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Global Existence and Blow-up of Solutions for a Class of Steklov Parabolic Problems

A. Lamaizi, A. Zerouali, O. Chakrone and B. Karim

ABSTRACT: In this paper, we study weak solutions to the following Steklov parabolic problem:

ut — Apu+ [ulP~2u =0 in Q, t>0,

\Vu|p_2% = Mu|%u on 09, t>0,

u(z; 0) = up(zx) in Q.
where 2 C R™ is an open bounded domain for n > 2 with smooth boundary 99, A > 0. Here, us denote
the partial derivative with respect to the time variable ¢ and Vu denotes the one with respect to the space

variable z. We prove theorems of existence of weak solutions, via Galerkin approximation. Moreover, we show
the existence of solutions which blow up in a finite time.
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1. Introduction and main results

The motivation of this paper contains several aspects. The first one is that in parabolic problems
are fundamental to the modeling of space and time-dependent problems such as problems from physics
or biology. To be specific , evolutionary equations and systems are likely to be used to model physical
processes like heat conduction or diffusion processes. Let’s take as an illustration the Navier- strokes
equation, the basic equation in fluid mechanics. What’s more, we would like to refer to [14], where fluids
in motion are studied. Applications involve climate modeling and climatology as well.(see [9,10]).

The second interesting aspect of this article is that the p-Laplacian equation has a strong basis in
mathematical physics, and it is very important in many mathematical models. Generally is a mathemat-
ical model for various fields such as biological sciences, population dynamics, and heat transfer theory,
such as thermoelastic distortion, diffusion phenomena, heat transfer in two media, heat transfer in a solid
in contact with a moving fluid, (see, [1,15,13]).

The third distinctive feature in the present context is that nonlinear boundary condition have arisen
in many physical fields, such as elasticity, fluid mechanics, electromagnetism (see [4]), and have attracted
attention many researchers. These problems are also important in inverse problems and conformal ge-
ometry [2,5]. Moreover, they also have many applications, one finds them for example in the study of
the waves of surface [6] the study of the modes of vibration of a structure in contact with an incompress-
ible fluid (see [7]), in the study of surface waves, the analysis of the stability of mechanical oscillators
immersed in a viscous fluid, and in the analysis of the stability of mechanical oscillators immersed in a
viscous fluid (see [12], and the references it contains).
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In [13], we have recently established the global existence and blow-up of weak solutions to the following
parabolic problem with nonlinear boundary conditions:

u —Au+u=0 in Qx (0,7),
gu = AulP~tu on 0 x (0,T),
u(z;0) = up(x) in €,

where  is an open bounded domain of R™, n > 1 with smooth boundary 99, A > 0, and p satisfies

P 1<p<H5ifn > 2,
1<p<xifn=1;2.

More precisely, we have proved the following results

Theorem 1 : Let p satisfy (P),uo(x) € H* (). Assume that A (uo) < k, B (ug) > 0. Then, there exists
a global weak solution u(t) € L (0,00; H' (2)) N C ([0,T]; L? () x L* (99, p)) of (1.1) with u(t) €
L?(0,00; L2 (Q)) and u(t) € X for 0 <t < occ.

Theorem 2 : Let p satisfy (P), uo(x) € H* (Q). Then the weak solution u(x,t) of problem (1.1) must
blows up in finite time provided that:

p—1 2
0< A < — ,
(w0) < 55057y ol
where )
o Jul
uEHl(Q)HuHHl
1 A
Alu) = 5”“”%11 - m”ungﬂ,an’
and

+1
B(u) = [[ullip = Allullpi o0-

In this paper, we will present a generalization of the previous problem. More precisely, we discuss the
existence and blow-up of solutions for the following Steklov parabolic problem involving the p-Laplacian

ug — Apu+ |ulP2u =0 in Q, t>0,
|Vu|p72% = Aul9u on 00, t>0, (1.1)
u(z;0) = ugp(x) in €,

where @ C R™ is an open bounded domain for n > 2 with smooth boundary 0, and
Apu = div (|Vu[P~2Vu) is the well known p-Laplacian operator defined in WP(Q) in a weak set-
ting in the usual way for any real number p > 1. Here, u; denote the partial derivative with respect to
the time variable ¢ and Vu denotes the one with respect to the space variable . Moreover, A > 0, p and
q satisfy

H —— <p<+4o0, p<2+ and
(H) P P 1 1<g+2<xifp=n.

2n 1<q+2<p?ifp#n,
n+2

Recall that
0 relif 1 <p<n,
oo if p>n.

Let us introduce some functionals and sets as follows

1 A 2
B(u) = llulf, = 57l on:
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0 A 24
Es(u) = 5Hu| T m|‘u”2+g7aga vé € (0,1),
the depth of potential well
d= inf supFE(pu), (1.2)

“EVZ;g(SZ) B8>0
the depth function of potential wells
P
1-6( 2+4¢ ) THa=p
d(0) = — | —==9 , 1.3
@) p (ApCf+q (13)
where C, is the embedding constant form W1P(Q) into L*T9(99), i.e.,

lull2+4,00
lJull1,p

Xs={ueW"P(Q) | Es(u) > 0,E(u) <d(6)} U{0}, VO<ds<I,

9 T
Bs = {u € Wl’p(Q) | ull,p < ( ' 5) }

Apcf-Fq

Cy = sup , (1.4)

and

Our main results are stated as follows

Theorem 1.1. Let ug(z) € WHP(Q), p and q satisfy (H). Assume that 0 < E (ug) < d,81 < 62 are
the two roots of equation d(d) = F (ug) and Ejs, (ug) > 0. Then problem (1.1) admits a global solution
u(t) € L (0,00; WHP()) N C (0, 00; LP () x LP (0K, p)) with uy(t) € L? (0,005 L*(2)) and u(t) € X
for d € (61,02),t € [0,00).

Theorem 1.2. Let ug(x
two roots of equation d(0

— =

€ WHP(Q), p and q satisfy (H). Assume that 0 < e < d and §; < 02 are the
=e. Then,

~—

1. Solutions of problem (1.1) with initial condition 0 < E (ug) < e lie in By, , provided ug(x) € Bs,.
2. Solutions of problem (1.1) with initial condition 0 < E (ug) < e lie in B§, UdBs,, provided ug(r) €
Be,.
Theorem 1.3. Let ug(x) € WHP(Q), p and q satisfy (H), and &1 < Jo be the two roots of equation
d(6) = E (ug).
1. Assume that E (ug) < d and Es, (ug) < 0. Then solutions of problem (1.1) blow up in finite time.

2. Assume that E (ug) = d and Es, (ug) < 0. Then the conclusion of (i) remains valid.

2. Preliminaries

The Lebesgue norm of L?(€2) will be denoted by ||-||,,, and the Lebesgue norm of LP(9%2, p) by |- || p.00,
for p € [1, oo], where dp denotes the restriction to 92, and

(u,v) :/uv dz, {u,v)o :?{ uv dp.
Q 0

Moreover, we denote the usual Sobolev space on 2
WhP(Q) = {u € LP (Q) : |Vu| € LF ()},

equipped by the norm
lull1p = llullp + [Vullp,
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or to the equivalent norm

1
lullip = (lull} + IVul})™

if 1 <p<+o0.

It is worth noting that
2n

n+2

WP () = LA(Q) <= p > po =

Proposition 2.1. (See [4] )
The trace operator WhP(Q) — LI(0Q, p) is continuous if and only if 1 < q < p? if p # n and for
1 < q < > if p=mn. Especially for g = 2, the trace operator is well-defined and continuous under the

following condition:
2n

n+1"

Wl’p(Q) — L2(8Q,p) = p>p =
Let us introduce some functionals and sets as follows
X ={ueW"(Q)|F(u)>0,E(u) < d} u{0},

where
24
F(u) = Hqulj,p - >‘|\UH2+Z,BQ’

o A
Es(u) = S llullf, = 57l Y6 € (01),

X5 ={ue W (Q) | Es(u) 20, E(u) < d(5)},

={ueW"(Q)| Es(u) <0,E(u) <d()}, VY0<di<l,
Vs =Y;U0Y5 = {ue WH(Q) | Bs(u) <0, E(u) <d(9)},
Y ={ueWh"?(Q)| F(u) <0,E(u) <d},

L
B = {u e WHP(Q) | [lull1p < (/\pcfm‘s) }

2_|_q 2+qp

c __ 1,
B = {u e W) | fulsy > (St

We end this section with the definition of the weak solution of problem (1.1)
Definition 2.2. A function
ue L™ (0, T;WHP(Q)) N C (0,T; LP () x L? (9%, p))
with ug € L? (0,T; L* (2)) , is said to be a weak solution of problem (1.1) on Q x (0,T) if
1. (ug,v) + (JulP~2u,v) + (|VuP~2Vu, Vo) = M|ulTu,v)e,  for allv e WHP(Q) and a.e. t € (0,T);
2. u(z,0) = ug(x) in WHP(Q).
3. Proof of Main Results

3.1. Proof of Theorem 1.1

First, we give some results which will be used to prove the main result.

Lemma 3.1. As a function of §, d(6) satisfies the following properties on [0, 1].
1. d(0) =d(1) = 0;



GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS FOR A CLASS OF STEKLOV PARABOLIC PROBLEMS 5

2. d(0) is increasing for 0 < § < g, decreasing for o < § < 1, and takes the mazimum d (do) at

_ _p .
60 - 24q

3. The equation d(§) = e has two roots §1 € (0,89) and 52 € (9o, 1), for any given e € (0,d (dp)).

Proof. This lemma follows directly from

1/ 2 Fep 2 1— 2 Fa=p L
10 = (o) 4 U (o)
P \ \pCi ™ (24 q—p) ApC:™ \ \pC:™1?

1 2+q T P P 1-6
=—(72+q> 07Fa= (27_'7—1
P \ \pC +q—p

_p
_ 1 < 2+23 >2+q . (E_M),
24q—p \pC; ™ 0 p

O

Proposition 3.2. If u € W'?(Q), |lull1, # 0 and Es(u) = 0, then d(§) = inf E(u). Moreover,
d=d(d)-

Proof. By (1.4) and Es(u) = 0, we obtain

2+4q

24 24-qg—
S Ol = ll3s o0 < Cull i ullf

1,p>

consequently, if |jul|1,, # 0, we get

P
2 i=p
|wmmz( +q6) ,

)\pcf-‘rq

which along with
1-9 1-9
E(u) = THUH‘{,,) + Es(u) = TIIUII’f

p?
gives
1-6( 244 i
B> 1= (2525)
=d(9).

These give the conclusion of first assertion.
On the other hand, note that

s P = (51 = )l + Bs(o)

2+q 2+4q

From (ii) in Lemma (3.1) we have Ej,(u) = 0 if and only if F'(u) = 0. In view of Liu and Zhao [[14],
Theorem 2.1], the depth of potential well given by (1.2) can be characterized as d = inf E(u) subject to
the conditions u € WHP(Q), ||lull1, # 0 and F(u) = 0. Hence, from the first conclusion of Proposition
(3.2), we obtain d = d (do) . O

Lemma 3.3. Assume that 0 < E(u) < d for some w € WYP(Q), and 61 < & are the two roots of
equation d(0) = E(u). Then the sign of Es(u) does not change for §; < § < 5.
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Proof. Arguing by contradiction, we suppose that the sign of Es(u) is changeable for §; < § < d2, thus
there exists a 6* € (d1,02) such that Es<(u) = 0. On the other hand, E(u) > 0 implies |ull1,, # 0.
Combining Theorem (1.3) and Lemma (3.1) we obtain

E(u) =2 d(67) > d(61) = d(d2),

which contradicts E(u) = d (61) = d (d2) . O

Corollary 3.4. Assume that 0 < E(u) < d for some u € H'(Q), and 61 < 2 are the two roots
of equation d(6) = E(u). Then Es(u) > 0 ( or < 0) for all § € (61,02) if and only if there exists a
0 € [01,02] such that E5(u) >0 ( or <0).

Proof of Theorcm 1.1. We start by constructing a sequence such that its limit equal to the solution
n (1.1). Let {<pJ } be a system of base functions in W* (), define the approximate solution to

(1.1) as follows
)=> fimtp;(x), m=12..
j=1

satisfying

<umta SDS> + <|um|p72umv 905> + <|vum|p72vumv V@s> = >‘<|um|qumv 905>0 , 1<s<m, (3'1)

ijm ) — uo(x) in WHP(Q). (3.2)

Multiplying (3.1) by f... (t), summing for s and integrating with respect to t, we get

/HumT 2 dr 4 E (um()) = E (um(0)), ¥t € [0,00). (3.3)

Next, if 0 < E (ug) < d and Ej, (ug) > 0, then by Corollary (3.4) we have Es (ug) > 0 and E (ug) < d(J)
for all 6 € (01,02), consequently ug(z) € X; for all § € (§1,02). For any fixed § € (01,d2), we get
um(0) € X for sufficiently large m.
Next, we prove that

Um (t) € Xs (3.4)

for sufficiently large m and t € [0, 00).
Arguing by contradiction, we assume that there exist a to > 0 such that u,, (t9) € 0Xs, i.e., Es (um (L)) =
0 and [[uy, (to)ll; , # 0 or E (um (to)) = d(6). By (3.3) we obtain

E (um(t)) < E (um(0)) < d(8), 'Vt € [0,00). (3.5)

From (3.5) we can see that E (um (to)) # d(0). If Es (um (t0)) = 0 and |[um (to)l|; , # 0, then it follows
from Proposition (3.2) that Es (um, (to)) > d(J), which contradicts (3.5). Thus assertion (3.4) follows as
desired.

From (3.3), (3.4) and
B (um(®) =+

[um (D)7 + Es (um(t))

we see that .
/ e ||? dr < d(6),
0

and )
[um@lly, < (Wd) :
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Then p
_ 2+q T p
p—2 s __ P _
P 2 0) 12 = 0l < (od) T s= R 0<<e
Moreover, from (1.4) we deduce
1
2 -+ q 2+q—p
fn(@lszon < Cllun®lh, < (5m8)
thus
2+ q 24q—p q + 2
r _ +2 _
I )0 0) = I35 00 < (o)« =T 0t <

for sufficiently large m and ¢ € [0, 00).
Then, there exist a u and subsequence {u,} of {u,,} such that as v — oo,

w, = u weakly star in L (0,00; W'P(Q)) ,
Uyt — up weakly in L2 (O, 00; LQ(Q)) ,
[y P21y — [uP2u weakly star in L (0, 00; L¥(Q)),
|ty 91y — Ju|fu weakly star in L™ (0, 00; L™(2) x L™ (09, p)) .
Hence, for fixed s, taking m = v — oo in (3.1), we obtain
(ue, 05) + ([ulP~2u, 0,) + (| VulP 72V, Vi, ) = MJul 7w, ¢, )o-

Furthermore, by (3.2) we get u(x,0) = ug(z) in WP (Q). Then, problem (1.1) admits a global solution
u(t) € L (0,00; WHP(Q)) N C (0,00; LP () x LP (99, p)) with u(t) € L? (0, 00; L*(2)) and u(t) € X5
for all ¢ € [0, 00). Since § is arbitrary, then u(t) € X for all § € (d1,02) and ¢ € [0, 00).

3.2. Proof of Theorem 1.2

To derive the Theorem (1.2) we need the following results.

Lemma 3.5. If E(u) < d(0), then

1. Es(u) > 0 if and only if

1
2+ q 2¥a—p .

0< ||U||17p < <W ) ; (36)

2. Es(u) <0 if and only if
1
Proof. 1. If (3.6) holds, then we have
_ 2+q
[ull34e o0 < CZHullTh! = C2H[ull 5P |lull}, < /\—p5IIUI|’f,p~
Consequently, Fs(u) > 0.
If Es(u) > 0, then ||ull1,, > 0. Thus, from
1=0, »
E(u) = THU| 1p T Es(u) <d(6) (3.8)

we get (3.6).
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2. Tt is easy to see |[ul/1, # 0 from Es(u) < 0. Hence, by

2+¢q 24 24q—
V5||U||’f,p < lull33e o0 < CZFlull {5 ullf,

we obtain (3.7).
Combining (3.7) and (3.8) we obtain Ejs(u) < 0.
Proposition 3.6. If E(u) < d(d), then Xs C Bs and Ys C B§.

Proof. This Theorem follows from Lemma (3.5). O

Corollary 3.7. Assume that E(u) < d(9). Then,
1. w € Xs if and only if u € Bs ;
2. w € Ys if and only if uw € BS.

Proof. The conclusions of Corollary (3.7) can be derived by a combination of Proposition (3.6) and
Lemma (3.5). O

Lemma 3.8. Let p, q satisfy (H), then the solutions given in Theorem (1.1) satisfy

/0 Hu-,-(7’)||2 dr + E(u(t)) < E(ug), Vte|0,00). (3.9)

Proof. The proof of this lemma follows from the arguments similar to the proof of [[14], Lemma 2.8]. O
Corollary 3.9. Let ug(x) € WHP(Q), p and q satisfy (H). Assume that 0 < e < d and §; < 62 are the
two roots of equation d(0) = e. Then,

1. Solutions of problem (1.1) with 0 < E (ug) < e belong to Xs,, provided F (ug) > 0;

2. Solutions of problem (1.1) with 0 < E (ug) < e belong to Ys,, provided F (ug) < 0.
Proof. Let u(t) be any solution of problem (1.1) with 0 < E (ug) < e, and T be the maximum existence
time of u(t). By (3.9) we get E(u) < d(d1) = d(d2). For fixed t € [0,T), taking § — 01 (§ — d2) in
Es(u) > 0(Es(u) < 0), we obtain Fs, (u) > 0(Es,(u) < 0) for all t € [0,7T"). This shows the conclusions
of the corollary (3.9). O

Proof of Theorcm 1.2.

1. If ug (z) € Bs,, then

it follows from Lemma (3.5) that Es, (ug) > 0, thus F' (ug) > 0. Finally, from Corollaries (3.9) and

(3.7) we deduce that u € By, .

2. By a similar argument as above, we can prove that if ug(x) € Bf , then the solutions of problem
(1.1) with initial condition 0 < E'(ug) < e lie in Bj, U dBs,.
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3.3. Proof of Theorem 1.3

1. Let u(t) be any solution of problem (1.1) and 7" be the maximum existence time of u(t). Next we
schow T' < co. Arguing by contradiction, we suppose that T' = co.

Set ,
1
——/Hmﬁw.
2 0
Then ]
H'(t) = §Hu|\27
and
H"(t) = (u,us) = —F(u). (3.10)
By (3.9) and
24+q—0p 1
Ew=2"T91"Puw 4 = P, 3.11
(u) R flullf , T q (u) (3.11)
we obtain .
2+ 2tq—p
Pu) < =2 LBl + 4 B (w) = 2+9) [l dr.
Now, from (3.10), we can write
2+ 2tq—p t
(0 > 2L, - 24 F (u) + 2 +) [ el dr (3.12)
0
Next, we show that
t
(1) > (2+q)/ us|? dr. (3.13)
0

To see this, we consider the following two cases.

Case 1. The case E (ug) < 0.

Assertion (3.13) follows directly from (3.12).

Case 2. The case 0 < E (up) < d.

By Es, (ug) < 0 and Corollary (3.4) we get Es, (ug) < 0. Note that E(u) < E (ug) < d. Hence,
by recaling the definition of Yj, we obtain u € Y5,. Consequently, from (ii) in Corollary (3.7), we

obtain u € Bj , i.e.,
1
2+¢q ) 2+q—p
Ul|1.p > 750 .
el ( o

Which together with (ii) in Lemma (3.1) and Proposition (3.2), we can deduce
_Ctap 2 )

ull? sorman _ Qtap , Ctap

"’ 2+q-p  2+4q-p

Combining this with (3.12), thus assertion (3.13) follows as desired.
Next, from (3.13), there exists a t* > 0 such that H'(t) > H' (t*) > 0 and H(t) > H' (t*) (t —t*) +
H (t*) for all ¢t € [t*, 00) . Consequently

FE (U()) .

lim H(t) = oco. (3.14)

t—o00

Combining (3.13) and the Cauchy-Schwarz inequality, we have

2
+q/ lu |\2dr/ Jur|? dr
> 21a (/ <u,uT>dr)
p 0

2+q ’ ’ 2
» (H'(t) — H'(0))".

H(t)H" (t)

| \/
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Then there exists a o > 0 such that
H(t)H"(t) > (1+a)H' ()%
For all ¢ € [t*, o), consequently

—a r aH'(t)
(H™(t)) = T e < 0,
and
(H=(0)" =~ favaggy [HOH"(®) = (e + D (H'0)] <0

Therefore, H~*(t) > 0 is decreasing and concave on [t*, c0), which contradicts (3.14), then T' < occ.
Hence the conclusion of (z) holds.

. First, we show that

Es,(u) <0, ¥te|0,00). (3.15)
Arguing by contradiction, we assume that there exist a first time ¢ > 0 such that Es, (u (to)) =0
and Es,(u) < 0 for all t € [0,¢). By (ii) in Lemmas (3.5) and (3.1), we can deduce
_(@2+9p
full?, > Ce *™77, Vt € [0,t)
which together with Proposition (3.2) gives
2+4q)
? (Jd \L t
||u||1,p>2_|_q_p ) E[Oa O)a
consequently
2+a9)p
to)||} > ———d.
lul?, = 28
Which together with (3.11), we obtain
E (u(to)) > d. (3.16)

At the same time, by (3.10), we have (u,u;) > 0, which implies that fot [ur|® dr is increasing in
time.
Consequently

to
/ ur |2 dr > 0.
0

Combining this with (3.9) and F (ug) = d, we get
E (u(tp)) < d.

which contradicts (3.16), then assertion (3.15) holds.
For any £ > 0, let

i
dy:d—/JWMQw,
0
Thus
0 < E(u) <dy <dforall t € [f,00),
which together with assertion (3.15) and (ii) in Corollary (3.9) gives
ueY;, forallte [t o00),

where &1 < 95 are two roots of equation d(d) = d;.
Consequently
Ej,(u) <0 for all ¢ € [£,00).
We also obtain
Ej (u) <0 for all t € [f,00).
From these and the argument in the proof for the case Case 2 in (i), we can obtain (ii).
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