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Classification of the elements of the twisted Hessian curves in the ring F,[e],e? = ¢2

Moha Ben Taleb El Hamam , Abdelhakim Chillali and Lhoussain El Fadil

ABSTRACT: Let Fy denote the finite field of g elements, where ¢ is a prime power. In this paper, we study
the twisted Hessian curves denoted H, 4(Fq[e]) over the ring Fy[e], e is in an algebraic extension of Fy such
that €3 = €2 and (a,d) € (Fqle])2. More precisely, we study some arithmetical properties of this ring and
using the Twisted Hessian equation, we define the twisted Hessian curves H, q(Fqle]). This work study the
twisted Hessian curve helped us to define two twisted Hessian over the finite field ;. We end this paper by
giving the classification of the elements in H, q(Fqle]).
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1. Introduction

Let I, be the finite field of order ¢ = p™ where n is a positive integer and p is a prime number. In [10],
Elhamam et al. studied the binary Edwards curves on the ring Fan[e], e? = e. Furthermore, they studied
the twisted Edwards curves over the ring Fy[e],e? = e (see [8]) and studied the twisted Edwards curves
over the ring F,le],e? = 0 (see [9]). In [1], Bernstein and his coautors have studied the twisted Hessian
curves H, 4(K) defined over a field K. In [6], Grini et al studied the Twisted Hessian curves H, 4(F,[e])
defined over the local ring F,[e] := F,[X]/(X?), where e? = 0 and (a,b) € (F4[e])?. In [7], Elhamam et
al studied the twisted Hessian curves on the ring F,[e] := F,[X]/(X? — X), where €? = e. In the present
work, we study the twisted Hessian curves on the ring F,[X]/(X3 — X?2). Our main objective is the
continuation of our previous work. The motivation for this work is the search for new groups of points
of a twisted Hessian curve over finite rings. The plan of this paper is as follows. In the second section,
we collect some preliminaries. In Section 3, we define the twisted Hessian curves H, q4(F4[e]). The study
of its discriminant and its twisted Hessian equation, allowed us to define two Twisted Hessian curves
Heo(a),mo(d)(Fq) and Hy (q) ., (a)(Fq) defined over the finite field IF,, where my and 7 are two surjective
morphisms of rings defined by:

T F,le] — F,
X0 +xle+x262 — X

and
T F,le] — F,

2

To + 1€+ x0€° = x0+ X1+ X2

After that, in Section 4, we classified the elements of H, 4(F,[e]).
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2. The ring F,[e], e® = €?

Let F, be the finite field of order ¢ = p™ where n is a positive integer and p is a prime number.
The ring Fyle],e3 = €2 can be constructed as an extension of the ring F, by using the quotient ring of
F,[X] by the polynomial X3 — X2. An element X € F,[e] is represented by X = zg + z1e + z2¢? where
(w0, 1,22) € (Fy)3. The arithmetical operations in Fy[e] can be decomposed into operations in F, and
they are computed as follows:

X +Y = (20 + o) + (z1 + y1)e + (v2 + y2)e?,

X Y = (zoyo) + (woy1 + 1y0)e + (z2yo + (z1 + z2)y1 + (w0 + 21 + T2)y2)e?,

where X = x¢ + 716 + x2¢? and Y = yo + y1e + y2e2. We refer the reader to [3], where the authors have
proved the following facts:

1. (Fyle],+,.) is a finite unitary commutative ring.
2. F,le] is an F,-vector space of dimension 3 with F,-basis {1, e, e*}.

3. XY =zoyo+ dxve+ ((zo+ 21 +22) (Yo + y1 +y2) — Zoyo — O xy )e?, where: dxy = (o + 21)(yo +
y1) — ZoYo — L1Y1-

4. X% = 2%+ 6x2e+ ((wo + 11 + 22)? — (w0 + 21)% + 2%)e?, where: dx2 = dxx.
5. X3 = a3 +dxse+((zo+a1+32)3 —(zo+21)3+23+ 32027 )e?, where: dys = (vo+z1)%—23—23 32023

6. Let X = x¢ + z1e + m2€? € Fyle], then X € (F,[e])* if and only if zg # 0 and x¢ + 1 + 22 # 0.
The inverse is given by:

X' = xal - xleQe + (w0 + 21 + x2)71 + x1x52 — xgl)eQ.

7. Let X € F,le], then X is not invertible if and only if X = ze + ye? or X = x + ye — (v + y)e?,
where (z,y) € F2.

8. Fyle] is a non local ring.
9. mg and 71 are two surjective morphisms of rings.

3. Twisted Hessian curves over the ring F,[e], e? = ¢?

Let X,Y, Z, a and d be in the ring Fe], e = e? such that X = zg 4+ z1e+ 202, Y = 3o + y1€ + y2€?,
7 = zo+z1e4+20€2, a = ap+aredase’ and d = do+die+doe? where xg, 1, 2, Yo, Y1, Y2, 20, 21, 22, G0, G1, G2,
do, dy and dy are in F,. We define a twisted Hessian curve over the ring F,[e], as a curve in the projective
space P%(F,[e]), which is given by the equation:

aX]+Y3+ 22 =dXY_Z,

where the discriminant A = a(27a — d?) is invertible in F,[e]. We denote these curves by: H, 4(F,[e]) =
{[X:Y:Z] € P2(Fyle]) : aX®+ Y3+ Z% = dXY Z}.

Proposition 3.1. Let Ag = ag(27ag — d3) and Ay = (ag + a1 + a2)(27(ap + a1 + az) — (do + di + d2)?),
then

A=Ay+ (275a2 — agdgs — ald(?’))e + (Al — Ag — 270,42 + agdys + aldg)ez,
mo(A) = Ag and 71 (A) = Aq.
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Proof. We have:

A = a(27a — d*)

= 27a® — ad®

= 27[a + Sq2e + ((ap + a1 + az)? — (ao + a1)? + a?)e?]
— (ag + are + aze?)[d3 + Sgze + ((do + di + d2)® — (do + di1)? + di + 3dod3)e?]

= 2703 + 270,2¢ + 27(ag + a1 + az)?e? — 27(ap + a1)?e? + 27a3e?® — agdl — (apdys + ards)e—
(a0 + a1 + a2)(dp + di + d2)3€2 + aodge2 + apdgse? + alalge2

= 27a% — apdy + (270,42 — agdgs — ardy)e+
[27(ao + a1 + a2)? — (ap + a1 + az)(do + dy + d2)® — 27(ag + a1)?
+27a% + aod(?’) + agdgs + aldg]e2

= Ag+ (27642 — agdgs — ardy)e + (Ay — Ag — 27042 + apdgs + ard3)e®.

Which gives the results.

Corollary 3.2. A is invertible in Fyle] if and only if Ag # 0 and Ay # 0.

Using Corollary 3.2, if A is invertible in Fy[e], then Hy(4) xo(a)(Fq) and Hy, (), r, (a)(Fq) are two twisted
Hessian curves over the finite field F,, and we notice:

Hoa)mo(a)(Fq) ={[z:y: 2] € PQ(Fq) | apz + 2 4+ 22 = doryz},

Hry(ayma)(Fg) = {[z 1y : 2] € P2(Fy) | (a0 + a1 + a2)a® + y° + 2% = (do + dy + da)zyz}.

Proposition 3.3. Let X, Y and Z in Fyle], then [X : Y : Z] € P%(F,[e]) if and only if [mo(X) : mo(Y) :
7o(Z)] € PA(F,) and [m1(X) : m1(Y) : m1(Z)] € P?(F,).

Proof. Suppose that [X : Y : Z] € P?(F,le]), then there exists (U, V,W) € (F,le])® such that
UX +VY +WZ = 1. Hence for i € {0,1}, we have: m;(U)wi(X) + m;(V)mi (V) + mi(W)mi(Z) = 1, so
(mi(X), m:(Y), m(Z)) # (0,0,0) , which proves that [m;(X) : m;(Y) : m;(Z2)] € P*(F,) .

Reciprocally, let [m;(X) : m;(Y) : m;(Z)] € P?(F,) where i € {0,1}. Suppose that zo # 0, then we
distinguish between two case of zg + 1 + x2:
a) If o + o1 + x2 # 0, then X is invertible in Fyle], so [X : Y : Z] € P%(F,[e]).
b) If g + 21 + @2 =0, then yo + y1 +y2 # 0 or z0 + 21 + 22 # 0.

i) If yo + 1 +y2 # 0, then zg + 16+ (Yo + Y1 + Y2 — 20 — 21)e? = X + €2V € (Fyle])*, so there exists
UeF,e] : UX +e2UY =1, hence [X : Y : Z] € P2(F,e)).

ii) If 20 + 21 + 22 # 0 then X +¢e2Z € (Fyle])* ,so [X : Y : Z] € P*(F,[e]).
In the case where yg # 0 or zy # 0, we follow the same proof.

Let foa(X,Y,Z)=aX?+Y?+ 7% —dXY Z.

Proposition 3.4. Let X, Y and Z in Fyle], then the point [X 'Y : Z] is a solution of the twisted
Hessian equation in Hy q(Fgle]) if and only if [m;(X) : mi(Y) : m,(2)] is a solution of the same equation
in Hy, (), a)(Fq), where i € {0,1} and

xlafao,do(x(])y(]vzo) +ylafao,dg(x07y07zo) +Z18fag,dg($0790;20)

= dizoYoz0 — a175.
o70 5y0 920 1Z0Y0%0 1T
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Proof. We have:

aX?® = (ap + are + ase?)(zo + 1€ + 20€?)?
= (a0 + are + aze?)[g + dxse + ((wo + 1 +22)° — (20 + 21)° + 2] + BzoaT)e’]
= apxf + (aodxs + arzd)e + [(ao + a1 + az)xy + (ao + a1 + az)dxs
+ (a0 + ay + az)(wo + 21 + 22) — (a0 + a1 + az)(wo + 21)° + (a0 + a1 + az)ag

2 3 37,2
+ (ag + a1 + az)xox] — apxy — agdxs — arxyle

= apz) + (adxs + arxd)e + [(ao + a1 + az)(zo + 1 + 22)® — ozl — apdxs — arxfe?,
Y =y +yse+ ((yo +y1 +32)% — (yo +v1)* + 45 + 3yoyi)e?,
7% =zi+bpse+ ((0+ 21+ 22)° — (20 + 21)° + 27 + 32027)e?,
dXY Z = (do + die + dae?)(zo + z1e + 29€?) (Yo + y1e + y2e?) (20 + 216 + 22€7)
= doz0Yo20 + (doToyoz1 + doToy120 + doT1Yoz0 + d1ToYozo)e+
[(do + d1 + d2)(zo + 21 + 2)(yo + Y1 + y2)(20 + 21 + 22) — doToyozo — doToYoz1
— dozoy120 — dox1yoz0 — diToyoZole’,
0 fa,a(X,Y,Z) = C + Be + Ae?, with:

C = apzy + Y3 + 25 — dow0Y020 = fag.do (0, Y05 20)s
afamdo + afamdo T+ afamdo ,
Oxo Ao 029
A= faotartaz,dotdi+ds(To + 21+ 22,90 +y1 +y2,20 + 21 + 22) — B —C.

Or {1,e,e?} a basis of the F,-vector space F,[e], then: aX? +Y? + Z3 = dXY Z if and only if
e aoxy + yj + 25 = dozoyozo,
e (ap + a1 + az)(zo + 1 + x2)3 + (yo +y1 + y2)3 + (20 + 21 + Z2)3 = (do + di + d2)(x0 + x1 + 22)(yo +
y1 +y2)(z0 + 21 + 22) and
afao,do afao,do + 2 afao,do

*n 81‘0 +y1 8y0 820

B = alxg — d1xoYoz0 + T1

— 3
= dlxoyozo — a1xg.

From the Propositions 3.1, 3.3 and 3.4, we deduce the next theorem.

Theorem 3.5. Let X, Y and Z in Fyle], then
(X Y : Z] € Hya(Fyle]) if and only if [n;(X) : (V) : mi(2)] € Hr,(a),mi(a)(Fq), for i € {0,1}, and
B =0.

Corollary 3.6. Fori € {0,1}, the mapping 7; given by:

T Hmd(Fq [6]) — Hﬂ'i(a),ﬂ'i(d) (Fq)
(X:Y:Z] — [mX):m(Y):m(2)]
is well defined.
Proof. From the previous theorem, we have [m;(X) : m;(Y) : m;(Z)] € Hr,(a),m(a)(Fq)-
If[X:Y :Z]=[X":Y':Z], then there exists A € (Fy[e])* such that: X' = X, Y’ =AY and Z' = \Z,
then:
7(X Y Z)) = [m(X) (Y s mi(2))]

[ (M) (X) : mi(N)mi (V) 2 mi(N)mi(Z)]

Wi(A)E(]Fq)X
=[mi(X) :m(Y) : mi(2)]
=1 ([X:Y: Z]).
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4. Classification of elements in H, 4(F,[e])

Let H,a(F,le]) be the twisted Hessian curve aX? + Y3 + Z3 = dXY Z over the ring F,[e]. In the
following, we assume that —3 is not a square in F,, and in this section we will classify the elements of the
twisted Hessian curves, into three types, depending on whether the projective coordinate X is invertible
or not. We have;

Proposition 4.1. The elements of Hy q(Fg4le]), are of the form:

1. [1:Y: 7],

2.0:-1:1],

3. [x1e+mae? 1 1: =14 z1e + 29€?],

4. [r1e + 22€? 1 =1+ yre + yae? : 1],

5. [r1 4+ z9e — (v1 +m2)e? 1 1 =1 — 21 — 29 + 216 + 22€2],
6. (21 + z0e — (21 + 22)e? 1 =1 —y1 — yo + y1e + yoe? : 1].

Proof. Let P = [X :Y : Z] € Hqa(F,le])), where X = zg + z1e + x2e?, Y = yo + y1e + y2€® and

Z = 20 + z1e + 2062,

We have two cases of the projective coordinate X:
1) the first case; if X is invertible, then: [X : Y : Z] ~[1:Y : Z].
2) the second case; if X is no invertible, in this case we have:
i) X = 11e + x2e?, where (z1,22) € IF%, then
eifx; =a5=0,then [X:Y:Z]=[0:-1:1].
o if £ # 0 or x5 # 0:
a) if Y invertible, then
[X:Y:Z]~[z1e +22e® 1 1: =1+ 21 + 2067,

From the curve equation, Y and Z are symmetric, so we also have this types elements:

(XY : 2]~ [zre+22e?: =1 +yre + yoe? - 1].

b) if Y is not invertible, then we have:
Assume that: Y = yie + y2€2, then

[X:Y:Z] ~[r1e+ xoe? tyre + yoe? 2o + 216 + 2262].

We have:
7o([z1e + zae® s yre + yoe® 1 20 4+ z1e + 20€%]) = [0: 0 : 2],

then zg = 0, so
7o([z1e + o€ s yre + yae? 1 20 + 216 + 22€%]) = [0: 0: 0]

which is absurd. Therefore, Y = y; + y2e — (y1 + y2)e? i.e:
[X:Y :Z] ~ [z1e + 22€® : y1 4+ yoe — (y1 + y2)e? : 20 + z1e + 20€7].

We have:
To([x1e + m2e® 1 y1 4+ yoe — (y1 +y2)e? : 20 + z1e + 22€%]) = [0 : y1 : 2],

then y; = —1 and 29 = 1, so
[X:Y :Z]~[zre+x2e?: =14+ yge — (=1 +1y2)e? 1 1 + z1e + 20¢?)].
According to the twisted equation, Z is not invertible which implies

[X:Y:Z]~ [r1e+22€® : =1 +yoe — (=1 +ya)e? : 1+ z1e — (1 + 21)€?],



6 M. B. T. EL. HaAMAM, A. CHILLALI AND L. EL FADIL

we have:
71([xre + xae? : =14+ yoe — (1 +y2)e? : 1+ z1e — (1 + 21)e?]) =[xy +22:0: 0],
then 1 + x5 = 0 i:e:
Ti([zre+ 22e® : =1+ yoe — (—14y2)e® 1 1+ z1e — (1 + 21)€’]) = [0: 0: 0],

which is impossible.

ii) X =21 + 20e — (21 + 22)e?, where (11, 22) € IE‘Z, then
eifry =x2=0,then [X:Y:Z]=[0:-1:1].

e if x1 # 0 or xo # 0:

a) if Y invertible, then

[X:Y:Z]N[x1—|—x26—(x1+x2)62:1:—1—z1—z2—|—zle—|—z262].

Likewise as Y and Z are symmetric, we have this types elements:
[X:Y:Z]~ [z 4+ 20e — (x1 + 22)e? : =1 —y1 —y2 + y1e +yoe? o 1.

b) if Y is not invertible, in this case we have
Assume that: Y = yie + y2e2, then

[X:Y :Z] ~ 21+ 20e — (x1 + 22)e? : yre + yoe? : 2o + z1€ + 20€?)].

According to twisted equation Z is not invertible which implies that:
Z = z1e+ ze? or Z = 21 + 20e — (21 + 22)e? ie:

7o([x1 + xoe — (x1 + z2)€? s yre + yae® : z1e + 20€%]) = [x1 : 0 : 0]

or
1 ([x1 + x2e — (1 + x2)62 cyre 4+ yoe? : 21 + 20 — (z1 + 22)62]) =[0:y1 +y2:0],

which is absurd. So Y = y; +yie — (y1 + y2)e?, then
[X:Y:Z]~ [21 4+ 20e — (z1 +22)e? s y1 +yre — (y1 +yo)e? 1 20 + 21e + 22€7],
we have:
71([x1 + zoe — (x1 + 22)e? 1 y1 +y1e — (Y1 +y2)e® : 21 + zoe + 20€%]) = [0:0: 21 + 22 + 29,

which is impossible.

From this proposition, we put:
Gi={[1:Y:Z]|a+Y3+2Z%=dYZ},
Go={[rreda0e?:1: =1+ z1e+20€%] | [m1 + 20 :1: =14+ 21 + 2] € Hr\ (a),71(d)(Fq) and B = 0},
Gy = [xle+x262 s =14 yie+yoe?: | [rr+2e: =14y +y2: 1] € Hy (a),r,(a)(Fq) and B = 0},
Gy = {[z1 +20e — (21 +22)e? 1 1: =1 — 21 — 20 + 216 + 20¢%] |
[£1:1: =1 — 21 — 2] € Hry(a),ro(a)(Fq) and B = 0},
Gs = {[r1 + 29e — (21 + 22)e* : =1 —y1 — y2 +y1e +y2e? : 1] |
[£1: =1 =91 —yo : 1] € Hr(4),m0(a)(Fg) and B = 0}.

We deduce the following corollaries.
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Corollary 4.2. H, 4(Fyle]) = G1 UG UG3 UG, UG5 U{[0: —1:1]}.
Corollary 4.3. 7 is a surjective mapping.

Proof. Let [z :y: 2] € Hr\(a)x(a)(Fq), then
eifx =0, then [x:y:2z] ~[0:—1:1]; hence [0:—1:1] is an antecedent of [0 : —1: 1].
eifx#0,then [x:y:z]~[l:y:z]
Let P=[l+zie—(14+z)e? :y+ (-1—y+y)et+yie’: 2+ (1 — 2z — z1)e + z1€?] € Hy a(F,le]),
fto(P) = [1 ‘Y- Z] € Hﬂo(a),wo(d)(Fq)
and
we have: ﬁl(P) = [0 :—1: ].] S Hﬂ.l(a),.,rl(d) (Fq)
and
B = a); — dlyz + 1 (3&0 — doyz) + y1(3y2 — d()Z) + 21(322 — d()y)
Hence there exists (z1,y1,21) € (F,)? such as B = 0. In fact, 3ag — doyz, 3y* — doz and 3z — doy are
not all zero. Then there is an antecedent of [1:y : z].

Corollary 4.4. 71 is a surjective mapping.

Proof. Let [z :y: z] € Hr (4)x (a)(Fq), then
eifx =0, then [x:y:2z] ~[0:—1:1], hence [0: —1:1] is an antecedent of [0 : —1: 1].
oif 2 #£0, then [z :y:2] ~[l:y:2], hence [e? : =1 +e+ye?:1— e+ ze?] is an antecedent of [1:y : z].

O

5. Conclusion

In [7], the authors found a bijection between the sets H, 4(Fy[e]) and Hy(a),xo(a) (Fq) X Hr, ()7, (@) (Fq)
over the ring F,[e], where e = e. In this work, we studied the twisted Hessian curves denoted H, 4(F,[e])
over the ring F,[e], where e® = e? and (a, d) € (F,[e])?. Furthermore, we gave a classification of elements
in the twisted Hessian curves H, 4(F,[e]) and we conclude that we have not a bijection between the sets
Hg.a(Fyle]) and Hyj(a),ro(a)(Fq) X Hr,(a),m(a)(Fq). Thus, we suggestion the following open question,
which has relation ship with cryptography, is there a cyclic subgroup G of H, 4(F,[e]) such that, G ~
Hﬂg(a),ﬂ'o(d) (Fq) X le(a),wl(d) (Fq) Then, in this case, Ha7d(Fq[€]) and Hﬂ’o(a),ﬂ'o(d) (Fq) X Hﬂ’l(a),ﬂ'l(d) (Fq)
have the same discrete logarithm problem.
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