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Some Results on Zeros of a Polynomial

Subhasis Das

ABSTRACT: For a given polynomial p (z) = ag + a1z + - - - + anz™ with real or complex coefficients, Gulzar
(2015) proved for any real p > 1,q > 1 with % + % =1, all the zeros of p(2) lie in the closed circular region

_1
|z] < max {LINL};H—l } R

where

p\ P

An—10n—j — Gnln—j—1 a -0
) -1 =Y.

Ly=(+1)7 (3

j=1

az,

Recently, Gulzar also generalized the above result by using a lacunary type polynomial. Unfortunately, the
proof is not correct. In this present paper an attempt has been taken to investigate and extend the above
results were made. Moreover, we have produce some important corollaries which give the generalization of
Mezerji and Bidkham (2014) results.

Key Words: Zeros, Cauchy bound, circular region, Lacunary type polynomials.

Contents
1 Introduction and statement of results 1

2 Proof of Theorems 8

1. Introduction and statement of results

Let
p(2) =ao+arz+---+a,z"

be a polynomial of degree n with real or complex coefficients. Concerning the bound for the moduli of
zeros of p(z), a famous result was obtained by Cauchy [3, Ch. VII, Sect. 27, Thm. 27.2] (see also [1],
[8, Ch. VIII, Cor. 8.1.8]) is well-known.
Using Holder’s inequality, Mezerji and Bidkham [2] proved the following Theorems.
Theorem A. For any real p > 1,q > 1 with
1 1
_l’_
p q

all the zeros of p(z) lie in the closed circular region

2] < (1+49)7,

where )
" aian_; — ann_j_1|° ’
. . o in—j ntn—j— o
Apy= min {A,,;}, 4y, = E 5 , a1 =0.
—1<i<n - a
j=0 "

Theorem B. For any real p > 1,q > 1 with

p g
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2 S. Das
all the zeros of p(z) never lie in the closed circular region
_1
|z| < (1—|—Bg) e

where

P
a;a; — apdj41

2
ap

Bp = min {Bpﬂ'}, Bp,i = Z , A1 = Qpi1 = 0.

—1<i<n

Jj=0

Applying the similar arguments, in 2015, Gulzar [4] established the following result.
Theorem C. For any real p > 1,q > 1 with

1 1
+
P q

all the zeros of p(z) with a,—1 # 0 lie in the closed circular region

1
|z| < max {LP7L;,‘+1 } ,

where

p
Up—10p—j — Gpln—j—-1

2
ap,

Q=

L,=(n+1)

i 5 a,1:0.

Jj=1

Recently, Gulzar [5] also generalized the above result by using lacunary type polynomial [3, Ch. VIII,
Sect. 34, pp. 156]

A
P(z):Zajzj—i—anz", 1<A<n-—-1,a\#0
j=0

and obtained the following result.
Theorem D. For any real p > 1,q > 1 with

1 1
-4+ =1,
p g

all the zeros of P (2) lie in the closed circular region

|z| < max {L, Lﬁ} )

where

=

A1 p
ANAx+1—j — Qpar—j

2
an

Q=

L:(n+1) , axy1 =a—1 =0.

Jj=0

Unfortunately, the above theorem is not correct due to some Author’s mistakes in the beginning of the
proof as written by

F(z) = (ax—anz)P(z)
= (ax —ap2) (anz" +ayr a2+ a4+ ao)

2 1 A1 A
= —a22"" —ayan 2T+ (anan — anax_1) 2™ + -+ axag
A+1
_ 2 _n+1 A1—j
= —a 2"+ E (@rart1—j — Gnar—j) z J

=0
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and obtained the inequality

A1
IF ()] 2 Janl 2" = Janarpa—s — anar—j| |27
§=0
In fact,
A1
F(z)= —aiz”*l + anaxz™ + Z (axar+1—j — anar—j) AT
§=0
and therefore,
A1 _
PG = anl 2" = Janax] |2]" = Y laaarti—y — anar—| |2}
§=0
A+1
N
£ lanl A" =3 lananaa g — anan g A
j=0
which shows that the inequality
A1 '
IF (2)] = lanl* |2 = 3" Jaransa—s = anar—| [z
§=0

is not true.

In the literature, there exist some results ( [2,3,4,5,6,7]) on polynomial zeros by using Holder’s inequal-
ity.

In this paper, we have obtained some results concerning the bounds for the zeros of a lacunary type
polynomial P (z) by using Holder’s inequality. Our results produce an important corollaries which give
the generalization of Theorem A, Theorem B and Theorem C, respectively. Moreover, some of the results
give a zero free region. More precisely, we prove

Theorem 1.1 For any real or complex t with p > 1,q > 1,
1 1
-+ - = 1
p q

)

all the zeros of P (z) lie in the closed circular region

1
n+1
|z| < max {Lp,t,prt } ,

where

A+ 3)% (Z ta’_Z"aj’l ) s forO<A<n—1witha_1 =axy1 =0

Lps = /< . (1.1)
1 n ) p\?
(n+1)7 (Z Lai=0n0i1 ) s forA=n—1witha_1 =0
i=0 B
and
Q=1{0,1,...., 0 A+1,n}.

Clearly
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Putting ¢ = a,,_1 in the above expression we have

n

p
Z Up—105; — AnAj—1
a2

=0 n

p
Up—10p—j — Gpln—j—1

2
n

M-

<
I
=)

p
Up—10p—j5 — Gpln—j—1

|

n

<
Il
—

So for the case of A =n — 1, we get from (1.1),

s =

p
Op—10p—j5 — QpQp—j—1
J i- when ¢t = a,,_1.

Lpt—n—l—lé i

’ﬂ

Also, for 0 < XA <n — 1, we get from (1.1),

=

p
axa; — AnGj—1

2
ap,

when ¢t = ay.

L= +3)7 [

JjEN

Hence, with the help of Theorem 1.1 we can easily obtained the following Corollary which is a general-
ization of Theorem C.

Corollary 1.1 For any real p > 1,q > 1 with % + % =1, all the zeros of P (z) lie in the closed circular
region

1
ot < max{ £, 257},
where

aAXAj—AnGj_1 p
az,

u+aé<z

P
; forO<A<n—1witha_1 =ax41 =0
JEQ

L,=

Q=

An—10n— 7_aﬂan j—1

(n—|—1)% (E : p) s forA=n—1witha_y =0

and € is same as in Theorem 1.1.

Theorem 1.2 For any real or complex t with p > 1,q > 1,
1 1
4D =1,
p q

all the zeros of P (z) never lie in an open circular region

L
L ()™ |

|z] < max

where
»
(/\—|—3);< m > ; for0< A< n—1 with ape1 =axy1 =0
pt = < : (13)
(n+1)% <zn:0 mjfg% p) ; for A\=n—1 with apy1 =0
i=
and

A={0,1,...,.\,n—1,n}.
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Note that the estimated bounds in Theorem 1.1 and Theorem 1.2 depend not only the coefficients of
P (z) but also the value of t. Here we estimate the expected values of ¢ for which the bounds in Theorem
1.1, and Theorem 1.2 give the better approximation for the zeros of P(z) by considering t being real. At
first we determine the value of ¢ for which the Theorem 1.1 gives better bound that can be obtain by
reducing the modulus value of the coefficients. It is clear from the equation (2.1), the expected value of
t may be obtain when the value of

S |ta; —ana;_q|*; for A <n—1

JEQ—(A+1)
n 2
> ltaj —anaj—1]"; for A\=n—1
Jj=0

S(t) =

is minimum (for j = A + 1, the corresponding term in the equation (2.1) does not involve the variable ¢
and so we omitted that particular term from the above expression S (¢) for the case of A <n —1).
For A <n — 1, we have

S (t) = Z (taj — anaj_l) (taj — anaj_l)
JjeEQ—{A+1}
= Y (tay —anaj1) (ta7 — @uaj1)
JEQ—{X+1}
2,2 — -_— 2 2
= Y (P~ (@nggay 1 + @mag )+ Janl o)
jEQ—{A+1}
= 2 > alP-2t > Re(angaj_)+lanl® D el
JEQ—{A+1} JEQ—{A+1} FJEQ—{A+1}
Clearly,
St)y=2t > la’-2 > Re(andja;1)
JEQ—{ +1} JEQ—{A+1}
and

't =2 > la*>0,

jeQ—{A+1}

which shows that S (¢) attains its minimum value at

JjEQ—{A+1}

2
> layl

jeEQ—{A+1}

Similarly, for A = n — 1, the expected value of ¢ is

n
Re (an@ja;—1)
=0

J

n 9
> lajl
j=0
Hence, the expected value of ¢ for the bound in Theorem 1.1 is given by

Re(an@jaj—1)
JEQ—{A+1}

A s forA<n—1
JjEQ—{A+1} !

Re(an@ja;—1)
j=o

= s for A\ =n-—1
> lajl?
Jj=0
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Again by observing the equation (2.2), the expected value of ¢ can be obtain when

Z |taj — aoaj+1|2; for A\ <n-—1

M(t) = JEA—{n—1}

n
> Jta; — aoaj+1|2; for A=n-—1
§=0

is minimum (for j = n — 1, the corresponding term in the equation (2.2) does not involve the variable ¢
and so we remove that particular term from the above expression M (t) for the case of A < n — 1) for the
bounds in Theorem 1.2 and is given by

Re(aoa;j+1a@;)
jeEA{n—1}

;for A<n—1

jeEA{n—1} (1'5)

n
Re(aoa;+1a3) ’
J=0

= sfor\=n-—1
> laj?
j=0

Putting t = to in Theorem 1.1 and ¢ = ¢{, in Theorem 1.2 and combine them, we can easily obtain the
following Corollary.

Corollary 1.2 For any real p > 1,q > 1 with

1 1
-4+ =1,
p q

all the zeros of P (z) lie in the closed annular region

1 1 1
n+1
max 7 — < |z| < max Ly tos Lty ¢ s
Pty L/
( p,to

where Ly, L, y, ore the values of Ly, L), , (see equations (1.1) and (1.3)) at to,t; (see equations (1.4)
and (1.5)) respectively.

Theorem 1.3 For any real or complex t withp > 1,q > 1,

all the zeros of P (z) lie in an open circular region

Q=

2] < (1 +Ag’t) ,

where
A, = By for0<A<n—1witha_1 =ax41 =0 L6)
DL Cpys for A\=n—1 witha_y =0 ; .
ta; — anaj1[" ' = |ta; —ana;_1|"
Bpo= | 2|2 ) G = [ | ] W

JEQ j=0

and € is same as in Theorem 1.1.

With the help of Theorem 1.3 and using the equation (1.2), we obtain the following Corollary as follows.
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Corollary 1.3 For anyp > 1,q > 1 with

p q
all the zeros of P (2) lie in an open circular region

|2 < (1+ A9)7

where
migzl {Bpa;}; forO<A<n—1witha_1 =ax;1 =0
1€

P min {Cpa,}; for \=n—1 witha_1 =0 ’
—1<i<n ’
1 1
p\ "’ n p\ "7
B - ;a5 — QpGj—1 C o @iQp—j5 — ApQp—j—1
psai — 2 ) Pai T 2 ’
JEQ 7=0

and € is same as in Theorem 1.1.

Clearly, corollary 1.3 is a generalization of Theorem A. Also, with the help of Theorem 1.3 we obtain the
next Corollary by putting ¢ = to (see equation (1.4)) as follows.

Corollary 1.4 For anyp > 1,q > 1 with

1 1
,+,:1’
p g

all the zeros of P (2) lie in an open circular region
1
2] < (1+ AL, )7,

where Ay, represent the value of Ay, (see equation (1.6)) att = tg.
Theorem 1.4 For any real or complex t with p > 1,q > 1,
1 1
+
p q

all the zeros of P (z) never lie in the closed circular region

2] < (1+ Bg,t)_% ,

where
B, — Dpy; for0 <A <n—1with apt1 = ax41 =0 s
nte Ep’t; for)\:n—l with a_1 =0 ’ .
ta; — agajy1|” ’ " |ta; — agajiq |”
Dpvt - Z T and Ep,t = Z T ’ (1.9)
JEA 0 = 5

and A is same as in Theorem 1.2.

With the help of Theorem 1.4, we obtain the following Corollary which is a generalization of Theorem B
as follows.

Corollary 1.5 For anyp > 1,q > 1 with

p g

all the zeros of P (z) never lie in the closed circular region

2| < (1+BY) 7,
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where ) is same as in Theorem 1.1 and

min{Dpa.}' forO<A<n—1witha_1 =ayy1 =0

—112112 {Epa; }; for A\ =n—1witha_1 =0 ’

=

P
;a5 — Q41

2
g

p
D o Z azaj aoa]_H
p,a; —

JEA

and By, ., = Z

=0

Put t = t{, (see equation (1.5)) in Theorem 1.4 we have the following Corollary.

Corollary 1.6 For any p > 1,q > 1 with

p g
all the zeros of P (z) never lie in the closed circular region

1
q

q
A< (1 BE,) "

where
B B pt/'f0r0<)\<n—1wzthanﬂfakﬂf()
pity = Epys; for A\=n—1witha_, =0 ’

B n
5 Ep,t6 = E
j=0

A ={0,1,...,\,n—1,n} and &} is given by the equation (1.5).

/ p
toaj — Gpaj 41

2
ap

/ P
toa; — apaj i1

2
ap

Dy = Z

jea

From Corollary 1.4 and Corollary 1.6, we can immediately obtained the following Corollary.

Corollary 1.7 For any p > 1,q > 1 with

p g
all the zeros of P (z) lie in an open annular region

1

-1 N
(1 + qu),té) <ol < (T4 454,)"
where Ay ¢, and Bg . are same as in Corollary 1./ and Corollary 1.6 respectively.
: th
2. Proof of Theorems

Proof: [Proof of Theorem 1.1] Clearly, for some real or complex ¢,

F(z) = (t—anz)P(2)
—a? "t 4 ZQ (ta; — anaj—1)27; for A <n—1witha_y =ayt1 =0
Jje
= n . )
a? 2t 4 Zo (ta; —anaj_1)2?; for A\=n—1witha_; =0
j=

where Q@ = {0,1,..., A\, A+ 1,n}.
Now, for some |z| > 0,

lan|” 2" = 3 [ta; — anaj_1] |2 ; for A< n—1
jeQ
J€

IF(2)] > -

n
lan|? 12" = X Jta; — anaj_1| |2’ ; for A=n—1
j=0
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There are two possibilities:
Case I: For A < n —1,

ta; — anaj_ 1
2 n+1 n 1
|F (2)] > |an|” |2] 1— Z ! e s o[
JEQ "
Applying Holder’s inequality, we have
1 1
PO PR - (D[ (L)
= |Qn a2 (n+1—3)q
jeQ n JjEQ |2
On |z| > 1,
2| DT > 217 for each j € Q,
. 1 < 1
i.e., < —.
BN 2|7
So,
1 1
— < (A+3)—
JZGS:Z |Z|(n+1—J)q |z‘q
1
q
1 11
i.e., _— < (A+3)7 —.
j;z ‘Z|(n+1ﬂ)q |z]
Which implies
1 ta; — ana;_ p 1
FE] 2 a1 (0 3)7 [ 30|92 S >0
; n ||
JEQ
if
1 taj — andj—1 P
2> A +3)7 | D — =Ly,
JEQ n
Again, for |z| <1,
|z\("+1_j)q > \Z|("+1)q for each j € Q,
1 1
e —— < -
|z\(n+1_3)q ‘Z|(n+1)q
which implies
1 1
S P S S
+1— +1
foert |Z|(n Ja ‘Z|(" )a
; ) A
i.e., Z e (A+3) CEE
jea l2| 2|
Hence,
1 ta; —anaj_1|" 1
> 2 n+1 [ : J ndj—1
F @2 lanl |27 1=+ 8)0 | D)1= o | 0

JEQ
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if

D=

taj —anGj—1 P

Q=

2] > [(A+3)

D

jeQ

2
an

Now, there are two possibilities of L, ;:
(1) If L, > 1, then

1
|F (z)] > 0 for |z| > L,; = max {Lp’,g,Ll';‘;1 } .

(2) If L, <1, then
1
|F (z)] > 0 for |z] > L”Jrl = aX{Lp7t7L£;rl }

Combining both possibilities, we have
1
|F (2)| > 0if |2 > maX{Lp,t,L;’f}

and it leads us to the desired result.
Case II: For A=n — 1,

1
n+1—j

ta; — anaj 1

n
I ()] = lanl* 2" 1=

Jj=0

E

In this case, we take

ta; —ana;—y1 anaj 1]”

n

1
Lpﬂg— 7’I,+1q Z
=0

Applying Holder’s inequality and do the same procedure mentioned in case I to establish the desired
result. This completes the proof of Theorem 1.1. O

Proof: [Proof of Theorem 1.2] For some real or complex ¢, we construct a polynomial define by

R(2) = —adz""" + (tag — apar) 2™ + (tar — agaz) 2"~ + -+ + (taj; — aga;1) 2" 7

+ -+ (tax—1 — apay) 2D 41,2 — aganz + tay,,

where

1
R(z)=(t —apz) 2" P (z) .
Clearly, R (z) can be written as

—a3z"tt + 3 (ta; — apaji1) 2" 75 for A <n—1 with 41 = axp1 =0
JEA

—az" + 3 (taj — apaji1) 2" for A=n—1 with a1 =0
j=0

where A ={0,1,...,A\,;n —1,n}. So,

jaol* 21" = 3 [ta; —agajia||2]" 775 for A< —1

IR(2)] > 8 | : (2.2)

lao|* |2]" " + 32 |ta; — agajpa 2" for A=n—1
7=0
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There are two possibilities of A:
Case I: For A < n —1,

ta; — apG;t+1 1
R(2)| > |ao|? z"“—z J J :
R()] 2 Jaol? | I2 |

jea

Applying Holder’s inequality, we have

i 1
P q
R(2)| = lao |12 = [ 30 ta; — aoaz1|" Z#
= 170 a? (+1)q
JjeA 0 jea Il
On |z| > 1 and for each j € A,
(G+1)aq q
2| > |2

which implies

Q=

1 11
2 |G+ S(”?’)qﬂ

JEA |
So,
1
P
1 ta; — agairq |° 1
R ()] > laol” ||o" = (A 3)s | Y0 |28 ) =] >0
JeA ap |2]
if
1
1 ta; —
2> A3 | D | | =L,
jEA a0
When |z| <1 then, for each j € A,
‘Z|(J’+1)q > |Z‘(n+1)q’
which implies
1 : 1
1
Z.i S()\"_?))E 7+1
e ER
So,
1
p
IR(2)| > |aol® ||2]"T" = (A + 3)% ta; — o4 | L 0
12 laof? [|o — () [ 30| =k
JEA 0 |Z|
if
1
% nt1
1 taj — apQj+1 P 1
[2[ > [ (A+3)s ZT = (Lp) ™"

JEA
There are two possibilities of L;7t:
() I L, > 1, then
RG>0 for Jo > Ly, = max {E}, (£4,) ™}
(2) If L),, <1, then
IR(2)] >0 for |2 > (L)) ™ = maX{L, (L;’t)ﬁ}.

Dyt
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Combining both possibilities, we have
1
IR(2)] >0 if |2| > maX{L;,t, (L], }

and it leads us to the desired result.
Case II: For A =n — 1,

1
|Z|j+1

ta; — anaHl

R ()| = laol” o™ |1 =D

J=0

Here we take

B =

p
tCLj — AnQj41

2
g

n
Lye= {2

Jj=0

Applying Holder’s inequality and similar procedure as in case I, one can easily obtain the desired result.
This completes the proof of Theorem 1.2. O

Proof: [Proof of Theorem 1.3] On |z| > 1, we have

Janl? 12" = ¥ [ta; — anaj 1| |25 for A <n—1

=y
|F(2)| > 5 ,
anl 2"t = ta; —apa;_1||z]’; for A\=n—1
2 11 J
j:
There are two possibilities of A:
Case I: For A < n —1,

1
|Z|n+1—j

ta; — ana;_1

|F ()] = lanl*|z" {1 =D

2
a
JEQ

n

Using Holder’s inequality, we have

1 1
q
ta; — a,a; 1
2 n+1 J ntj—1
P = el 1= | icﬂ P wicraeryr
jeQ n JEQ ||
r 1
A 1\ *
n
> Janl 2 | 1- By, ()
£\
- 1
. q
2 n+1 > 1 /
> a2 1= B [ Y (2
=\
L 5
= |an‘2‘z|n+1 1- qu 1]'
L (2= D)0

So, |F (z)| > 0 if
and it leads to the desired result.

Case II: For A = n — 1, we have

1
o H1

ta; — a”a] 1

n
2 n+1
[F (2)] = lan|”|2| 1=

Jj=0

n
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Using Holder’s inequality and applying the same procedure as in case I, we can easily establish the
desired result. This completes the proof of Theorem 1.3. O

Proof: [Proof of Theorem 1.4] The proof of Theorem 1.4 is omitted because it can be easily obtain from
the line of the proof of Theorem 1.3 applying on R (z). O
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