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Nonlocal Elliptic Problems on Compact Riemannian Manifold

A. Ouaziz and A. Aberqi

abstract: In this paper, we investigate the existence and uniqueness of a non-trivial solution for a class
of nonlocal equations involving the fractional p-Laplacian operator defined on compact Riemannian manifold,
namely, {

(−∆g)spu(x) + |u|p−2 u = f(x, u) in Ω,
u = 0 in M \ Ω,

(0.1)

and Ω is an open bounded subset of M with a smooth boundary.

Keywords:Non-linear fractional elliptic equation, weak solution, existence and uniqueness, Rieman-
nian manifold.
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1. Introduction

Non-local operator problems have recently received a lot of attention in the literature. A good amount
of investigation have focused on the existence and regularity of solutions to such problems governed by the
fractional Laplacian in Euclidean space Rn, see for instance [13,22,23,24,26,28,29,31]. For the prototype
form (−∆)s, 0 < s < 1, which is the infinitesimal generator of the s-stable Lévy processes [4], the
associate equation was treated by R. Servadei and E. Valdinoci in reference [31] by proving the existence
of a solution to the following problem:{

(−∆)su(x) = f(x, u) in Ω,
u = 0 in RN \ Ω, (1.1)

where (−∆)s is a non- local operator defined as follow:

(−∆)s(u(x)) = C(N, s)PV

∫
RN

u(x)− u(y)

|x− y|N+ps
dy,

see for instante the reference [31] for more details. For the non-linear involving the p-fractional Laplacian
which is defined by

(−∆)spu(x) = 2 lim
ε→0+

∫
RN\Bε(x)

|u(x)− u(y)|p−2
(u(x)− u(y))

|x− y|N+ps
dy,

where sp < N with s ∈ (0, 1), p ∈ (1,∞),Ω is an open bounded subset of RN with smooth boundary and
Bε(x) the ball of RN of center x and radius ϵ, we refer to [13,22,23,24,26,28,29]. This type of problem
arises in many applications such as continuum mechanics, phase phenomena [15], population dynamics,
game theory , crystal dislocation [18], optimization, finance [14,19], stratified materials, conversation
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laws and minimals surfaces [9,11,12,30].
For the framework of the above problems on the open set of N -dimensional, real Euclidean space RN ,
we recommend [10,17].
Here, in this paper, we are interested in the non-Euclidian case, i.e., the case of Riemannian manifold,
and the treatment of non-linear fractional operators defined on Riemannian manifold defined as follow:

(−∆g)
s
pu(x) = 2 lim

ε→0+

∫
M\Bε(x)

|u(x)− u(y)|p−2
(u(x)− u(y))

(dg(x, y))N+ps
dµg(y),

for x ∈ M , where M is a compact Riemannian N−manifold, dµg(y) =
√
det(gij)dy is the Riemannian

volume element on (M, g), Bε(x) denotes the geodessic ball of centre x and radius ϵ, dy is the Lebesgue
volume element of RN, dg(x, y) defines a distance on M, and g a C∞ Riemannian metric, see the reference
[5] and section 2 for more information. Consider the following non-linear problem with lower order:{

(−∆g)
s
pu(x) + |u|p−2

u = f(x, u) in Ω,
u = 0 in M \ Ω, (1.2)

where N > ps with s ∈ (0, 1), p ∈ (1,∞), and Ω is an open bounded subset of M with smooth
boundary ∂Ω, f : Ω× R → R is a Carathéodory function satisfying the following conditions:

(f1) There exist β > 0 and 1 < q < p∗s = Np
N−ps such that

|f(x, t)| ≤ β(1 + |t|q−1
),

for a.e. x ∈ Ω, t ∈ R.

(f2) For 1 < q < p∗s, we have

lim
t→∞

f(x, t)

|t|q−1 = 0 uniformly for a.e x ∈ Ω.

(f3)

lim
ζ→0

f(x, ζ)

|ζ|p−1 = 0 uniformly for a.e x ∈ Ω;

(f4) (AR condition) There exists µ > p such that

0 < µF (x, t) ≤ tf(x, t) for a.e x ∈ Ω and t > 0,

where F (x, t) =

∫ t

0

f(x, s)ds.

(f5) The function h : Ω× (0, ∞) → R+ as

h(x, t) =
f(x, t)

tp−1

is decreasing in (0,∞) for a.e x ∈ Ω.

Example 1.1 For c > 0, the function f(x, t) = c |t|p exp(−t) satisfying the above conditions.

Remark 1.1 The conditions (f1)–(f4) are used to prove the solution’s existence, with the auxiliary con-
dition (f5) proving the solution’s uniqueness.

Our goal in this paper is to prove the existence and uniqueness of a non-trivial solution, via variational
methods in the framework of fractional Sobolev space on Riemannian manifold, in which, we extend
the results proved in references [5,3,13,24,16,25,27,32] in the non-Euclidean case, this generates some
complications due to the non locality character of the operator, that is having a well defined Dirichlet
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problem in the non-local framework. So it is not enough to prescribe the boundary condition ∂Ω, since
to compute the value of (−∆g)

s
pu(x) at x ∈ Ω, we need to know the value of u(x) in the whole M . Other

complications are due to the non-Euclidean framework of our equation. For that, checking for example
the density of Shwartz space D(M) in W s,p(M), it’s not useful to consider a function C∞ on R, as in
the proof of Euclidean case, because for Riemannian manifold [d(P,Q)]2 is only Lipschitz function in M
and in Q ∈ M , P being fixed point of M . For more functional properties of Sobolev space to compact
Riemannian manifold, we refer to [5,7,21]. In addition, another challenge is to verify that the chosen test
functions are admissible.

The rest of this paper is structured as follows: In section 2 we recall some Definitions, Lemmas, and
Theorems, that will help us in our analysis. In section 3 we will prove the existence of a non-trivial
solution using the Mountain Pass Theorem, and in section 4, we will show the uniqueness of a non-trivial
solution of our problem.

2. Background Material

First of all, we recall the most important and relevant properties and notations, by referring to
[1,2,5,8,21] for more details.

Definition 2.1 Let (M, g) be an N -dimensional Riemannian manifold and let ∇ be the Levi-Civita
connection. For u ∈ C∞(M), then ∇ku denotes the k−th covariant derivative of u. In local coordinates,
the pointwise norm of ∇ku is given by∣∣∇ku

∣∣ = gi1j1 · · · gikjk(∇ku)i1i2...ik(∇ku)j1j2...jk .

When k = 1, the components of ∇u in local coordinates are given by

(∇u)i = ∇iu

. By definition, one has that

|∇u| =
∞∑

i,j=1

gij∇iu∇ju.

Definition 2.2 Let (M, g) be an N -dimensional Riemannian manifold and
γ : [a, b] ⊂ R −→M a curve of class C1, the length of c is

l(γ) =

∫ b

a

(g(γ′(t), γ′(t)))
1
2 dt.

Definition 2.3 Let (M, g) be an N−dimensional Riemannian manifold, and let C1
x,y be the space of

piecewise C1 curves γ : [a, b] ⊂ R −→ M such that γ(a) = x and γ(b) = y. The distance between x and
y is defined by

d(x, y) = inf{l(γ), γ is a differentiable curve connecting x and y }.

Remark 2.1 Let (M, g) be an N -dimensional Riemannian manifold, then (M, g) is a metric space.

Definition 2.4 Consider X to be a topological space, and U = {Ui, i ∈ I} to be an open covering of X. A
subordinate to U is a family of finite functions that satisfy two conditions,

∑
i∈I ηi = 1 and Supp ηi ⊂ Ui.

Theorem 2.1 [5]. Let X be a paracompact differential manifold and let Ui be an open cover of X, then
there exists a locally finite partition of class C∞(X) in X, subordinate to Ui.

Definition 2.5 Let (M, g) be an N -dimensional Riemannian manifold, (Ωi, φi)i∈I an atlas of M and
(Ωi, φi, ηi) a partition of a subordinate to (Ωi, φi)i∈I . We can define the Riemannian measure as follows
u :M −→ R with compact support by∫

M

u(x)µg(x) =
∑
k∈J

∫
φk(Ωk)

(√
det(gij)ηku

)
◦ φ−1

k (x)dx,



4 A. Ouaziz and A. Aberqi

where gij , i, j ∈ I are the components of the Riemannian metric g in the chart (Ωi, φi) and dx is the
Lebesgue volume element of RN.

Let 0 < s < 1, and 1 < p < ∞ be real numbers. The fractional Sobolev space W s,p(M) is defined as
follows: It is endowed with the natural norm

∥u∥W s,p(M) =

(∫
M

|u(x)|p dµg(x) + [u]pW s,p(M)

)1/p

,

with

[u]W s,p(M) =

(∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y)

)1/p

,

where [u]W s,p is the Gagliardo semi-norm.
Let us denote by W s,p

0 (M) the closure of C∞
0 (Ω) in W s,p(M). Notice that W s,p

0 (M) and W s,p(M) are
reflexive and separable Banach spaces, for all 0 < s < 1 < p <∞. We refer to [24] for more details.

Lemma 2.1 [24] Let (M, g) be an N -dimensional Riemannian manifold. Then,

(1) There exists a positive constant C1 = C1(N, p, q, s) such that for any
u ∈W s,p

0 (M) and 1 ≤ q ≤ p∗s,

∥u∥pLq(M) ≤ C1

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y).

(2) There exists a constant C̃ = C̃(N, p, q, s) such that for any
u ∈W s,p

0 (M), ∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y) ≤ ∥u∥pW s,p(M)

≤ C̃

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y).

Consequentially, the space W s,p
0 (M) is continuously embedded in Lq(M) for any q ∈ [p, p∗s], where p

∗
s is

a critical exponent defined by:

p∗s =

{
Np

N−sp if sp < N,

∞ if sp ≥ N.

Definition 2.6 We say that a functional ψ satisfies the Palais-Smale condition in W s,p
0 (M), if for any

sequence un ⊂ W s,p
0 (M) such that ψ(un) → c and ψ′(un) → 0 in W s,p

0 (M)∗ as n → ∞, then un admits
a convergent subsequence.

Lemma 2.2 [6] (Fractional Picone inequality). Let u, v ∈ W s,p
0 (M) with u > 0. Assume that (−∆g)

s
pu

is a positive bounded Radon measure in Ω. Then∫
Ω

vp

up−1
(−∆g)

s
pudµg(x) ≤ ∥v∥pW s,p(M).

Remark 2.2 We will use Picone’s Lemma to show that the functions of type
vp

up − 1
and

up

vp − 1
are

admissible test functions, which play a crucial role in the uniqueness part.



Nonlocal Elliptic Problems on Compact Riemannian Manifold 5

3. Main Results

In this section, we study the existence of a non-trivial weak solution of problem (1.2).

Definition 3.1 A function u ∈W s,p
0 (Ω) is said to be a weak solution of problem (1.2), if∫∫

M×M

|u(x)− u(y)|p−2
(u(x)− u(y))(v(x)− v(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

+

∫
M

|u(x)|p−2
u(x)v(x)dµg(x) =

∫
Ω

f(x, u(x))v(x)dµg(x),

for any v ∈W s,p
0 (M).

In the following, we will prove the existence of a non-trivial solution for the case where q ∈ (1, p).

Theorem 3.1 Under assumptions (f1)–(f3). If 1 < q < p, then the problem (1.2) has a non-trivial weak
solution in W s,p

0 (M).

The energy functional in W s,p
0 (M) is defined by

ψ(u) =
1

p

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y) +

1

p

∫
M

|u(x)|p dµg(x)

−
∫
Ω

F (x, u(x))dµg(x)

:= I1(u) + I2(u)−K(u),

where F (x, t) =

∫ t

0

f(x, s)ds.

The energy functional is C1(W s,p
0 (M),R), as we will show in the following two lemmas.

Lemma 3.1 Suppose that (f1) is true, then the functional K ∈ C1(W s,p
0 (M),R) and

⟨K ′(u), v⟩ =
∫
Ω

f(x, u)vdµg(x), for all u, v ∈W s,p
0 (Ω).

Proof: Let u, v ∈W s,p
0 (M), x ∈M and 0 < t < 1, we have

1

t
(F (x, u+ tv)− F (x, u)) =

1

t

∫ u+tv

0

f(m, s)ds− 1

t

∫ u

0

f(m, s)ds

=
1

t

∫ u+tv

u

f(m, s)ds.

By the mean value theorem, there exists a 0 < z < 1 such that

1

t
(F (x, u+ tv)− F (x, u)) = f(x, u+ ztv)v.

We use the (f1) and Young’s inequality, we obtain

|f(x, u+ ztv)v| ≤ β|1 + |u+ tzv|q−1|v|

≤ β|1
q
|v|q + 1

q′
+

1

q′
|u+ tvz|q + 1

q
|v|q|

≤ β(2|v|q + 1 + 22(|v|q + |u|q))
≤ β2q+1(1 + |u|q + |v|q),
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where q′ is the conjugate of q. Lebesgue’s dominated convergence Theorem implies

lim
t→0

1

t
(K(u+ tv)−K(u)) = lim

t→0

∫
Ω

f(x, u+ ztv)vdµg(x)

=

∫
Ω

lim
t→0

f(x, u+ ztv)vdµg(x)

=

∫
Ω

f(x, u)vdµg(x).

Let un, u ∈ W s,p
0 (M) be such that un → u strongly in W s,p

0 (M) as n → ∞. According to Lemma 2.1,
there exists a subsequence of {un} still denoted by {un} such that un → u a.e. in Ω. Since 1 < q < p∗s,
we use the Lemma 2.1, Hölder’s inequality and (f1), to get∫

Ω

|f(x, un)|q
′
dµg(x) ≤ 2

q+1
q−1 β

q+1
q−1

(
∥un∥q∥

L
p∗s
q (Ω)

∥1∥
L

p∗s
p∗s−q (Ω)

+ µ(Ω)
)

≤ C(µ(Ω))
p∗s−q

p∗s + Cµ(Ω) ≤ C(q, β,Ω),

(3.1)

where µ(Ω) denotes the volume of set Ω and q′ is the conjugate of q. It follows from inequality 4 that, the
sequence |f(x, un)−f(x, u)|q′ is uniformly bounded and equi-integrable in L1(Ω). The Vitali convergence
Theorem implies

lim
n→∞

∫
Ω

|f(x, un)− f(x, u)|q′dµg(x) = 0.

Thus, by Lemma 2.1 and Hölder’s inequality, we have

∥K ′(un)−K ′(u)∥W s,p
0 (M)∗ = sup

v∈W s,p
0 (Ω), ∥v∥W

s,p
0 (Ω)≤1

∥⟨K ′(un)−K ′(u), v⟩∥

≤ ∥f(x, un)− f(x, u)∥Lq′ (Ω)∥v∥Lq(Ω)

≤ ∥f(x, un)− f(x, u)∥Lq′ (Ω) → 0,

as n→ ∞, where W s,p
0 (M)∗ denotes the dual space of W s,p

0 (M). 2

Lemma 3.2 The functional I1 + I2 ∈ C1(W s,p
0 (M),R) and

⟨(I1 + I2)
′(u), v⟩ =

∫
M

|u(x)|p−2u(x)v(x)dµg(x)

+

∫∫
M×M

|u(x)− u(y)|p−2
(u(x)− u(y))(v(x)− v(y))

(dg(x, y))N+ps
dµg(x)dµg(y),

for all u, v ∈W s,p
0 (M).

Proof: Let u, v ∈W s,p
0 (M) we have

⟨(I2)′(u), v⟩ = lim
t→0

1

t
(I2(u+ tv)− I2(u))

=
1

p
lim
t→0

1

t

∫
M

(|u(x) + tv(x)|p − |u(x)|p)dµg(x).

We consider the function defined by K : [0, 1] → R as

K(y) = |u(x) + tyv(x)|p.

According to the mean value Theorem, there exists a 0 < z < 1 such that

1

p

|u(x) + tv(x)|p − |u(x)|p

t
= |u(x) + ztv(x)|p−2(u(x) + ztv(x))v(x).
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We apply the mean value Theorem dominate, we get

⟨(I2)′(u), v⟩ =
∫
M

|u(x)|p−2u(x)v(x)dµg(x).

Similarly, we have

⟨(I1)′(u), v⟩ =
∫∫

M×M

|u(x)− u(y)|p−2
(u(x)− u(y))(v(x)− v(y))

(dg(x, y))N+ps
dµg(x)dµg(y)·

Let u, v ∈W s,p
0 (M), by Hölder’s inequality, we have

⟨(I1 + I2)
′(u), v⟩ =

∫
M

|u(x)|p−2u(x)v(x)dµg(x)

+

∫∫
M×M

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

≤
∫
M

|u(x)|p−1v(x)dµg(x)

+

∫∫
M×M

|u(x)− u(y)|p−1(v(x)− v(y))

(dg(x, y))
(N+ps)( p−1

p )(dg(x, y))
(N+ps) 1

p

dµg(x)dµg(y)

≤
(∫∫

M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y)

) p−1
p

×
(∫∫

M×M

|v(x)− v(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y)

) 1
p

+

(∫
M

|u(x)|pdµg(x)

) p−1
p
(∫

M

|v(x)|pdµg(x)

) 1
p

·

Finally, we obtain ψ ∈ C1(W s,p
0 (M),R) and

⟨(ψ)′(u), v⟩ =
∫
M

|u(x)|p−2u(x)v(x)dµg(x)

+

∫∫
M×M

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

(dg(x, y))N+ps
dµg(x)dµg(y)·

2

Now, we will show that the energy functional ψ is weakly lower semi-continuous, and coercive.

Lemma 3.3 Assume (f1) holds. Then the functional ψ is weakly lower semi-continuous.

Proof: Let {un} ⊂W s,p
0 (M), such that un ⇀ u weakly inW s,p

0 (M) as n→ ∞. Because I1+I2 is convex
functional, we concluded that the following inequality holds

(I1 + I2)(un) > (I1 + I2)(u) + ⟨((I1 + I2)
′(u), un − u)⟩.

Then we get that ((I1 + I2)(u) ≤ lim infn→∞(I1 + I2)(un).
Since un ⇀ u weakly in W s,p

0 (M), we get that un → u strongly in Lq(Ω). Without loss of generality, we
assume that un → u a.e in M. Similar to the proof of the Lemma 3.1, we obtain

lim
n→∞

∫
Ω

F (x, un)dµg(x) =

∫
Ω

F (x, u)dµg(x).

As a result, ψ is weakly lower semi-continuous in W s,p
0 (M). 2
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Finally, by applying condition (f1), we can get |F (x, z)| < 2β(1 + |z|q), and by applying Lemma 2.1, we
can get

ψ(u) =
1

p

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y) +

1

p

∫
M

|u(x)|p dµg(x)

−
∫
Ω

F (x, u(x))dµg(x)

≥ 1

p

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y)−

∫
Ω

F (x, u(x))dµg(x)

≥ 1

p
∥u∥p

W s,p
0 (M)

− 2βC
q
p

1 ∥u∥q
W s,p

0 (M)
− 2βµ(Ω).

Since q < p, we have ψ(u) → ∞ as ∥u∥W s,p
0 (M) → ∞. Since ψ is weakly lower semi-continuous, it has a

minimum point u0 in W s,p
0 (M), and u0 is a weak solution of problem (1.2). This completes the proof of

Theorem 3.1.
Now, we will prove our second result, the existence of a weak solution in the case q ∈ (p, p∗s). We will use
the geometric Mountain Pass Theorem.

Theorem 3.2 Let f be a function satisfying conditions (f1)–(f4) then the problem (1.2) has a weak
solution for p < q < p∗s.

We must prove the following Lemmas in order to prove Theorem 3.

Lemma 3.4 The functional ψ satisfies the Palais-Smale condition.

Proof: Let un ⊂ W s,p
0 (M) be such that ψ(un) → c and ψ′(un) → 0 in W s,p

0 (M)∗ as n → ∞, so for n
large we have c+ 1 + ∥u∥W s,p

0 (M) ≥ ψ(un)− 1
µ |⟨ψ

′(un), un⟩| with µ > 0. By assumption (f1) yields

c+ 1 + ∥un∥W s,p
0 (M) ≥ ψ(un)−

1

µ
|⟨ψ′(un), un⟩|

=
1

p
∥un∥pW s,p

0 (M)
+

1

p
∥un∥pLp(M) −

∫
Ω

F (x, un(x))dµg(x)

− 1

µ
(∥un∥pW s,p

0 (M)
+ ∥un∥pLp(M)) +

1

µ

∫
Ω

f(x, un(x))un(x)dµg(x)

≥ (
1

p
− 1

µ
)∥un∥pW s,p

0 (M)
.

Since W s,p
0 (M) is uniformly convex space, then there is a subsequence that will be noted as (un) such

that un ⇀ u weakly in W s,p
0 (M). We use the Hölder’s inequality, we have

([un]
p−1
s,p − [u]p−1

s,p )([un]s,p − [u]s,p) = [un]
p
s,p + [u]ps,p − [un]

p−1
s,p [u]s,p − [u]p−1

s,p [un]s,p

≤
∫∫

M×M

|un(x)− un(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y)

+

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y)

−
∫∫

M×M

|un(x)− un(y)|p(un(x)− un(y))(u(x)− u(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

−
∫∫

M×M

|u(x)− u(y)|p(u(x)− u(y))(un(x)− un(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

= Bn.
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Now, we will show that Bn → 0 as n→ ∞. We have,

⟨(ψ)′(un)− ψ)′(u), un − u⟩ = Bn +

∫
M

(un − u)(|un(x)|p−2un − |u(x)|p−2u)dµg(x)

+

∫
M

(un − u)(f(x, un)− f(x, u))dµg(x).

Since un ⇀ u as n → ∞ in W s,p
0 (M). According to Lemma 1, we have un → u strongly in Lq(M),

for all q ∈ [p, p∗s[, and un → u a.e in M. By Theorem 3.32 [5], there exists a sub-sequence noted by
un, h1 ∈ Lq(M) and h2 ∈ Lq(M) such that

|un(x)| ≤ h1(x), |u(x)| ≤ h2(x) a.e in M,

for all q ∈ [p, p∗s[. From Hölder’s inequality, we get∫
M

(un − u)(|un(x)|p−2un − |u(x)|p−2u)dµg(x)

≤
∫
M

(un − u)|un(x)|p−1dµg(x) +

∫
M

(un − u)|u(x)|p−1dµg(x)

≤
∫
M

|un − u||h1|p−1dµg(x) +

∫
M

|un − u||h2|p−1dµg(x)

≤ ∥un − u∥Lp(M)(∥h1∥p−1
Lp(M) + ∥h2∥p−1

Lp(M)).

We also apply Hölder’s inequality and the assumption (f1) we obtained

|
∫
M

(f(x, un)− f(x, u))(un − u)dµg(x)|

≤
∫
M

|un − u||f(x, un)|dµg(x) +

∫
M

|un − u||f(x, u)|dµg(x)

≤
∫
M

β|un − u|dµg(x) +

∫
M

|h1|q−1β|un − u|dµg(x))

+

∫
M

|h2|q−1β|un − u|dµg(x) +

∫
M

β|un − u|dµg(x)

≤ β(∥h1∥q−1
Lq(M) + ∥h2∥q−1

Lq(M))∥un − u∥Lq(M)

+ 2β∥1∥
L

p
p−1 (M)

∥un − u∥Lp(M).

Since un ⇀ u as n → ∞, we have Bn → 0 as n → ∞. Finally, we find that un → u strongly in
W s,p

0 (M). 2

Lemma 3.5 Let f be a function satisfying the conditions (f1) and (f3). Then there are two positive real
numbers, a and b, such that ψ(u) ≤ a and ∥u∥W s,p

0 (M) = b, for all u ∈W s,p
0 (M) and p < q < p∗s.

Proof: Let’s combine the two conditions (f1) and (f3). There exists a C > 0 such that

F (x, t) ≤ ε|t|p + C|t|q, for all ε > 0.

As a result, we have

ψ(u) =
1

p

∫∫
M×M

|u(x)− u(y)|p

(dg(x, y))N+ps
dµg(x)dµg(y) +

1

p

∫
Ω

|u(x)|p

(dg(x, y))N+ps
dµg(x)

−
∫
Ω

F (x, u(x))dµg(x)

≥ 1

p
∥u∥p

W s,p
0 (M)

− εC1(p, q)∥u∥pW s,p
0 (M)

− CC1(p, q)∥u∥qW s,p
0 (M)

.
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If we take ε = 1
2pC1

, we have

ψ(u) ≥ 1

2p
∥u∥p

W s,p
0 (M)

− CC1(q, p)∥u∥qW s,p
0 (M)

= ∥u∥p
W s,p

0 (M)
(
1

2p
− CC1(q, p)∥u∥q−p

W s,p
0 (M)

)

= bp(
1

2p
− CC1(q, p)b

q−p) =: a.

2

Lemma 3.6 If f satisfying conditions (f1) and (f4), if p < q < p∗s, then there exists a v ∈W s,p
0 (M) such

that ∥v∥W s,p
0 (M) ≥ b and ψ(v) < 0.

Proof: We apply the condition (f4), we have

F (x, tv) ≥ tµF (x, v), for t ≥ 1.

Consequently, we have

ψ(tv) =
tp

p
∥u∥p

W s,p
0 (M)

+
tp

p
∥u∥pLp(M) −

∫
Ω

F (x, tv)dµg(x)

≤ tp

p
(∥u∥p

W s,p
0 (M)

+ C∥u∥p
W s,p

0 (M)
−
∫
Ω

F (x, tv)dµg(x)

≤ C ′ t
p

p
∥u∥p

W s,p
0 (M)

− tµ
∫
Ω

f(x, v)dµg(x).

As µ ≥ p ≥ 1, we have ψ(tv) → −∞ as t → +∞. So there exists t0 > 0 large enough such that
∥u∥p

W s,p
0 (M)

> b and ψ(t0u) < 0. We take v = ut0 with large enough we get the result. Conclusion: From

lemmas (3.4)-(3.6) and ψ satisfies the Mountain Pass Theorem, ψ admits a critical value u; however, this
u is a weak solution to the problem (1.2). As a result, the proof is finished. 2

4. Uniqueness of weak solution

Now, we will study the following problem:
(−∆g)

s
pu(x) + |u|p−2u = f(x, u) in Ω,

u = 0 in M \ Ω,
u > 0 in Ω.

(4.1)

Where Ω is an open bounded smooth-boundary subset of M.

Remark 4.1 The problem 4.1 is well defined.

Proof: Let u is a weak solution of our problem. Then∫∫
M×M

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

(dg(x, y))
N+ps

dµg(x)dµg(y)

+

∫
M

|u(x)|p−2u(x)v(x)dµg(x) =

∫
Ω

f(x, u(x))v(x)dµg(x)

(4.2)

for any v ∈W s,p
0 (M). Using v = u in 4.2, we have∫∫

M×M

|u(x)− u(y)|p

(dg(x, y))
N+ps

dµg(x)dµg(y)

+

∫
M

|u(x)|pdµg(x) =

∫
Ω

f(x, u(x))u(x)dµg(x).

(4.3)

By condition (f5), we have u > 0. 2



Nonlocal Elliptic Problems on Compact Riemannian Manifold 11

Lemma 4.1 Let v ∈ W s,p
0 (Ω) and g be a function satisfying a Lipschitz condition in R. Then g(v) ∈

W s,p
0 (Ω).

Proof: Let v ∈W s,p
0 (Ω). Using the g is a Lipschitz function we get,

∥g(v)∥p
W s,p

0
(Ω) =

∫∫
Ω×Ω

|g(v(x))− g(v(y))|p

(dg(x, y))N+ps
dµg(x)dµg(y)

≤ l(p)∥v∥p
W s,p

0
(Ω),

where l is Lipschitz constant. 2

Theorem 4.1 Let f be a function satisfying conditions (f1)– (f5), then the problem (4.1) has a unique
non-trivial solution.

Proof: Let u, v ∈W s,p
0 (M) two solutions of problem (4.1), we get

∫∫
M×M

|u(x)− u(y)|p−2(u(x)− u(y))(ϕ(x)− ϕ(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

+

∫
M

|u(x)|p−2u(x)ϕ(x)dµg(x) =

∫
Ω

f(x, u(x))ϕ(x)dµg(x),

(4.4)

and ∫∫
M×M

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

+

∫
M

|u(x)|p−2u(x)ψ(x)dµg(x) =

∫
Ω

f(x, u(x))φ(x)dµg(x),

(4.5)

for any ϕ, φ ∈W s,p
0 (M).

We have
vp

up−1
∈ W s,p

0 (M), thanks to Lemma 4.1. Since W s,p
0 (M) is a space vector, it yields u − vp

up−1

and
up

vp−1
− v ∈W s,p

0 (M). Using ϕ = u− vp

up−1
and φ =

up

vp−1
− v in (4.4) and (4.5) respectively, we have

⟨(I2)′(u), ϕ⟩ − ⟨(I2)′(v), φ⟩ =
∫
Ω

(up − vp)
(f(x, u)
up−1

− f(x, v)

vp−1

)
.

Thanks to (f5) we obtain ∫
Ω

(up − vp)
(f(x, u)
up−1

− f(x, v)

vp−1

)
≤ 0. (4.6)

On the other hand

⟨(I2)′(u), ϕ⟩ − ⟨(I2)′(v), φ⟩

=

∫∫
M×M

|u(x)− u(y)|p−2(u(x)− u(y))(ϕ(x)− ϕ(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

+

∫∫
M×M

|v(x)− v(y)|p−2(v(x)− v(y))(φ(x)− φ(y))

(dg(x, y))N+ps
dµg(x)dµg(y)

= ∥u∥p
W s,p

0 (M)
−
∫
Ω

vp

up−1
(−∆g)

s
pu+ ∥v∥p

W s,p
0 (M)

−
∫
Ω

up

vp−1
(−∆g)

s
pv·

Through fractional Picone inequality, we achieve

⟨(I2)′(u), ϕ⟩ − ⟨(I2)′(v), φ⟩ ≥ 0. (4.7)
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Let us collect with (4.6) and (4.7) let us get∫
Ω

(up − vp)(
f(x, u)

up−1
− f(x, v)

vp−1
) = 0.

The conesequence of (f5) is that u = v a.e in Ω. 2
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