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New Spaces Over Modulus Function

Abdul Hamid Ganie

ABSTRACT: Our main aim of this paper is to introduce some new techniques of spaces using modulus function.

Some of basic inclusion properties will be taken care of.
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1. Introduction

We represent the set of all sequences with complex terms by U. By a sequence space we define a
linear subspace of U i.e., the sequence space is the set of scalar sequences(real or complex) which is closed
under co-ordinate wise addition and scalar multiplication. Here we symbolize N and C to represent the
set of non-negative integers and the set of complex numbers, respectively. By ¢, ¢ and ¢g, respectively,
we shall mean the set of all bounded sequences, the set of all convergent sequences and those sequences
having limit as zero. Note that ¢1, ¢(p), cs and bs will specify the spaces of all absolutely, p-absolutely

convergent, convergent and bounded series, respectively [10], [14]-[17], [32].

For an infinite matrix A = (w; ;) and n = () € U, the A-transform of n is An = {(An),} provided it

exists V i € N, where (An); = E;‘io w; j1;.
For the matrix A = (w; ), the set G, where
Gr={n=(m) eV : ApeG},
is known as the matrix domain of A in G (see, [18], [21], [27]-[29]).
Consider the sequence of positive numbers (gi) and write S,, = Y ¢ for n € N.

k=0
Then the matrix S7 = (s?,) of the Riesz mean (S, g,) is given by

& if0<k<n,

Snk =
0 ifk>n

The Riesz mean (5, g,,) is regular if and only if S,, — co as n — oo (see, [24], [30]).

(1.1)

In [22], the author introduced the concept of modulus function. We call a function G : [0, 00) — [0, 00)

to be modulus function if
(1) 9(¢) =0 if and only if ¢ =0,

(i) S(C+m) <{QO)+{n) V¢=0,n=0
(7i7) G is increasing, and

(tv) G is continuous from the right at 0.

One can easily see that if §; and G, are modulus functions then so is G1 + Go; and the function §7 (j € N),
the composition of a modulus function § with itself j times is also modulus function. It has also been

studied in [11].

2010 Mathematics Subject Classification: 46A45, 40C05.
Submitted April 07, 2020. Published August 25, 2020

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.53027

2 A. H. GANIE

Recently, in [25] the new space was introduced by using notion of modulus function as follows:

L(F) = {@ =((): D IFEGNI< oo}

In this direction of forming a new sequence space by virtue of matrix domain method has been given
by several authors viz., (€,)p. = 75, (see, [2]), [co(u,p)]4» = af(u,p) and [c(u,p)] 4 = al(u,p) (see,
8, (boo)gr = 15 (e = 7 and (co)ge = 71§ (see, [19]), (£p), = Xp and (boo) o, = Xoo(see, [23]),
r9(u,p) = {l(p)} gy (see, [27]), (lx)y, and cn,(see, [31]), and etc.

2. The space s (F,p), si(F,p) and si(F,p)

In this section, we shall introduce the space s% (F,p), s4(F,p) and s¢(F,p) of Riesz type and show
that they are complete.

Let A be a real or complex linear space, define the function 7 : A — R with R as set of real numbers.
Then, the paranormed space is a pair (A; 7) and 7 is a paranorm for A, if the following axioms are satisfied
for all ¢, n € A and for all scalars 3:

(i) 7(6) =0,
(i) 7(=¢) = 7(Q),
(i13) T(C+n) < 7(¢) +7(n), and
v)

(1v) scalar multiplication is continuous, that is,
|B,, — B] — 0 and h(¢, — ¢) — 0 imply 7(3,,¢,, — B¢) — 0 for all B’s in R and ('s in A , where 6 is
a zero vector in the linear space A. Assume here and after that (px) be a bounded sequence of strictly
positive real numbers with suppr, = Hand M = maxz{1, H}. Then, the linear space o (p) was defined
k

by Maddox [18] as follows :
loo(p) = {C = (C) + sup|Cyf™ < oo}

which is complete space paranormed by

1M
Q) = [s%pmw]

We shall assume throughout that p,;l + {p;c}_1 provided 1 < infpr< H < oo, and we denote the
collection of all finite subsets of N by F', where N={0, 1,2, ... }.

Following Altay (see, [2]), Bagarir and Oztiirk (see, [6]), Choudhary and Mishra (see, [5]), Ganie et
al. (see, [6]-[13], Mursaleen (see, [20]), Ruckle [25], Sengéniil [26], we define the spaces s& (F, p), s1(F, p)
and s{(F,p) as the set of all sequences whose R -transform are in the spaces ¢(p) and ¢o(p), respectively
i.e.,

Pr
1
sd(F,p) = xew:sgp? @quxj <00y,
Pk
siFp)=qrew: hmff'~ quxj =0 forsomeleR p,
Pk

k
1
56(F,p) = xGw:li}gn? @Zqixi —0
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These spaces can be written with the help of (2) as follows:

S1,(%.p) = {loo(®)}sz. s1(F.p) = {c(p)} sy and s8(F.p) = {colp)} 1.

where, 0 < pr, < H < o0.
Define the sequence y = (y), which will be used, by the S&-transform of a sequence z = (xy), i.e.,

L

k
0 quxj for all k € N. (2.1)
k

Jj=0

Y=

Theorem 2.1. The spaces sl (F,p), s1(F,p) and s{(F,p) are complete linear metric space paranormed

by G defined

M

k
1
G(x) =sup |F | — X
() kp ijzo% j

Proof. We only prove the theorem for the space s4 (F,p). The linearity of s? (&, p) with respect to the
co-ordinate wise addition and scalar multiplication follows from from the inequalities which are satisfied
for z,x € s4 (F,p)( see [18], p.30] )

Pk
k M
Sgp‘?(ﬁZFo 45 (2 +%‘))
Pr Pi
1 k M 1 k M
<sup|F| =) ¢,z +sup|F| — ) qiz; 2.2
k Qk; o k Qk; Y (22)
j= j=
and for any o € R ( see, [17])
|afP < mazx{1,|a|M}. (2.3)

It is clear that, G(0)=0 and §(z) = §(—=z) for all z € s{(F,p). Again the inequality (4) and (5), yield
the subadditivity of g and

G(ax) < max{l,|a|}S(z).
Let {z™} be any sequence of points of the space s¢(F,p) such that g(z" —x) — 0 and (o) is a
sequence of scalars such that «,, — «. Then, since the inequality,

§(z") < §(z) + §(2" — )

holds by subadditivity of G, {G(z™)} is bounded and we thus have

PE

M

k
1
g(anz™ —azx) =sup |F | — E qj(an] — axy)
k Qri=

< lom —afg(z") + |al g(z" — z)

which tends to zero as n — oco. That is to say that the scalar multiplication is continuous. Hence, g is
paranorm on the space s (F,p).

It remains to prove the completeness of the space s¢_(F,p). Let {2} be any Cauchy sequence in the
space sZ (7, p), where z* = {x{, 2%, ...}. Then, for a given € > 0 there exists a positive integer ng(¢) such
that

Gz —a) < e (2.4)
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for all i, 7 > no(€). Using definition of § and for each fixed k € N that

(S5 )i = (Sga')i| < sup|(S§a')i — (SFa/)u| ™ <e

for i,j > ng(e), which leads us to the fact that {(SZa®), (S4a')k,...} is a Cauchy sequence of real
numbers for every fixed k € N. Since R is complete, it converges,say, (Stz'), — ((Stz)i as i — oo.
Using these infinitely many limits (S5x)o, (S4)1, . . ., we define the sequence {(S%x)o, (S4x)1, ... }. From
(6) for with j — oo we have

|(S§a")k — (S§a)i| <e, (2.5)
for all &, i.e., ,
G(z' —z) < e (i >np(e)).
Finally, taking e = 1 in (7) and letting ¢ > ng(1). we have by Minkowski’s inequality for each m € N
that
PE , , ,
|(S§2)x| ™ < G(a' —2) + G(2') < 1+ G(a")

which implies that = € s4_ (F,p). Since §(z — z%) < € for all i > ng(e), it follows that 2* — z as i — oo,
hence we have shown that s? (&, p) is complete, hence the proof.
O

Remark 2.2. One can easily see the absolute property does not hold on the spaces si_(F,p), s4(F,p) and
s¢(F,p), that is G(x) # G(|z|) for atleast one sequence in the spaces sl (F,p),, s&(F,p) and s{(F,p) and
this says that the spaces si (F,p), s4(F,p) and si(F,p) are sequence spaces of non-absolute type.

Theorem 2.3. If pi and ti are bounded sequences of positive real numbers with 0 < p < tj, < oo for
each k € N, then for any modulus function F, we have

(i) s8(F,p) € sd(F,1).

(ii) st(F,p) C sU(F,1).

(iii) s¢ (F,p) C s& (F,1).

Proof. We only prove (i) and the rest can be proven similarly. For ¢ € s (F,p) it is obvious that

k
1
sup |F —g qix; || < 0.
k Qui=g "

Consequently, for sufficiently large values of k say k > kg for some fixed ky € N, we have

k
1
F —Z qjx; || < oo.
Q=

But F being increasing and py < ti, we have

tr Pk
1 & 1
sup |F [ —=—)) qx; <sup |F|—=—> gqz; < 0.
k>ko ka_% Y k>ko ka_% Y
Jj= Jj=
From this, it is clear that ¢ € s%_(F,t) and the result follows. O
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