv = v. From the hypotheses, there exists z € X such that

B(z, fz,t) < Lwith B(u,z,t) <1and B(v,z,1) <1

and
az, fz,t) > Lwith a(u,z,t) > 1 and a(v,z,t) > 1.

Since f is a — B-admissible, then we have B(fz, f22,t) <1, a(fz, f?z,t) > 1. Also

Blu, f2,1) <1 and B(v, fz,1) <1, alu, f2,£) > 1 and a(v, f,t) > 1
By induction, for all £ > 0 we get

ﬁ(znazn-i-lvt) S 17 ﬁ(ua vat) S 17 ﬁ(vvznat) S 1

and
O[(Zn,Zn+1,t) 2 1’ O[(U,Zn,t) 2 1’ OZ(U,Zn,t) Z 1’

where z, = f"z.
From the properties of function ¢, we can find r» > 0 such that ¢ > ¢(r) and therefore we have:

F(L Py (0(0) = F(L Fruga, (p(r) 2 F(B(t, 20,7), Fpu g, (9(r))
ha(t, 20, 1), min{ Fy s, (9(2)), Fuuu(@(2)s Foponin (9(2)),

Puzr (20(2)), Frpu(20(5))})
A1 min{Fy 2, (o(2). Fu fu<@<g>>,an,zn+l<¢<§>>,
)

Fuzr (20(2)), Feypul20(2))}

Y

Y

—
Do
(2

~
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where ¢ € (0,1). Hence from (2.5) we get:

D: Pufu(P(2)), Fry s (D)),

)}

Fu,2n+1 (t) 2> F%fzn ((p(’/’)) min{Fu,zn (4,0(

r
Fu,zn+1 (2<p(z))a an,fu(2(,0(

o3

o3

which implies Fy, ., ., (t) > min{F, ., (©(£)), F., -, .. (©(£))}. Now, we have two cases:

C

(i) We assume that F, . ., (©(%)) is the minimum. Then, by applying (2.3), we can write

Puerir (1) 2 Frpo s (9(2)) 2 min{Fey 2, (9(5)), Frponn (9(5))}-

Now, if F., ..., (¢(Z)) is the minimum for some n € N, by Lemma 2.4, we deduce that z, = 2,11 = u.
Consequently, we deduce that S(v,u,t) <1 and a(v,u,t) > 1 and so by (2.3) we have

Fuslo®) = min{Fuu(@(5), Fun(@(0), Fuu(p(2), Fu (20(0),
t

t

Fuw(2e(2))} = Foule(£)).
c c

Again, by Lemma 2.4, we conclude that v = v. On the other hand, if

F., . -, (o(Z%)) is the minimum, then

r r r

an,zn+1(§0(z)) 2 an_l,zn(@(c_g)) Z ez Fm,n(‘ﬁ(ﬁ))

and, letting n — oo, we get
r
anyz'n+1 (SD(E)) — ]"

Therefore F), ., ., (t) = 1 as n — oo, which implies 2,41 — u as n — oo.
T

(ii) Suppose that F, ., (¢(%)) is the minimum, then we have

Furr (P(1)) 2 Fue (9(5)) 2 Pu 4 (9(55)) 2 o 2 Fusy (p7):

Letting n — oo, we obtain F, ., (p(r)) = 1 as n — 00, i.e, Z,41 — u as n — oo.
A similar argument shows that z,11 — v, for n — co. Now, the uniqueness of the limit, gives us u = v
and the proof is complete. O
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