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g-analogue of a Class of Harmonic Functions

Omendra Mishra and Saurabh Porwal
ABSTRACT: The purpose of the present paper is to introduce a new subclass of harmonic univalent functions
associated with a g-Ruscheweyh derivative operator. A necessary and sufficient convolution condition for the

functions to be in this class is obtained. Using this necessary and sufficient coefficient condition, results based
on the extreme points, convexity and compactness for this class are also obtained.
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1. Introduction

The theory of g-calculus has motivated the researchers due to its applications in the field of physical
sciences, specially in quantum physics. Jackson [9,10] was the first to give some applications of g-calculus
by introducing the g-analogues of derivative and integral. Jackson’s ¢g-derivative operator d, on a function
h analytic in D = {z € C: |z] < 1} is defined for 0 < ¢ < 1, by

h(z)=h(qz) £0
8qh(z) - { ;;’ES%Z z=0.

For a power function h(z) = zF, keN={1,23, ...},
9qh(z) = 8q(2'k) = [k]qzk_la

where [k], is the ¢-integer number k defined by

p =14+q+¢+..¢" 1 (1.1)

For any non-negative integer k£ the g-number factorial is defined by

[k]q! = [1]q[2]q[3]q~~~[k]q ([O]q! =1).
For more detailed study see [1]. Clearly, lim [k], = k and lim 9,h(z) = h'(2).
q—1— q—1—

Let A denote the class of functions h(z) that are analytic in D = {z € C: |z] < 1} with the normal-
ization h(0) = /(0) — 1 = 0. Complex-valued harmonic functions of the form: f = u + iv, where v and v
are real-valued harmonic functions in D, can also be expressed as f = h + g, where h and g are analytic
in D. The Jacobian of the function f = h+ g is given by J¢(z) = |h/(2)]? — |¢/(2)|?>. According to the
Lewy [15], every harmonic function f = h+7 is locally univalent and sense preserving in D if and only
if J¢(z) > 0 in D which is equivalent to the existence of an analytic function w(z) = ¢’(z)/h/(z) in D such
that

lw(z)] <1 forall ze€D.
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The function w(z) is called the dilatation of f. By requiring harmonic function to be sense-preserving,
we retain some basic properties exhibited by analytic functions, such as the open mapping property, the
argument principal, and zeros being isolated (see for detail [5]).

A class of harmonic functions f = h+g with the normalized conditions h(0) = 0 = ¢g(0) and A'(0) =1
is denoted by H and functions therein are of the form:

2) :z—i—Zakzk—i—Zbkzk. (1.2)
k=2 k=1

A sub class of functions f = h +g € H with the additional condition ¢’(0) = 0 is denoted by °. The
class of all univalent, sense preserving harmonic functions f = h+7g € H (i}CO) is denoted by Sq¢ (Sg().
Further, if g(z) =0, the class Sy reduces to the class S of univalent functions in A.

Motivated by Dziok et al. [3], the function f € H° is subordinate to a function F, and write
f(2) < F(z), if there exists a analytic function w, which maps D into oneself with w(0) = 0, such that
f(z) = F(w(2)) (see [4,24,3]).

The convolution of two analytic functions h(z) = > 7 a,z™ and g(z) = Y2 by2" is defined by
(f x9)(2) = 307, anbyz™. The convolution % of two harmonic functions f = h+gand F = H + G is
defined by (f*F)(z) = (g% G) (2) + (h* H)(z).

The g- generalized Pochammer symbol for t € R and n € N is defined as

([tlg)n = {[f]q[t + 14t 424 [t+ (n—1)],, i Z i (1).

for t > 0. Let ¢g-gamma function is defined as
Lyt +1) = [t];Ty(t) and r,(1)=1.

A function f € Sg¢ is said to be starlike and convex, respectively, of order o and in the classes,
respectively, S7; () and S§ («) (investigated by Jahangiri [11]) if and only if

{55

Df(z) = 2l'(2) — 29/ (2).
In 2014, Kanas and Raducanu [14] also (see[16] ) define the g-analogue of Ruscheweyh operator

where

n G k + ’I’L) k
Dyh(z) = h(2) * $gps1(2) Z — 1 T et (> D,
where
B > k +n) &
¢q,n+1 - § _ 1 (Tl ¥ l)Z 9

For convenience, we use
Ly(k+n)

=1, T, + 1)’
The g-Ruscheweyh operator Dy of order n € Ng = NU {0} for an analytic function h(z) is defined by

Yp_q =

Dgh(z) = h(z), D;h(z) = Dyh(z) = z04h(2).

and for n € N,
Dh(z) = Dy(D"h(2)), (1.3)
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DIh(z) = zag(z”_lh(z))

Observe that

th(z):h(z)*Dq( : ) (1.4)

()

and

Z+ Z[k]qzk,
k=2

IS ers) "

where [k], is the g-integer number defined by (1.1). The operator Dj reduces to the well known
Ruscheweyh operator D™ [23] as ¢ — 1.
Further, the g-Ruscheweyh operator Dy of order n € Ny for the harmonic function f = h+7 is defined

by ([13])

Dy f(z) = Dyh(z) + (=1)"Dzg(2).

As ¢ — 17, the operator Dy reduces to the operator D™ which is the Ruscheweyh operator for a harmonic
function f =h+g ([17]).
Involving the ¢-Ruscheweyh operator D

f € H° that satisfy the condition

n

o> we define a subclass 5% (n,q, A, B) of harmonic functions

D, (D2 f(2)) . 1+ Az
D f(z) 1+ Bz

(-1<A<B<1;z€eD). (1.6)

We denote by T5Y%(n,q, A, B) a subclass of harmonic functions f = h + g € S%(n,q, A, B) where n, h
and ¢ are of the form:

h(z)=z— Z lak|z®  and  g(z) = (-1)" Z |br|2* (2 € D). (1.7)
k=2 k=2

When g — 17 the class S%(n, g, A, B) reduces to the class S% (A, B) which was studied by Dziok [2] (see
also [3]). Further, we denote the class S%(n,q, (1 + q)a —1,q) (0 <a <1) by H?(a) and hence, the
classes H{ (r) and K, (a) are the g-analogue of harmonic starlike and harmonic convex functions of order
a, respectively. As ¢ — 17, the classes H) (o) =: Sj; () and K] (o) =: S§;(av) are the well known classes
of the functions f € S% which are starlike and convex functions of order «, respectively, in I and are
investigated by Jahangiri [11].

Research work in connection with function theory and g-calculus was first introduced by Ismail et al.
[8]. Recently, g-calculus is involved in the theory of analytic functions in the work [6,7,16]. But research
on g-calculus in connection with harmonic functions is fairly new and not much published (one may find
papers [20], [21], [12],[13], [18], [22], [19]).

In this paper, a class S%(n,q, 4, B) of harmonic functions f € H°, associated with g-Ruscheweyh
operator is defined as above (1.6). A necessary and sufficient convolution condition for the functions
f € HO to be in this class is proved as Theorem 2.1 below. A sufficient coefficient condition for the
functions f € H to be sense preserving and univalent and in the same class is obtained as Theorem 2.4.
It is proved that this coefficient condition is necessary for the functions in its sub class TS%(n,q, A, B)
as Theorem 2.5. Using this necessary and sufficient coefficient condition, in the subsequent work, and
extreme points for the functions in the class TSY%(n,q, A, B) are obtained. This research work will
motivate future research to work in the area of g-calculus operators together with harmonic functions.
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2. Main Results
Theorem 2.1. Let f € HY. Then the function f € S%(n,q, A, B) if and only if

Dy f(2)x®(2:¢) #0  ((€C,[(]=1,2eD\{0}),

where
A (B —A)(z+ (14 AQ) g2°
=T 0w
224 (B+A)Z - (1+AQgZ
T-5(1-¢) 2

Proof. Let f € H° be of the form (1.2). Then f € S%(n,q, A, B) if and only if (1.6) holds or equivalently

Dy (DI f(2) |, 14 AC B
D Fiiope €ECKI=1zenon,
or,
(14 BO)D, (D} f(2)) — (14 AC) Dy f(z) # 0. (2.2)
On using (1.4) and (1.5), the condition (2.2) may also be given by
n z z
Dyh(z) * {(1 + BC)m — (14 AQ) T J

— (DR + (14 BO) g + (1440 | 0

or
Dy f(2)x@(2;¢) #0.
where the function ®(z;() is given by (2.1). O

Remark 2.2. The result of Theorem 2.1 coincides with the result of Dziok [2] for (k = 2), If we consider
q — 17 in Theorem 2.1, we get following result involving the Ruscheweyh operator D™ :

Corollary 2.3. [2] Let f € H°. Then the function f € S%(n, A, B) if and only if

D" f(2)xp(2:¢) #0  (C€C,[¢] =1,z € D\{0}),

where

(B—A)(z+ (1+AQ) 2% 22+ (A+ B)(z— (1+AQ) 2
(1-2) (1-2) '

Theorem 2.4. Let f = h+ g € H° be of the form (1.2) and let —1 < A< B < 1. If

P(2;¢) =

> (Crlar| + Delbe]) < B — A, (2.3)
k=2
where
Cr = Y1 {[kls(1 + B) = (1 + A)}, (2.4)
Dy =ty 1{[Fs(1+ B) + (1 + A)}, (2.5)

and [k]q is the g-integer number k defined by (1.1), then
(i) the function f is locally univalent and sense-preserving as ¢ — 1~ and univalent in D,

(ii) the function f € S%(n,q, A, B).
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Proof. Tt is clear that the theorem is true for the function f(2) = z . Let f = h + g, where h and g of
the form (1.2) and assume that there exist k € {2,3,...} such that ax # 0 or by, # 0. Since, from (1.1),
[k]; > 1, we observe from (2.4) and (2.5) that Dy, > Cy > [k],(B — A) (k = 2,3,...), by which the
condition (2.3) implies the condition

> [Klg (k] + [bi]) < (2.6)
k=2
and hence, we get for any ¢ (0 < ¢ < 1),
10h(2)| = 1009(2) = 1= > [Klglar]|z5 71| = Y [klq[brll" ]
=2 k=2

1| z|z (lag| + |bx]) > 1 = |2] > 0.

in D which implies as ¢ — 1~ that |h/(2)] > |¢'(z)] in D that is the function f is locally univalent and
sense-preserving in . Moreover, if z1, 20 € D and for some ¢ (0 < g < 1), 21 # gz2. Then for that g,

kl

Zk (12’2
21 el qz

q22

<3 e < |, (k= 23....).
=1

Hence, for that value of ¢, from (2.6), we have

£ (21) = flgz2)| = [h(z1) — hlgz2)| — lg(21) — g9(g22)]

21— 92 — Z ak(z (qz2) k)

oo

S bi(F — (g22)")

k=2

>

qu)k
21 —(qz2

> |21 — gz <I—Z|
> |21 — qz2 <1 - Z[k]q|ak| - Z[k]q|bk|> >0

k=2 k=2

(12’2 ‘

)

which proves that f is univalent in D. This proves the result (i). On the other hand f € S%(n,q, A, B)
if there exists a function w, w(0) = 0, |w(z)| < 1, (z € D) such that

Dy (Dy f(2)) 1+ Az
Drf(z)  1+Bz

or equivalently

Dy (DI f(2)) — DI f(2)
B (Dq (D3 f(2))) — ADy f(2)

< 1(z € D). (2.7)

The above inequality (2.7) holds, since for f = h + g, where h and g of the form (1.2) and for |z| = r
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(0 < r < 1), we obtain

|Dq (Dg f(2)) = Dy f(2)| =|BD, (®Zf(2))—A93"f(Z)I

k=2 k:2
—|(B=A)z+> (1) (Blklg — A)axz"
k=2
)" 3 (Yr_1) q T A)bkzk
k=2
< W) (Kl — Dlaglr® + (1) ([Klg + 1)[bg|r*
k=2 k=2
—(B=A)r+ Z(wkfl)(B([k]q — A)lag|r*
k=2
+) (g1)(Bk]g + A)|bg|r*
k=2

<> (Cklag| + Dy b |)r*=! = (B — A),
k=2

Mg

(Ck|ak|—|-Dk|bk|) (B—A) <0
k=2

if the condition (2.3) holds, where Cj and Dy, are given, respectively, by (2.4) and (2.5). This proves the
result (ii). This completes the proof of theorem. O
Theorem 2.5. Let f = h+ g€ HC, where h and g are given by (1.7). Then f € TS%(n,q, A, B), if and
only if the condition (2.3) holds.

Proof. 1f part is proved in Theorem 2.4. To prove only if part let f = h+ g € TS%(n,q, A, B), where h
and g are given by (1.7). Then by the class condition (1.6) we have from (2.7) that for any z € D,

S (Wi 1) (kg — Dlaglz" + 3557 5 (g1 ) ([Klq + 1)[be[2* -1
(B = A)z = 3525y 1)(Blklg — AlaleF — 35525 (01 )(BIE], + A)lbelz5|

where for z =1 (0 <r < 1), we obtain

Yo Wy 1) ([Klg = Dlanlr® ™ + 5752 5 (g 1) ([Klq + 1) lbwfr*

o E3) < 1.
(B = A) = > ko (V1) (Blklg — Alar|rt =t = 3075 (1) (Blk]g + A)[br[r*—
which proves for Cj, and Dy, defined, respectively, by (2.4) and (2.5), that
> (Crlar] + Defbe]) "1 < (B—A4) (0<r<1). (2.8)
k=2

Let o, be the sequence of partial sums of the series

> (Clax| + Dilbyl) -
k=2
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Then oy is a non decreasing sequence and by (2.8) it is bounded above. Thus, as r — 17, it is convergent
and
o0
> [Crlar| + Delbe]] = lim of < (B — A).
s k—o00

This gives the condition (2.3).
O

Theorem 2.6. The class TSY(n,q, A, B) is a convexr and compact subclass of the class of functions
f=h+geXH° where h and g are of the form (1.7).
Proof. Let for t = 1,2, f; € TS%(n,q, A, B), and let for this n it is of the form

oo o0

folz) = 2= laklz" + (=1)" > beilz" (2 €D). (2.9)

k=2 k=2
Then for 0 < p <1,

Fz) = pf1(z) (1= p)fa(2)
= Z—Z{pla1k|+(1— plazil} ="+ ( Z{P|b1k|+ (1= p)lboil} 2"

k=2 k=2
and by Theorem (2.5), we get for Cj and D defined by (2.4), that
[Cr {plar il + (1 = p)laz [} + Dr {plbrr] + (1 = p)[bo,k[}]
k=2
= PZ{Ck|a1 k| + Dilbye} + (1 - Z{Ck|a2 k| + Dilb2 k| }

k=2 k=2
<p(B—A)+(1—p)(B—A) = (B~ A).

This proves that the function F' € T5Y%(n,q, A, B). Hence, the class TS%(n,q, A, B) is convex. On the
other hand, if we consider a sequence of functions f; € TS (n,q, A, B), t € N={1,2,3,...} of the form
(2.9), then by Theorem (2.5), we get for Cj and Dy, defined by (2.4),

o0

> {Cklar k| + Dilbiil} < (B — A). (2.10)

k=2

Hence, for [z| <r (0 <r < 1),

[fe(@) <7+ {lace] + [beslyr®
k=2

<7+ Y {Crlask| + Dilby il }r*
k=2

<r+(B— A)r?
Therefore, class TS (n, g, A, B) is locally uniformly bounded. Let f = h+ g, where h and g are given

by (1.7). If we assume that f; — f, then we conclude that |a; | — |ak| and [by | — |bg| as t — oo for
any k=2,3, ... . Hence, from (2.10), we get

> {Crlak| + Dylbi|} < (B — A),
k=2

which proves that f € TS%(n,q, A, B) and therefore the class TSY (n, g, A, B) is closed. This proves the
compactness of the class TSY(n, q, A, B). O
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Theorem 2.7. T5%(n,q, A, B) = {hy: ke N} U {gx : k €2,3...},

hi(z) = z, hi(z) =2z — (BT_kA)zk,
(B 4) -

gr(z2) =z 4+ (-1)" Dy 2k (z e D), (2.11)

Proof. Let gr. = pf1 + (1 — p)fa where 0 < p < 1 and f1, fo € TSY%(n,q, A, B) are functions of the form

(o] (o]

filz) =2 = lackl + (=)™ Y |brklzh  (zeDt=1,2),
k=2 k=2
Then, by (2.3), we have
(B—-4)
byl = |bos| = —— .
b1,k = |b2,x] Dy

and therefore a1, =as; =0fort € {2,3,...} and by, = by, =0 for t € {2,3,...}\ {k}. it follows that
gr(2) = fi1(2) = fa(z) and gy are in the class of extreme point of the functions class TS%(n,q, A, B).
Similarly, we can verify that the functions hyz are the extreme point of the class TSY(n, g, A, B). Now,
suppose that a function f of the form (1) is in the family of extreme point of the class TS%(n,q, A, B)
anf f is not in the form (2.11). Then there exists m € {2,3,...} such that

(B—-4)
0 m| < —=—,
< |am| < -
or
(B—4)
0 < |bm| < D
if (B A)
0 < lam| < o
then putting
_am|Cnm
- B-A’
and
_ [ = phm
b=
—p

and 0 < p < 1, h,, # . Therefore, f is not in the family of extreme point of the class TSY(n,q, A, B).
similarly, if
(B—-4)
0 < |bpm| < ———=,
< |bm| < Do
then putting

_ [bulDa

(B-4)
and f

— PIm

o= I=tin

—p
we have 0 < p < 1, hy,, # .

It follows that f is not in the family of extreme points of the class TSY(n, g, A, B) and so the proof is
completed. O
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Corollary 2.8. Let f € T5%(n,q, A, B) be of the form (1.7). Then

B-A B—-A

lak| < and |by| < b k=23.4,..

where Cy, and Dy, are defined, respectively, by (2.4) and (2.5). Equality occur for the extremal functions
hi(z) and gr(z) given in (2.11) for k=2,3,4,...
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