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Picard sequence in complete G,-metric spaces and fixed points results

Vishal Gupta*, Rajani Saini and Deepti Thakur

ABSTRACT: Our idea in this article to introduce Picard sequence in complete Gp-metric spaces and explain
some useful outcomes in the structure of G- metric spaces. We are extending the conclusions of Khojasteh
et al. [7] and Yildirim et al. [30]. An example and some corollaries are also proved to show the usefulness of
our results.
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1. Introduction

Fixed point theory is one of the primary mechanisms that pre-owned to crack many numeric problems
in applied analysis and has extensive applications in various disciplines. There turn out vast work on this
topic. Many new spaces originated by many researchers, such as partial metric space [11], b-metric space
[3,4], G-metric space [12], cone metric space [5], and many more. Sintunavarat, Kumam, and many
other writers had their research work on various contractive mappings [2,10,18,19,20,21]. By affiliating
the notion of G-metric spaces and b-metric spaces, Aghajani et al. [1] initiated the approach of G-
metric spaces. A large number of research papers published by many researchers and they discussed the
topological structures of Gp-metric spaces [6,8,9,13,14,15,16,17,22,23,24,25,26,27,28,29]. We establish a
variety of fixed point results for single-valued mappings for a set of Picard sequences in Gp-metric space.

2. Preliminaries

In the beginning, we require essential definitions and consequences of G,—metric spaces.

Definition 2.1 [1] In a non-empty set W, a mapping Gy : W x W x W — R™T fulfilling the subsequent
conditions:
(G1) Gp(w, k,x) =0 if and only if w = Kk = ¥,
(G2) 0 < Gp(w,w, k) for all w, k € W with w # Kk,
(G3) Gp(w,w, k) < Gp(w, K, x) for all w,k, x € W with w # ¥,
(G4) Gp(w, K, x) = P{Gp(w, x, K)}, where P is a permutation of w, &, x,
(G5) Gp(w, Kk, x) < s{Gp(w,r, 1) + Gp(r, K, x)}, for all w, k, x,r € W (rectangle inequality).

The pair (W, Gp) is named as a Gj- metric space.

Definition 2.2 [1] A Gp-metric space is said to be symmetric if Gy(w, k, k) = Gp(k,w,w), for every
w,k e W.

Definition 2.3 [1] A sequence {w)} in W is called Gj-convergent to a point w € W if for every € > 0,
there always occur a positive integer A\, such that for every m, A > A, Gp(wp, wx,w) < €.
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Definition 2.4 [1] A sequence {wy} in W is said to be G,-Cauchy if for every e > 0, there always
occur a positive integer A, such that for all m, A, 1 > Ay, Gp(wm, wr,wi) < €.

Definition 2.5 [I] A Gp-metric space is said to be complete if every Gp-Cauchy sequence is G-
convergent in W.

Definition 2.6 [1] In two Gp-metric spaces (W, Gy) and (W', G}), a mapping ¢ : W — W’ is called
Gp-continuous at w € W if and only if it is Gp-sequentially continuous at it.

3. Main Results

Definition 3.1 Consider (W, G;) be a Gp-metric space, wg € W, and ¢ : W — W' is a mapping. A
sequence is called a Picard sequence with preliminary point wy, if wy = ¢ wy = dwr_; for every
A €A

Theorem 3.1 Let ¢ : W — W be a function in a complete Gy-metric space. Assume that there is a
Picard sequence {wy} with preliminary point wo fulfills the condition:

Gy(wx, wrs1,wWat1)
Gy(wa—1,wxr,wr) + Gplwa—1,wWat1, Watr1) + Go(wx, wat1, wat1) + Go(wx, wag2, wag2) + £
= Gy(wa—1,wr,wr) + Golwr—1,wrs1,wrr1) + Gplwr, wat1, wrtr1) + Gp(wx, wrr2, wrt2) + a
X Gb(UJ)\,l,CU)\,CU)\), (31)

where ¢, a are positive real numbers such that ¢ < a. Then {wx} is a Cauchy sequence.

Proof: Consider an arbitrary point wg € W and let {wy} is a Picard sequence with preliminary point
wo. If p(wa,) = wag+1 for some Ao € A, then mapping ¢ has wyx, as its fized point and {wx} is a Cauchy
sequence.

If wyy1 # wy for every A € A, then, from (3.1), we can conclude that {Gp(wxr—1,wx,wx)} s a decreasing
sequence and there always be a non-negative real number such {Gp(wr—1,wx,wx)} — 7.

Claim that v = 0. If possible v > 0, on taking the limit on both sides of (3.1), we get
v < it b

— vty+y+yta
We can write the equation (8.1 ) as Gp(wx,wrt1, wat1) < JGp(wr—1,wx,wy) where

v < 7y, which is not feasible. So, v = 0.

Gy(wr—1,wx,wr) + Go(wr—1,wry1,wat1) + Gp(wn, wWar1, war1) + Go(wa, wratz, waya) +
Gy(wr—1,wxr,wr) + Go(wr—1,wry1,wrat1) + Gp(wx, wat1, was1) + Go(wr, wrt2,wat2) +a

J =

)

by continuing the same process, we have
A
Gp(wx, wrt1, wat1) < J7Gy(wo, wr, wi).

Now consider

Gy(wx, Wi, wm) < s{Gp(wx, wrr1,wrr1) + Gp(Watt, W, Wm)}
< sGy(wr, a1, was1) + 57 Gp(Was1, wrtz, wara) + $°Go(Wasz, Wats, Wrts)-. + 8™ 2 Go(Win—1, Wi, Win)
§ leGb(wo,wl,wl) + 82J>\+1Gb(LU(),LU1,UJ1) + s3J’\+2Gb(w0,w1,w1) + ....sm_’\Jm_le(wo,wl,wl)

sJA
<
—1—sJ

Gp(wo, w1, w1) = 0 as A — oo.

Hence, sequence {wy} is a Cauchy sequence. O
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Theorem 3.2 In a complete Gy-metric space ¢ : W — W is a mapping that fulfills the condition:

SGb(¢W, ¢H’a ¢X>

Gb(W, QSH, ¢X) + Gb(wa ¢2’L€a ¢2X> + Gb(¢w7 R, X) + Gb(¢wa d)'%v ¢X) +c
T LGy (w, dw, gw) + Gi(w, P*w, P*w) + Gy(k, 9K, PX) + Go(k, P*w, ¢°X) +a

Gp(w,k,x) (3.2)

for allw,k,x € W and c,a are positive real numbers such that ¢ < a. Then
1. there exists at least one fized point for mapping ¢, at which every Picard sequence {wy} converges.

; ' las—c]
2. Ifw, 7, o are three different fized points for ¢, then Gyp(w,T,0) > %.

Proof: Let {wx} be a Picard sequence with preliminary point wg. If wa,+1 = dwy, for some A\g € A, then

mapping ¢ has wy, as its fixzed point and {wy} is a Cauchy sequence.
If wy # wxg1 for every A € A, then

sGb(wx, WA+1, WA+1) = SGb(d)wA—la ¢w)\7 ¢WA){"J>\}

< |:Gb(wk—l7wk+17w/\+1) + Gp(wa—1,wrtz,wat2) + Go(wxr, wr, wr) + Gp(wx, wayr,wat1) + c]
= | Go(wa—1,wx, wr) + Go(wr—1,wWrt1, wr+1) + Go(wx, wrt1,wrt1) + Go(wr, wat2, wWrt2) +a

X Gp(wr—1,wx, wx)

Gy (wWx, Wat1, Wr+1)

<

{S{Gb(wAA,wA,wA) + Go(wr, wrsz, wrt2)} + Go(wa—1, Wat1, wrs1) + Go(wr, Wrs1, wrt1) + c}
Gy(wr—1,wx,wr) + Gp(wr—1,wWrt1,wWr+1) + Go(wr, wat1, wat1) + Go(wr, wWrt2, wWrt2) + a

X Gy(wr—1,wx,wx)
Therefore, by Theorem 3.1, sequence {wx} is a Cauchy sequence. As Gy is given to be a complete metric

space, there is a point w € W such that sequence {wy} is convergent to w.
Next, we show that w is a fized point.

sGp(wrt1, dw, dw) = sGp(Pdwy, dw, Pw)
Gh(wa, ¢w, ¢w) + Gy(wy, P°w, *w) + Gp(was1,w, W) + Go(wrs1, dw, dw) + ¢
= | Gp(wx,wrr1,war1) + Go(wa, wrag2, ware) + Go(w, dw, pw) + Gp(w, wxta, P2w)
X Gp(wr, w,w). (3.3)

Moreover, by the rectangle inequality, we have

Gp(w, dw, pw) < sGp(w, w, wr) + sGp(wy, Ppw, pw)
G (w, pw, dw) — sGy(w, wx,wy) < sGp(wx, dw, w) + s2{Gp(wx,w, w) + Gp(w, ¢w, ¢w)}.

as A — oo, we deduce that

Ghy(w, pw, ¢w) < liminf sGy(wy, pw, pw) < limsup sGp(wy, pw, ¢pw) < $2Gy(w, dw, pw). (3.4)

On taking lim inf, as A — oo, on both sides of (3.3) and (3.4), we obtain

Gp(w, dw, pw) < liminf sGp(wrt1, pw, pw)

< Gb(wa ¢w7 QSW) + Gb(W, ¢2wa ¢2w) + Gb(W, ¢w7 d)w) +
o Gb(&},d)&),(b&)) +Gb(w’w7¢2w) +Cl

lim sup sGp(wy,w,w) = 0.
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This implies that Gp(w, ¢w, pw) = 0. And ¢(w) = w.
Suppose that there exist two more fized points T, o such that ¢(7) =7 and ¢(c) = 0.

sGp(w, T,0) = sGp(ow, o7, Po),

< [_Gblw, ¢7,60) + Gi(w, 6°7, ¢?0) + Gi(dw, T, 0) + Go(¢w, 97, ¢0) + ¢ } Gy(w,T,0)
= _Gb(w,¢w,¢w)+Gb(w7¢2w7¢2w>+Gb(T7 o, ¢U)—|—Gb(7'7 ¢2w7¢20)+a b\W, T,
< [Gy(w,T,0) + Gyp(w, T,0) +5b(w77'7 o) + Gp(w,7,0) + C] Gy(w,T,0)
< 4Gb<waﬂf>+0} Gy, 7,0)
_ :4Gb(w,7,0)2+ch(w7T7U)]

a

[as — c]Gy(w, T,0) < 4Gp(w, T, 0)2

las—c]
Hence, Gy(w,T,0) > ==
O

Theorem 3.3 In a complete Gy-metric space, ¢ : W — W is a mapping that fulfills the next conditions:

sGp(¢w, ¢, Px)
Gb(wv (i)’ia ¢X) + Gb(UJ, ¢2/€7 ¢2X) + Gb(¢w7 K, X) + Gb(¢w7 QSK, ¢X) +c
T LG (W, dw, gw) + Gi(w, P*w, $*w) + Gy(k, 9K, PX) + Go(k, P*w, ¢?X) +a

Gb(w7 K, X)+
PGb(H7X7¢w)' (35)
for all w,k,x € W and ¢, a positive real numbers such that ¢ < a. Then

1. there exists at least one fized point for the mapping ¢, at which every Picard sequence {wy} con-
verges.

2. Ifw, 7, and o are three different fized points for ¢, then Gy(w,T,0) > W.
Proof: Let {wx} be a Picard sequence with preliminary point wy. If wa,4+1 = dwy, for some \g € A, then

the mapping ¢ has wy, as its fized point and {wx} is a Cauchy sequence.
If wy # wxg1 for every A € A, then

5Go (W, a1, wat1) = sGp(Pwr—1, pwx, pw)
< |: Gb(wA_1,¢wA,(Z)OJ)\)+Gb(w)\_1,¢2u))\,¢2(UA)+Gb(w)\,¢wA—1,¢W)\—1)+Gb(w>\a¢w>\’¢wk) +c :|

Gp(wr—1, pwr—1, pwr—1) + Go(Pwar—1, P?wir—1, P?war—1) + Go(wx, Ppwa, pwxr) + Gp(wr, P?war—1, P?wr) + a
X Gp(wr—1,wxr,wxr) + PGy(wx, wx, pwr—1)

_ |:Gb(UJ>\717W>\+17W>\+1) + Go(wr—1,wrt2,wrt2) + Go(wx, wx,wr) + Gy (wWx, Wat1, wWrs1) + C}
Gy(wr—1,wr,wr) + Gp(wr—1,wrs1,wr+1) + Go(wr, wat1, wat1) + Go(wr, wWrt1,wrt2) +a

X Gy(wa—1,wx,wx) + PGp(wx, wx, pwy)

< [S{Gb(wx—hwmwx) + Go(wxr, was2, wrt2)} + Gy(wa—1, wrt1, was1) + Go(wr, was1, wat1) + C]
Gy(wr—1,wx,wr) + Gp(wr—1,wWrt1,wr+1) + Go(wr, watt, wrt1) + Go(wr, wrt1,wrt2) + a

X Gp(wr—1,wx, wx)
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By Theorem 3.1, sequence {wy} is a Cauchy sequence as Gy is given to be a complete metric space,
there is a point w € W such that {wx} is convergent to w.

Next is to show that w is a fixed point.

SGb(UJ)\+17 ¢W, W) = SGb((bw/M ¢W, st)

Gp(wy, dw, pw) + Gp(wx, P*w, P*w) + Gp(wat1, w,w) + Gp(wrt1, dw, Pw) + ¢

- Go(wx, wrt11,wat1) + Go(wx, wrt2, wrt2) + Gy(w, dw, pw) + Gp(w, wrt2, P?w) +a
X Gp(wy,w,w) + PGp(w,w,wr+1) (3.6)

taking lim inf as A\ — oo, on both sides of (3.6), by (3.4),we get

Gp(w, pw, dw) < liminf sGp(wry1, dw, pw)
< Gb(w, dw, dw) + Gy(w, P*w, P*w) + Gy (w, pw, pw) +

B G (w, pw, dw) + Gy (w, w, P*w) + a

¢ lim sup sGp(wy,w,w)

+ lim inf PGp(w, w,wx+1) = 0.

And Gp(w, pw, pw) = 0. From this, we conclude that ¢(w) = w.
Suppose there exist two more fized points T and o such that ¢(7) =7 and ¢(o) = 0.

sGp(w, T,0) = sGp(opw, o7, po),

<

X Gb(w7T7 U) + PGb(T7 a, ¢W)

[Gy(w,T,0) + Gyp(w,T,0) + Gyp(w, T,0) + Gyp(w, T,0) + ¢

<

[s — P]Gp(w,T,0) <

[s — P]Gp(w,T,0) =

a

a

[4Gy(w,T,0) + ¢

(4G (w, T,0) + ¢

a

:| Gb(vava) + PGb(w7T7 U)

} Gp(w,T,0)

{a[s — P] — ¢}Gy(w,1,0) < 4-Gb(w,7', 0)?

{als—P]—c}
Hence, Gy(w,T,0) > 14—

a

[ Gy(w, @7, 00) + Gy (w, 9°7, $*0) + Gy (¢w, T, 0) + Gy(¢w, o7, ¢0) + ¢ }
_Gb(w7 (bw? ¢W) + Gb(w7 ¢2w7 ¢2w) + Gb(T7 ¢7—7 ¢0-) + Gb(T7 ¢2w7 (bQU) +a

] Gy(w,7,0) + PGy(w, T,0)

Corollary 3.1 In a complete Gy-metric space, ¢ : W — W is a mapping that fulfills next conditions:

SGb(¢W, ¢Ra ¢X) S

Gy (w, ¢k, pX) + Gy (w, 9k, §°X) + Go(¢w, K, X) + Go (9w, Pr, Px)

Gb(wa ¢w7 ¢w) + Gb(UJ, d)QWa ¢2w) + Gb(ﬁ, ¢H, ¢X) + Gb(’iv ¢2wa ¢2X) +1

for allw,k,x € W and such that

Gp(w, Kk, x). (3.7)

1. there exists at least one fized point for the mapping ¢ at which every Picard sequence {wy} converges.

2. If w, 7, and o are three different fixed points for ¢, then sG(w,T,0) > .
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Proof: Substituting c=0 and a=1 in Theorem 3.2
Corollary 3.2 In a complete Gy-metric space, ¢ : W — W is a mapping that fulfills next conditions:

SGb(¢W, ¢I€, ¢X> S

Gb(wad)’iad)X) +Gb(wa¢2“€7¢2X) +Gb(¢w7ﬁ'a X) +Gb(¢wa¢)’%a ¢X) G (w K )
G (w, dw, ow) + Gy (w, 62w, P>w) + Go (K, ¢, X)) + Gk, §2w, 2x) + 1] 00X

forallw,k,x € W.
Then,

1. there exists at least one fixed point for the mapping ¢, at which every Picard sequence {wy} con-
verges.

2. If w, 7, and o are three different fized points for ¢, then sGy(w,T,0) > & T

we are giving an example in support of corollary 3.3A.

Example 3.1 Let W = {0,3,3,1} Taking s = 2, and define Gy : W x W x W — RT as

1 2 1 2 1 2 21 11 5
—_, — = —_, — — — = —_, — :2 —_, = = —
Gb<0,3,3) (3 3O> Gy <3,0,3> Gb<3,3,0> ,Gb<0,3,3> 3

2 2 2 2 1 112 2
Gb(o’s’s)—Gb(ggo) 3’Gb(3’373)—3

111 2 2 2
= === ) = s =Gy(1,1,1) =

Gb(05070) Gb <373a3) Gb(37373) Gb(a 7) 07

Let ¢ : W — W be defined as ¢(0) = 0,¢%(3) = ¢(3) = 5 = ¢*(3),6(3) = 3,¢*(1) =

1 2 1 2 1 2 1 2

Z =) = ~Z2)=2 22 22 ) = ZZ2)=2
Gb (¢03¢33¢3) Gb (07373) 7Gb (O7¢ 37¢ 3> Gb <07333>

1 2 1 2 1 2 1 2
61 (60.3.3) =G (0.3.3) =261 (00,0503 ) =6 (0.5.3)

Gb (¢O7 ¢O7 ¢O) = Gb (Oa 07 O) = 07 Gb (¢Oa ¢2O7 ¢20) = Gb (07 07 0) =0

Ll 2y (22 L o (L ey 22 2 (Lo 2) =
Gb(37¢3a¢3)Gb(33373)3,Gb(3,¢03¢ 3>Gb<37033>2
Now

1 2 1 2
2~Gb (¢07 ¢§7 ¢3> - 2Gb (07 gv 3) =4

Gy (0,05, 03) + Gy (0,6°5,9°F) + Gb (40, 3,
G (0,90, ¢0) + Gy (0, 920, ¢20) +Gy (3,93, 93)

Gb (O’é’g)—’_Gb (0711’>7:23)+Gb (Ovéag)"_Gb (03%7
= 600,046 0,00+ G (5 53 + G (1.0.3) +
24+2+242 9 48

040+ 342417 10

4<

%) Gh (¢0 ¢37 )
+ b(3a¢20 ¢22)+

| (a3)
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And

1 2
5Gb(¢w7¢"€7¢X) =
{ Gy(w, ¢, ) + Golw, 62k, 62X) + Gy (dw, K, X) + Go(pw, bk, $X) ]G 5.0
Gy (w, b, dw) + G, 62w, 62w) + Gk, b1, dx) + G, PP, d2x) + 1] 000X

( ¢%7¢ )+Gb(§a %7¢20)+Gb( §7§70)+Gb (¢%7¢%7¢0) 12
G

4 <
o Gb(37¢37¢%)+0b(37¢2 (ZSQ%)+Gb(§7¢§7¢20)+Gb(%>¢2%7¢20)+1
o[ BERD O EEN LG40 a 080 |12,
TG (553 + G (553) G (550 +G (550 +1]  \373

_ 2424242 48

T0+0+1+2+17 107

=20
33’

)

Hence ¢ fulfills all the conditions of Corollary 3.3A. Moreover, there exists three distinct fixed points
{0, 3,3} for mapping ¢ and G, (0,%,2) =2 > 2.
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