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ABSTRACT: In this manuscript, we introduce the notion of an orthogonal G — F-contraction mapping and
establish fixed points results for such contraction mappings in orthogonally G - metric spaces.
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1. Introduction

In 1922, Stephen Banach [1] proved the Banach’s fixed point theorem. it has become a very popular
tool in solving the existence problems in many branches of mathematical analysis. So, many authors have
approved, extended and generated Banach’s fixed point theorem in many direction. Especially, in 2004,
Ran and Reurings [21] extended the Banach’s fixed point theorem to the setting of partially ordered sets.

Recently, Gordji et al., [7] introduced the concept of an orthogonal set (briefly, O-set) and presented
some fixed point theorem in orthogonal metric space. In 2012, Wardoski [28] introduced a new kind of con-
tractions, called F-contractions, and proved some fixed point results using the family of F-contractions.

Very recently, Kanokwan Sawangsup et al.,[17] introduced a new concept of an orthogonal F' - con-
tractions mapping and establish some fixed point results for such contractions mappings on orthogonally
metric spaces.

2. Preliminaries

Definition 2.1 [19,8,9,10,11] Let X be a non-empty set and G : X x X x X — RT be a function
satisfying the following

1. G(z,y,2)=0ifx =y = z,

2. G(z,z,y) >0 for all z,y € X, with = # vy,

3. G(z,z,y) < G(z,y, 2), for all z,y,z € X with y # z,

4. G(z,y,2) = G(y,z,2) = G(z,z,y) = --- (symmetry in all three variables),

5. G(z,y,2) < G(z,a,a) + G(a,y, 2), for all z,y,2,a € X (rectangular inequality).

Then the function G is called a generalized metric or more specifically a G-metric on X and the
pair (X, G) is a G-metric space.

Example 2.1 [19,12] If X is a non empty subset of R, then the function G : X x X x X — [0,00),
given by G(z,y,2) = v —y|+ |y — 2| + |z — z| for all x,y,z € X, is a G-metric on X.
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Example 2.2 [19,13,1/] Let X = {0,1,2} and let G : X x X x X — [0,00) be the function given by the
following table.

(‘/L‘fyfz) G(I7y7z)
(0,0,0), (1,1,1), (2,2,2)

(0,0,1), (0,1,0), (1,0,0), (0,1,1), (1,0,1), (1,1,0)
(1,2,2), (2,1,2), (2,2,1)

(0.0,2), (0,2,0), (2,0,0), (0,2.2), (2,0,2), (2,2,0)

(1,1,2), (1,2,1), (2,1,1), (0,1,2), (0,2,1), (1,0,2)
(1,2,0), (2,0,1), (2,1,0)

NI LN D

Then G is a G-metric on X, but it is not symmetric because G(1,1,2) =4 # 2 = G(2,2,1).

Definition 2.2 [19,15] Let (X, G) be a G-metric space, let {z,,} be sequence of points of X, a point
x € X is said to be the limit of the sequence {z,} if lim G(z,2,,zn) = 0 and we say that the

n,m—oo

sequence {x,} is G-convergent to x.

Lemma 2.1 [19] Let (X,G) be a G- metric space, then for a sequence {x,} C X and a point xyg € X
the following are equivalent:

(1) {zn} is G-convergent to x.

(2) G(zp,zn,x) = 0, as n — 0.
(3) G(zp,z,z) = 0, as n — 0.

(4) G(Tpm,Tpn,x) — 0, as m,n — oo.

Definition 2.3 [19] Let (X, G) be a G-metric space. The sequence {x,} C X is said to be G-Cauchy
if for every € > 0, there exists a positive integer N € N such that G(z,,, T, z;) < € for allm,m,l > N.

Definition 2.4 [19] A G—metric space (X, G) is said to be G-complete (or complete G-metric space)
if every G-Cauchy sequence in (X, G) is G-convergent in (X, G).

Throughout this paper, we denote by X,RT N and Ny the non-empty set, the set of positive real
numbers, the set of positive integers and the set of non-negative integers respectively.

First, we recall the concept of a control function which is introduced by Wardoski [28]. Let § denote
the family of all functions F' : R™ — R satisfying the following properties:

(F1) F is strictly increasing;
(F2) for each sequence {«,} of positive numbers we have

lim «, =0 if and only if lim F(a,) = —oc;
n—oo n—oo

(F3) there exists k € (0,1) such that lim of.F(a) = 0.

a—0t

We give some examples of functions belonging to F as follows:

Example [21], Let functions Fy, Fs, F3, Fy, Rt — R be defined by:
(1) Fi(a) = Ina for all a > 0;
(2) Fo(a) = a + Ina for all a > 0;

(3) F3(a) = \7—% for all a > 0;
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(4) Fy(a) = In(a? +a) for all a > 0.
Then Fl,FQ,Fg,F4 S S

In [28], Wardoski introduced the definition of an F-contraction mapping as follows:

Defination [28]: A mapping T from a metric space (X, d) into itself is called an F- contraction if there
exist 7 > 0 and F' € § such that Vz,y € X,

d(Tz,Ty) > 0= 71+ F(d(Tz,Ty)) < F(d(z,y))

He also proved the following existence and uniqueness of a fixed point for F-contraction mappings.

Theorem 2.1 [28] Let (X, d) be a complete metric space and T : X — X be an F-contraction mapping.
Then, T has a unique fized point in X. Moreover, for each x, € X, the Picard sequence {T;LO} converges
to the fized point of T

On the other hand, Gordji et al.,[7] introduced the concept of an orthogonal set ( or o-set), some
examples and some properties of the orthogonal sets as follows:

Definition 2.5 [7,26,27] Let X # ¢ and L C X x X be a binary relation.
If L satisfies the following condition:

Jro[(Vy € X, yLag)or(Vy € X, z9Lly)]

then it is called an orthogonal set (briefly, o- set) and ¢ is called an orthogonal element. We denote
this O-set by (X, L1).

Example 2.3 [7] Let X be the set of all peoples in the world. Define the binary relation 1L on X by xzly
if © can give blood to y. According to the Table 1, if xq is a person such that his(her) blood type is O~,
then we have xo Ly for all y € X. This means that (X, L) is an O-set.In this O-set, xo(in definition) is
not unique.

Note that, in the above example, g may be a person with blood type AB™. In the case we have
ylag for all y € X.

Type | You can give blood to | You can receive blood from
At At ABT AT A= OT O~

ot Ot AT B* AB* ot O~

BT BT ABT BT B~ Ot O~

ABT ABT Everyone

A~ AT A= ABY AB~ A- O™

O~ Everyone O~

B~ BT B~ ABT AB~ B~ O~

AB~ ABT AB~ AB~ B~ 0O~ A~

Table 1: Blood donors and recipients.

Example 2.4 [7] Let X = Z. Define the binary relation L on X by mLn if there exists k € Z such
that m = kn. It is easy to see that OLn for alln € Z. Hence (X, L) is an o-set.

Example 2.5 [7] Let (X,d) be a metric space and T : X — X be a Picard operator, that is, T has a
unique fized point x* € X and lim T™(y) = x* for all y € X. We define the binary relation L on X by
n—oo

(X,1) if li_>m (x,T™(y)) = 0. Then, (X,1) is an O-set.
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Example 2.6 [7] Let X be an inner product space with the inner product {.,.). Define the binary relation
L oonX byaxly if (xz,y) =0. It is easy to see that OLx for all x € X. Hence, (X, 1) is an O-set.

Definition 2.6 [7] Let (X, L) be an O-set. A sequence {2"} is called an orthogonal sequence (briefly,
O-sequence) if (Vn € Nz, Lx,11) or (Vn € N, z,01 Lxy,).

Definition 2.7 [7] The triplet (X, L,d) is called an orthogonal metric space if (X, 1) is an O-set and
(X, d) is a metric space.

Definition 2.8 [7] Let (X, L,d) be an orthogonal metric space. Then, a mapping f : X — X is said
to be orthogonally continuous(or L-continuous) in z € X if, for each O-sequence {z,} in X with
x, — x as n — oo, we have f(z,) — f(x) as n — oco. Also, f is said to be L-continuous on X if f
is L-continuous in each z € X.

Remark 2.1 [7] Every continuous mapping is L -continuous and the converse is not true.

Definition 2.9 [7] Let (X, L,d) be an orthogonal metric space. Then, X is said to be orthogonally
complete(briefly, O-complete) if every Cauchy O-sequence is convergent.

Remark 2.2 [7] Every complete metric space is O-complete and the converse is not true.

Definition 2.10 [7] Let (X, L) be an O-set. A mapping f : X — X is said to be L-preserving if
f(z)Lf(y) whenever zly. Also, f : X — X is said to be weakly L-preserving if f(x)Lf(y) or
f(y)Lf(x) whenever xLy.

Kanokwan Sawangsup et al.,[17] have introduced the notion of an orthogonal F-contraction mapping
and they proved some fixed point thermos for a new F-contractions mapping in an orthogonal metric
space.

Definition 2.11 [17] Let (X, L,d) be an orthogonal metric space. A mapping T': X — X is called
orthogonal F-contraction(briefly, F'|-contraction) if there are F € § and 7 < 0 such that the
following condition holds:

Vo,y € X with xlyld(Ty,T,) > 0= 1+ F(d(Ty, T,)) < F(d(z,y))]

Theorem 2.2 [17]
Let (X, L, d) be an O-complete orthogonal metric space with an orthogonal element x, and T be a self
mapping on X satisfying the following conditions:
(1) T is L-preserving;

(2) T is an F| -contraction mapping;

(8) T is L-continuous.

Then, T' has a unique fived point in X. Also, the Picard sequence {T} } converges to the fized point
of T.

3. Main Results

In this section, we introduce the new concepts of an orthogonal G- metric space, a |-G-continuous
mapping, and orthogonal complete G-metric space and the notion of an orthogonal G — F-contraction
mapping and prove some fixed point theorems for a new G — F-contraction mapping in an orthogonal
G-metric space.

Definition 3.1 The triplet (X, L, @) is called an orthogonal G-metric space if (X, 1) is an O-set and
(X, Q) is a G-metric space.
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Definition 3.2 Let (X, L, &) be an orthogonal G-metric space. Then, a mapping f : X — X is said
to be orthogonally G-continuous (or L-G-continuous) in = € X if , for each O-sequence {z,} in X
with z, — z as n — oo, we have f(z,) — f(x) as n — co. Also, f is said to be L-G-continuous on
X if fis 1-G-continuous in each z € X.

Remark 3.1 FEvery G-continuous mapping is 1 -G-continuous and the converse is not true. Proof is
similar to previous remark.

Definition 3.3 Let (X, L, G) be an orthogonal G-metric space. Then, X is said to be orthogonally
complete (briefly, O-complete) if every G-Cauchy O-sequence is G-Convergent.

Remark 3.2 Every complete G-metric space is O-complete and the converse is not true.

Definition 3.4 Let (X, L,G) be an orthogonal G-metric space. A mapping T : X — X is called an
orthogonal G — F-contraction if there are F' € § and 7 > 0 such that the following condition holds:

Vr,y,z € X with x 1y, ylz and z 1z,

[G(Tz, Ty, Tz) >0=71+ F(G(Tx,Ty,Tz)) < F(G(z,y, 2))] (3.1)

Now, we give the first fixed point theorem for an orthogonal G — F-contraction mapping in an
O-complete orthogonal G-metric space (X, L, G).

Theorem 3.1 Let (X, L,G) be an orthogonally complete G-metric space with an orthogonal element x,
and T be a self-mapping on X satisfying the following conditions:

(i) T is L-preserving;
(i) T is an orthogonal G — F-contraction mapping;
(iii) T is an orthogonal G-continuous.

Then T has a unique fized point in X. Also, the Picard sequence {T™xq} converges to the fixed point of
T.

Proof:
From the definition of the orthogonally, it follows that xgL f(x¢) or f(zo)Lxo.

Let x1 =Txg, xo =Tx1 = Tgo,..., Ty =Tx, 1 =T"xg.

For all n € NU {0}. If 2y» = @p~y41 for some n* € NU {0}, then z,~ is a fixed point of T" and
so the proof is completed. Now, we may assume that x,, # z,4; for all n € NU {0}. Thus, we have
G(Txn, Txpi1, Txnt1) > 0 for all n € NU{0}. Since T is L-preserving, we have

TnlXnir or zpi1lw, (3.2)

For all n € NU{0}. This implies that {x,,} is an O-sequence. Since T is orthogonally G — F-contraction
mapping, we have

F(G(zn,Tni1,Zn41)) = F(G(Txp-1,Txy, Txy)) < F(G(Tp—1,Tn,Tn)) — T (3.3)

For all n € N. Taking «,, = G(xp, Tr11,Zn+1) for all n € N and using (3.3), we have

Flay) < Flap-1) — 7 < Flap—2) — 27 < .. < F(ag) —n1 (3.4)
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For all n € N. Letting n — oo in the inequality (3.4),we have

nhﬁn;o F(a,) = - (3.5)
By the property (F»), we have
lim a, =0 (3.6)

By the property (F3), there exists k € (0,1) such that

nhﬁn;(} aFFla,) =0 (3.7
By (3.4), we have
aFF(ay) —afF(ag) < —afnr <0 (3.8)

For all n € N. Letting n — oo in (3.8) and using (3.6) and (3.7), we obtain

lim na® =0 (3.9)

n—o0

From (3.9), there exists ny € N such that na® <1 for all n > ny and so

ap < (3.10)

1
n
For all n > n;. Now we claim that (z,) is a G-Cauchy O-sequence. Using(3.10) and the rectangular, it
follows that, for all m > n > ny.

G(ajn; Tmy,s -rm) S G($n7 Tn41, xn-{-l) + G(mn+17 Tn+2, Tn4+2 + ...+ G(xm—la T, xm)
= oy + Ap41 + .o+,

m—1 m—1

1
: — /i
i=n i=n

o)
Since % < o0, it follows that {z,} is a G-Cauchy O-sequence in X. Since X is O-complete, there
1=n
exists x* € X such that z,, — z* as n — oo. Since T is L — G-continuous, we have
Tz*=T(lim Tx,)= lim x,11 = 2* and so z* is a fixed point of T
n—oo n—oo
Next,we show that z* is unique fixed point of T
Assume that y* is an another fixed point of T'. If z,, — y* as n — oo, we have z* = y*. If x,, does
not converge to y* as n — oo there is a subsequence {x,, } such that T'z,, # y* for all k € N.
By the choice of zy on the first of the proof, we have

(xoLly™) or (y*Llxzg)
Since T' is L-preserving and T"y* = y* for all n € N, we have
(TrzoLly™) or (y"LT"x0)
For all n € N. Since orthogonally G — F-contraction mapping,we have

F(G(T”kzo ) y*vy*)) = F(G(T’ﬂkzo’T"ky* aTnky* )) < F(G(.’Eo,y*, y*)) — NgT

for all k¥ € N. This implies that F(G(T"*=0,y* y*)) — —oco as k — oo and so it follows from the
conditions (Fy) that G(T""=0,y* y*) — 0 as k — oo. This yields that x,, — y* as n — oo, which is a
contradiction, hence, T has a unique fixed point. O
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Example 3.1 Let X = [0,00) and G : X x X x X — [0,00) be a mapping defined G(z,y,2) = |z —y| +
ly — 2| + |z — z| for all x,y,x € X. Consider the sequence {xn}nen defined as x, = §(2n +1)(n + 1)
for all n € NU{0}. Define a relation L on X by zly < zy € {z,y} C {z,}. Thus (X,L1,G) is an
O-complete G-metric space. Now, we define a mapping T : X — X by

Z if xo<z<a
T, = Tn—1(Tnt1—2)+xn(x—T,)
Tpg1—Tn

if z,<z<xp41 for each n>1

It is easy to see that T is L — G-continuous and T is L-preserving. Next, let F' € § be a function
defined by F(a) = a+lna for alla > 0. Now we show that T is an orthogonal G— F -contraction mapping
with T =1. Let z,y,2z € X with xLly,ylz and z1lx and G(T,,T,,T.) > 0 without loss of generality, we
may assume that x <y < z. this implies that x € {xg, 21} and y = z = x;. For some i € N{1}. Then we
obtain

G(TmTyaTz)e[G(Tm,Ty,Tz)—G(z,y,z)] < Ticl o a—mitl] ¢ -1 (3.11)
G(z,y, 2) T —1

This means that T is an orthogonal G — F -contraction mapping with T = 1. Therefore all the properties
of theorem 3.3 are satisfied and so T has a unique fived point x = xg.

Corollary 3.1 Let (X, L,G) be a O-complete G-metric space. Suppose that T : X — X is a L —
G —continuous mapping such that the following conditions hold:

(1) There exists 0 < k < 1 such that G(T,,T,,T,) < kG(x,y, z) for allz,y,z € X withzLly, ylz and
zlx

(2) T is L-preserving
Then, T has unique fized point z* € X.
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