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Picard sequence in complete Gb-metric spaces and fixed points results

Vishal Gupta∗, Rajani Saini and Deepti Thakur

abstract: Our idea in this article to introduce Picard sequence in complete Gb-metric spaces and explain
some useful outcomes in the structure of Gb- metric spaces. We are extending the conclusions of Khojasteh
et al. [7] and Yildirim et al. [30]. An example and some corollaries are also proved to show the usefulness of
our results.
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1. Introduction

Fixed point theory is one of the primary mechanisms that pre-owned to crack many numeric problems
in applied analysis and has extensive applications in various disciplines. There turn out vast work on this
topic. Many new spaces originated by many researchers, such as partial metric space [11], b-metric space
[3,4], G-metric space [12], cone metric space [5], and many more. Sintunavarat, Kumam, and many
other writers had their research work on various contractive mappings [2,10,18,19,20,21]. By affiliating
the notion of G-metric spaces and b-metric spaces, Aghajani et al. [1] initiated the approach of Gb-
metric spaces. A large number of research papers published by many researchers and they discussed the
topological structures of Gb-metric spaces [6,8,9,13,14,15,16,17,22,23,24,25,26,27,28,29]. We establish a
variety of fixed point results for single-valued mappings for a set of Picard sequences in Gb-metric space.

2. Preliminaries

In the beginning, we require essential definitions and consequences of Gb−metric spaces.

Definition 2.1 [1] In a non-empty set W , a mapping Gb : W ×W ×W → R+ fulfilling the subsequent
conditions:

(G1) Gb(ω, κ, χ) = 0 if and only if ω = κ = χ,

(G2) 0 < Gb(ω, ω, κ) for all ω, κ ∈ W with ω ̸= κ,

(G3) Gb(ω, ω, κ) ≤ Gb(ω, κ, χ) for all ω, κ, χ ∈ W with ω ̸= χ,

(G4) Gb(ω, κ, χ) = P{Gb(ω, χ, κ)}, where P is a permutation of ω, κ, χ,

(G5) Gb(ω, κ, χ) ≤ s{Gb(ω, r, r) +Gb(r, κ, χ)}, for all ω, κ, χ, r ∈ W (rectangle inequality).

The pair (W,Gb) is named as a Gb- metric space.

Definition 2.2 [1] A Gb-metric space is said to be symmetric if Gb(ω, κ, κ) = Gb(κ, ω, ω), for every
ω, κ ∈ W .

Definition 2.3 [1] A sequence {ωλ} in W is called Gb-convergent to a point ω ∈ W if for every ϵ > 0,
there always occur a positive integer λp such that for every m,λ ≥ λp, Gb(ωm, ωλ, ω) < ϵ.
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Definition 2.4 [1] A sequence {ωλ} in W is said to be Gb-Cauchy if for every ϵ > 0, there always
occur a positive integer λp such that for all m,λ, l ≥ λp, Gb(ωm, ωλ, ωl) < ϵ.

Definition 2.5 [1] A Gb-metric space is said to be complete if every Gb-Cauchy sequence is Gb-
convergent in W .

Definition 2.6 [1] In two Gb-metric spaces (W,Gb) and (W ′, G′
b), a mapping ϕ : W → W ′ is called

Gb-continuous at ω ∈ W if and only if it is Gb-sequentially continuous at it.

3. Main Results

Definition 3.1 Consider (W,Gb) be a Gb-metric space, ω0 ∈ W , and ϕ : W → W ′ is a mapping. A
sequence is called a Picard sequence with preliminary point ω0, if ωλ = ϕλω0 = ϕωλ−1 for every
λ ∈ Λ.

Theorem 3.1 Let ϕ : W → W be a function in a complete Gb-metric space. Assume that there is a
Picard sequence {ωλ} with preliminary point ω0 fulfills the condition:

Gb(ωλ, ωλ+1, ωλ+1)[
≤

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) +
c
s

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) + a

]
×Gb(ωλ−1, ωλ, ωλ), (3.1)

where c, a are positive real numbers such that c < a. Then {ωλ} is a Cauchy sequence.

Proof: Consider an arbitrary point ω0 ∈ W and let {ωλ} is a Picard sequence with preliminary point
ω0. If ϕ(ωλ0

) = ωλ0+1 for some λ0 ∈ Λ, then mapping ϕ has ωλ0
as its fixed point and {ωλ} is a Cauchy

sequence.
If ωλ+1 ̸= ωλ for every λ ∈ Λ, then, from (3.1), we can conclude that {Gb(ωλ−1, ωλ, ωλ)} is a decreasing
sequence and there always be a non-negative real number such {Gb(ωλ−1, ωλ, ωλ)} → γ.

Claim that γ = 0. If possible γ > 0, on taking the limit on both sides of (3.1), we get

γ ≤ γ+γ+γ+γ+ c
s

γ+γ+γ+γ+a γ < γ, which is not feasible. So, γ = 0.

We can write the equation (3.1 ) as Gb(ωλ, ωλ+1, ωλ+1) ≤ JGb(ωλ−1, ωλ, ωλ) where

J =

[
Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) +

c
s

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) + a

]
,

by continuing the same process, we have

Gb(ωλ, ωλ+1, ωλ+1) ≤ JλGb(ω0, ω1, ω1).

Now consider

Gb(ωλ, ωm, ωm) ≤ s{Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ+1, ωm, ωm)}
≤ sGb(ωλ, ωλ+1, ωλ+1) + s2Gb(ωλ+1, ωλ+2, ωλ+2) + s3Gb(ωλ+2, ωλ+3, ωλ+3)...+ sm−λGb(ωm−1, ωm, ωm)

≤ sJ1Gb(ω0, ω1, ω1) + s2Jλ+1Gb(ω0, ω1, ω1) + s3Jλ+2Gb(ω0, ω1, ω1) + ....sm−λJm−1Gb(ω0, ω1, ω1)

≤ sJλ

1− sJ
Gb(ω0, ω1, ω1) → 0 as λ → ∞.

Hence, sequence {ωλ} is a Cauchy sequence. 2
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Theorem 3.2 In a complete Gb-metric space ϕ : W → W is a mapping that fulfills the condition:

sGb(ϕω, ϕκ, ϕχ)

≤
[

Gb(ω, ϕκ, ϕχ) +Gb(ω, ϕ
2κ, ϕ2χ) +Gb(ϕω, κ, χ) +Gb(ϕω, ϕκ, ϕχ) + c

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(κ, ϕκ, ϕχ) +Gb(κ, ϕ2ω, ϕ2χ) + a

]
Gb(ω, κ, χ) (3.2)

for all ω, κ, χ ∈ W and c, a are positive real numbers such that c < a. Then

1. there exists at least one fixed point for mapping ϕ, at which every Picard sequence {ωλ} converges.

2. If ω, τ , σ are three different fixed points for ϕ, then Gb(ω, τ, σ) >
[as−c]

4 .

Proof: Let {ωλ} be a Picard sequence with preliminary point ω0. If ωλ0+1 = ϕωλ0
for some λ0 ∈ Λ, then

mapping ϕ has ωλ0
as its fixed point and {ωλ} is a Cauchy sequence.

If ωλ ̸= ωλ+1 for every λ ∈ Λ, then

sGb(ωλ, ωλ+1, ωλ+1) = sGb(ϕωλ−1, ϕωλ, ϕωλ){ωλ}

≤
[
Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ−1, ωλ+2, ωλ+2) +Gb(ωλ, ωλ, ωλ) +Gb(ωλ, ωλ+1, ωλ+1) + c

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) + a

]
×Gb(ωλ−1, ωλ, ωλ)

sGb(ωλ, ωλ+1, ωλ+1)

≤
[
s{Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ, ωλ+2, ωλ+2)}+Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) + c

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) + a

]
×Gb(ωλ−1, ωλ, ωλ)

Therefore, by Theorem 3.1, sequence {ωλ} is a Cauchy sequence. As Gb is given to be a complete metric
space, there is a point ω ∈ W such that sequence {ωλ} is convergent to ω.

Next, we show that ω is a fixed point.

sGb(ωλ+1, ϕω, ϕω) = sGb(ϕωλ, ϕω, ϕω)

≤
[
Gb(ωλ, ϕω, ϕω) +Gb(ωλ, ϕ

2ω, ϕ2ω) +Gb(ωλ+1, ω, ω) +Gb(ωλ+1, ϕω, ϕω) + c

Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) +Gb(ω, ϕω, ϕω) +Gb(ω, ωλ+2, ϕ2ω)

]
×Gb(ωλ, ω, ω). (3.3)

Moreover, by the rectangle inequality, we have

Gb(ω, ϕω, ϕω) ≤ sGb(ω, ωλ, ωλ) + sGb(ωλ, ϕω, ϕω)

Gb(ω, ϕω, ϕω)− sGb(ω, ωλ, ωλ) ≤ sGb(ωλ, ϕω, ϕω) + s2{Gb(ωλ, ω, ω) +Gb(ω, ϕω, ϕω)}.

as λ → ∞, we deduce that

Gb(ω, ϕω, ϕω) ≤ lim inf sGb(ωλ, ϕω, ϕω) ≤ lim sup sGb(ωλ, ϕω, ϕω) ≤ s2Gb(ω, ϕω, ϕω). (3.4)

On taking lim inf, as λ → ∞, on both sides of (3.3) and (3.4), we obtain

Gb(ω, ϕω, ϕω) ≤ lim inf sGb(ωλ+1, ϕω, ϕω)

≤ Gb(ω, ϕω, ϕω) +Gb(ω, ϕ
2ω, ϕ2ω) +Gb(ω, ϕω, ϕω) + c

Gb(ω, ϕω, ϕω) +Gb(ω, ω, ϕ2ω) + a
lim sup sGb(ωλ, ω, ω) = 0.
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This implies that Gb(ω, ϕω, ϕω) = 0. And ϕ(ω) = ω.
Suppose that there exist two more fixed points τ , σ such that ϕ(τ) = τ and ϕ(σ) = σ.

sGb(ω, τ, σ) = sGb(ϕω, ϕτ, ϕσ),

≤
[

Gb(ω, ϕτ, ϕσ) +Gb(ω, ϕ
2τ, ϕ2σ) +Gb(ϕω, τ, σ) +Gb(ϕω, ϕτ, ϕσ) + c

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(τ, ϕτ, ϕσ) +Gb(τ, ϕ2ω, ϕ2σ) + a

]
Gb(ω, τ, σ)

≤
[
Gb(ω, τ, σ) +Gb(ω, τ, σ) +Gb(ω, τ, σ) +Gb(ω, τ, σ) + c

a

]
Gb(ω, τ, σ)

≤
[
4Gb(ω, τ, σ) + c

a

]
Gb(ω, τ, σ)

=

[
4Gb(ω, τ, σ)

2 + cGb(ω, τ, σ)

a

]
[as− c]Gb(ω, τ, σ) < 4Gb(ω, τ, σ)

2

Hence, Gb(ω, τ, σ) >
[as−c]

4 .
2

Theorem 3.3 In a complete Gb-metric space, ϕ : W → W is a mapping that fulfills the next conditions:

sGb(ϕω, ϕκ, ϕχ)

≤
[

Gb(ω, ϕκ, ϕχ) +Gb(ω, ϕ
2κ, ϕ2χ) +Gb(ϕω, κ, χ) +Gb(ϕω, ϕκ, ϕχ) + c

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(κ, ϕκ, ϕχ) +Gb(κ, ϕ2ω, ϕ2χ) + a

]
Gb(ω, κ, χ)+

PGb(κ, χ, ϕω). (3.5)

for all ω, κ, χ ∈ W and c, a positive real numbers such that c < a. Then

1. there exists at least one fixed point for the mapping ϕ, at which every Picard sequence {ωλ} con-
verges.

2. If ω, τ , and σ are three different fixed points for ϕ, then Gb(ω, τ, σ) >
{a[s−P ]−c}

4 .

Proof: Let {ωλ} be a Picard sequence with preliminary point ω0. If ωλ0+1 = ϕωλ0
for some λ0 ∈ Λ, then

the mapping ϕ has ωλ0
as its fixed point and {ωλ} is a Cauchy sequence.

If ωλ ̸= ωλ+1 for every λ ∈ ∆, then

sGb(ωλ, ωλ+1, ωλ+1) = sGb(ϕωλ−1, ϕωλ, ϕωλ)

≤
[

Gb(ωλ−1, ϕωλ, ϕωλ) +Gb(ωλ−1, ϕ
2ωλ, ϕ

2ωλ) +Gb(ωλ, ϕωλ−1, ϕωλ−1) +Gb(ωλ, ϕωλ, ϕωλ) + c

Gb(ωλ−1, ϕωλ−1, ϕωλ−1) +Gb(ϕωλ−1, ϕ2ωλ−1, ϕ2ωλ−1) +Gb(ωλ, ϕωλ, ϕωλ) +Gb(ωλ, ϕ2ωλ−1, ϕ2ωλ) + a

]
×Gb(ωλ−1, ωλ, ωλ) + PGb(ωλ, ωλ, ϕωλ−1)

=

[
Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ−1, ωλ+2, ωλ+2) +Gb(ωλ, ωλ, ωλ) +Gb(ωλ, ωλ+1, ωλ+1) + c

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+2) + a

]
×Gb(ωλ−1, ωλ, ωλ) + PGb(ωλ, ωλ, ϕωλ)

≤
[
s{Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ, ωλ+2, ωλ+2)}+Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) + c

Gb(ωλ−1, ωλ, ωλ) +Gb(ωλ−1, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+1) +Gb(ωλ, ωλ+1, ωλ+2) + a

]
×Gb(ωλ−1, ωλ, ωλ)
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By Theorem 3.1, sequence {ωλ} is a Cauchy sequence as Gb is given to be a complete metric space,
there is a point ω ∈ W such that {ωλ} is convergent to ω.

Next is to show that ω is a fixed point.

sGb(ωλ+1, ϕω, ω) = sGb(ϕωλ, ϕω, ϕω)

=

[
Gb(ωλ, ϕω, ϕω) +Gb(ωλ, ϕ

2ω, ϕ2ω) +Gb(ωλ+1, ω, ω) +Gb(ωλ+1, ϕω, ϕω) + c

Gb(ωλ, ωλ+11, ωλ+1) +Gb(ωλ, ωλ+2, ωλ+2) +Gb(ω, ϕω, ϕω) +Gb(ω, ωλ+2, ϕ2ω) + a

]
×Gb(ωλ, ω, ω) + PGb(ω, ω, ωλ+1) (3.6)

taking lim inf as λ → ∞, on both sides of (3.6), by (3.4),we get

Gb(ω, ϕω, ϕω) ≤ lim inf sGb(ωλ+1, ϕω, ϕω)

≤ Gb(ω, ϕω, ϕω) +Gb(ω, ϕ
2ω, ϕ2ω) +Gb(ω, ϕω, ϕω) + c

Gb(ω, ϕω, ϕω) +Gb(ω, ω, ϕ2ω) + a
lim sup sGb(ωλ, ω, ω)

+ lim inf PGb(ω, ω, ωλ+1) = 0.

And Gb(ω, ϕω, ϕω) = 0. From this, we conclude that ϕ(ω) = ω.
Suppose there exist two more fixed points τ and σ such that ϕ(τ) = τ and ϕ(σ) = σ.

sGb(ω, τ, σ) = sGb(ϕω, ϕτ, ϕσ),

≤
[

Gb(ω, ϕτ, ϕσ) +Gb(ω, ϕ
2τ, ϕ2σ) +Gb(ϕω, τ, σ) +Gb(ϕω, ϕτ, ϕσ) + c

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(τ, ϕτ, ϕσ) +Gb(τ, ϕ2ω, ϕ2σ) + a

]
×Gb(ω, τ, σ) + PGb(τ, σ, ϕω)

≤
[
Gb(ω, τ, σ) +Gb(ω, τ, σ) +Gb(ω, τ, σ) +Gb(ω, τ, σ) + c

a

]
Gb(ω, τ, σ) + PGb(ω, τ, σ)

=

[
4Gb(ω, τ, σ) + c

a

]
Gb(ω, τ, σ) + PGb(ω, τ, σ)

[s− P ]Gb(ω, τ, σ) ≤
[
4Gb(ω, τ, σ) + c

a

]
Gb(ω, τ, σ)

[s− P ]Gb(ω, τ, σ) =

[
4Gb(ω, τ, σ)

2 + cGb(ω, τ, σ)

a

]
{a[s− P ]− c}Gb(ω, τ, σ) < 4Gb(ω, τ, σ)

2

Hence, Gb(ω, τ, σ) >
{a[s−P ]−c}

4 .
2

Corollary 3.1 In a complete Gb-metric space, ϕ : W → W is a mapping that fulfills next conditions:

sGb(ϕω, ϕκ, ϕχ) ≤[
Gb(ω, ϕκ, ϕχ) +Gb(ω, ϕ

2κ, ϕ2χ) +Gb(ϕω, κ, χ) +Gb(ϕω, ϕκ, ϕχ)

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(κ, ϕκ, ϕχ) +Gb(κ, ϕ2ω, ϕ2χ) + 1

]
Gb(ω, κ, χ). (3.7)

for all ω, κ, χ ∈ W and such that

1. there exists at least one fixed point for the mapping ϕ at which every Picard sequence {ωλ} converges.

2. If ω, τ , and σ are three different fixed points for ϕ, then sG(ω, τ, σ) > s
4 .
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Proof: Substituting c=0 and a=1 in Theorem 3.2 2

Corollary 3.2 In a complete Gb-metric space, ϕ : W → W is a mapping that fulfills next conditions:

sGb(ϕω, ϕκ, ϕχ) ≤[
Gb(ω, ϕκ, ϕχ) +Gb(ω, ϕ

2κ, ϕ2χ) +Gb(ϕω, κ, χ) +Gb(ϕω, ϕκ, ϕχ)

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(κ, ϕκ, ϕχ) +Gb(κ, ϕ2ω, ϕ2χ) + 1

]
Gb(ω, κ, χ).

for all ω, κ, χ ∈ W.
Then,

1. there exists at least one fixed point for the mapping ϕ, at which every Picard sequence {ωλ} con-
verges.

2. If ω, τ , and σ are three different fixed points for ϕ, then sGb(ω, τ, σ) >
[s−P ]

4 .

we are giving an example in support of corollary 3.3A.

Example 3.1 Let W =
{
0, 1

3 ,
2
3 , 1

}
. Taking s = 2, and define Gb : W ×W ×W → R+ as

Gb

(
0,

1

3
,
2

3

)
=

(
1

3
,
2

3
, 0

)
= Gb

(
1

3
, 0,

2

3

)
= Gb

(
2

3
,
1

3
, 0

)
= 2, Gb

(
0,

1

3
,
1

3

)
=

5

3

Gb

(
0,

2

3
,
2

3

)
= Gb

(
2

3
,
2

3
, 0

)
=

1

3
, Gb

(
1

3
,
1

3
,
2

3

)
=

2

3

Gb (0, 0, 0) = Gb

(
1

3
,
1

3
,
1

3

)
= Gb

(
2

3
,
2

3
,
2

3

)
= Gb (1, 1, 1) = 0,

Let ϕ : W → W be defined as ϕ(0) = 0, ϕ2( 13 ) = ϕ( 13 ) =
1
3 = ϕ2( 23 ), ϕ(

2
3 ) =

2
3 , ϕ

2(1) = ϕ(1) = 0.

Gb

(
ϕ0, ϕ

1

3
, ϕ

2

3

)
= Gb

(
0,

1

3
,
2

3

)
= 2, Gb

(
0, ϕ2 1

3
, ϕ2 2

3

)
= Gb

(
0,

1

3
,
2

3

)
= 2

Gb

(
ϕ0,

1

3
,
2

3

)
= Gb

(
0,

1

3
,
2

3

)
= 2, Gb

(
ϕ0, ϕ

1

3
, ϕ

2

3

)
= Gb

(
0,

1

3
,
2

3

)
= 2

Gb (ϕ0, ϕ0, ϕ0) = Gb (0, 0, 0) = 0, Gb

(
ϕ0, ϕ20, ϕ20

)
= Gb (0, 0, 0) = 0

Gb

(
1

3
, ϕ

1

3
, ϕ

2

3

)
= Gb

(
1

3
,
1

3
,
2

3

)
=

1

3
, Gb

(
1

3
, ϕ20, ϕ2 2

3

)
= Gb

(
1

3
, 0,

2

3

)
= 2

Now

2.Gb

(
ϕ0, ϕ

1

3
, ϕ

2

3

)
= 2.Gb

(
0,

1

3
,
2

3

)
= 4

4 ≤

[
Gb

(
0, ϕ 1

3 , ϕ
2
3

)
+Gb

(
0, ϕ2 1

3 , ϕ
2 2
3

)
+Gb

(
ϕ0, 1

3 ,
2
3

)
+Gb

(
ϕ0, ϕ 1

3 , ϕ
2
3

)
Gb (0, ϕ0, ϕ0) +Gb (0, ϕ20, ϕ20) +Gb

(
1
3 , ϕ

1
3 , ϕ

2
3

)
+Gb

(
1
3 , ϕ

20, ϕ2 2
3

)
+ 1

]
G

(
0,

1

3
,
2

3

)

4 ≤

[
Gb

(
0, 1

3 ,
2
3

)
+Gb

(
0, 1

3 ,
2
3

)
+Gb

(
0, 1

3 ,
2
3

)
+Gb

(
0, 1

3 ,
2
3

)
Gb (0, 0, 0) +Gb (0, 0, 0) +Gb

(
1
3 ,

1
3 ,

2
3

)
+Gb

(
1
3 , 0,

2
3

)
+ 1

]
G

(
0,

1

3
,
2

3

)
=

2 + 2 + 2 + 2

0 + 0 + 1
3 + 2 + 1

.2 =
48

10
.
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And

2.Gb

(
ϕ
1

3
, ϕ

2

3
, ϕ0

)
= 2.Gb

(
1

3
,
2

3
, 0

)
= 4

sGb(ϕω, ϕκ, ϕχ) ≤[
Gb(ω, ϕκ, ϕχ) +Gb(ω, ϕ

2κ, ϕ2χ) +Gb(ϕω, κ, χ) +Gb(ϕω, ϕκ, ϕχ)

Gb(ω, ϕω, ϕω) +Gb(ω, ϕ2ω, ϕ2ω) +Gb(κ, ϕκ, ϕχ) +Gb(κ, ϕ2ω, ϕ2χ) + 1

]
Gb(ω, κ, χ)

4 ≤

[
Gb

(
1
3 , ϕ

2
3 , ϕ0

)
+Gb

(
1
3 , ϕ

2 2
3 , ϕ

20
)
+Gb

(
ϕ 1

3 ,
2
3 , 0

)
+Gb

(
ϕ 1

3 , ϕ
2
3 , ϕ0

)
Gb

(
1
3 , ϕ

1
3 , ϕ

1
3

)
+Gb

(
1
3 , ϕ

2 1
3 , ϕ

2 1
3

)
+Gb

(
2
3 , ϕ

2
3 , ϕ

20
)
+Gb

(
2
3 , ϕ

2 1
3 , ϕ

20
)
+ 1

]
G

(
1

3
,
2

3
, 0

)
,

4 ≤

[
Gb

(
1
3 ,

2
3 , 0

)
+Gb

(
1
3 ,

2
3 , 0

)
+Gb

(
1
3 ,

2
3 , 0

)
+Gb

(
1
3 ,

2
3 , 0

)
Gb

(
1
3 ,

1
3 ,

1
3

)
+Gb

(
1
3 ,

1
3 ,

1
3

)
+Gb

(
2
3 ,

2
3 , 0

)
+Gb

(
2
3 ,

1
3 , 0

)
+ 1

]
G

(
1

3
,
2

3
, 0

)
,

=
2 + 2 + 2 + 2

0 + 0 + 1
3 + 2 + 1

.2 =
48

10
.

Hence, ϕ fulfills all the conditions of Corollary 3.3A. Moreover, there exists three distinct fixed points
{0, 1

2 ,
1
3} for mapping ϕ and Gb

(
0, 1

3 ,
2
3

)
= 2 > 2

4 .
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