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Fixed Point Results in Partial Fuzzy Metric Spaces

S. Sowndrarajan , Vishal Gupta* and M. Jeyaraman

ABSTRACT: F y-contractive mapping in Partial Fuzzy Metric Space (PFMS) is defined and basic results
are established. Sequentially convergent and sub sequentially convergent are also defined for PFMS, then
generalizations of fixed point theorems of Kannan and Chatterjea are proved in the setting of PFMS along
with suitable examples.
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1. Introduction

Zadeh [23] presented Fuzzy Sets (FS), which play a vital role in science and engineering. Kramosil
and Michaelek [10] defined the notion of Fuzzy Metric Space (FMS) in 1975. George and Veeramani
[5] redefined the concept of FMS in association with triangular norm. Many researchers have worked
on FMS and have given many of its characteristics and Fixed Point Theorems (FPT). Medical image
processing, decision making and imaging signal processing are some of the applications of FMS. The
Partial Metric Space (PMS) defined by Matthews [12] is a generalization of the concept of a metric space
in which points can have “self-spacing” and proved Banach contraction mapping theorem and some basic
properties. Then, Oltra, Valero and Altun et al.[16] gave generalizations of the results of Matthews.
Also,he established the first fixed point theorem, which he renamed as the partial contraction mapping
theorem. Shaban Sedghi, Nabi and Altun [18] introduced PFMS and established some FPT in its setting.
Many authors have proved FPT of Kannan and Chatterjea in FMS and PMS [11,13,21].Other authors
also worked in the similar directions, are mentioned in [1,2,4,6,7,8,9,14,15,17,20,22].

In this manuscript, following the understanding of Sedghi et al, we will study the relationship between
a PMS and FMS. Next, we prove the generalization of FPT of Kannan and Chatterjea in establishing
PFMS.

2. Preliminaries

Definition 2.1 [12] A partial metric on a non empty set ¥ is a function p: ¥ x ¥ — Ry such that for
allé,v,w ey,

(i) € = v if and only if p(&,€) = p(&,v) = p(w,v),

(ii) p(£,€) < pl€, V),

(m) p(&a V) = p(y’ £),
(v) p(§,w) < p(§,v) + p(v,w) — p(v,v).
The pair (X, p) is called a PMS. For every partial metric p on X, the function p: ¥ x ¥ — Ry on family
of p-open balls is defined by

ps(fay) = Qp(f,l/) _p(fvg) —p(y’y)
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1s a usual metric on 2.

Definition 2.2 [18] A PFMS is a function Pa : X X X x (0,00) — [0,1] so that, for all {,v,w € ¥ and
o,6>0

(Z) (PM'Z) E=rve PM(€7§7U) = PM(£7V7 U) = PM(Vﬂ V7U);

(“) (PM"Q) /PM(§7£7 0) > /PM(ga V,O'),

(”Z) (PM_‘?) PM(§7 v, U) = ,PM(V7£’ 0)7

(iv) (PM-4) Pm(€, v, max{o,s}) * Pyp(w,w, max{\,¢}) > Prm(&,w,0) x Prr(w,v,5),

(v) (PM-5) Pp(&,v,.) : (0,00) — [0, 1] is continuous.

Example 2.1 [18] Let X be a non empty set and Exv = v for all§,v € 3. Let Pag : Xx2*(0,00) — [0, 1]
be a mapping defined by

A
PM(f,Va )\) = Wa

then (X, Pam, *) is a PFMS induced by standard metric. Also note that (3, P, ) is not a FMS.

In FMS (X, M, %) the function M(&,v,.) : (0,00) — [0,1] is @ non - decreasing for all &,v € ¥, but in a
PFMS (X, P, *) the function Pap(€,v,.) : (0,00) = [0,1] may not be non-decreasing for all £,v € 3.
Neat, we present an example to show that Py (€, v,.) : (0,00) — [0,1] may not be non-decreasing for all
E&vel.

Example 2.2 If X =R, £ xv =min{,v} for all &,v € [0,1].
Consider a mapping Py : X X X x (0,00) — [0,1] defined by

2e N, if E=v
P 5 a)‘ = .
M(gl/ ) {36_)\, if €#v

It is easy to see that (X, P, *) is a PFMS.
Also, it is not complicated to verify that Pyp(&,v,.) : (0,00) — [0,1] is a decreasing function.

Definition 2.3 Let (3,d) be a metric space. A mapping F : X — X is said to be graph closed (sub
sequentially convergent), if for every sequence {£,} we have lim F&, = a, so that [ (8) = «, for some
n—oo

Bex.

Definition 2.4 Consider (X, 1) be a metric space and V,G : ¥ — X be two maps. The function U is
called Gy - contraction, if there exists 0 < X\ < oo so that V &, v € X,

E(u(FYE, FYv, 1)) 2 AZ(u(F & Fr,t)),

where the function = : [0,00) — [0,00) is non - decreasing continuous and Z~1(0) = 0. Also, map G is
graph closed and one to one.

Definition 2.5 Consider (X, 1) be a metric space and G : 3 — % and {v,} be a sequence in X,

(i) G is called sequentially convergent if {Gv,} converges, then {v,} also converges.

(i) G is called sub sequentially convergent if {Gv,} converges, then {v,} has a convergent subsequence.
For example, the function GE = & is sequentially convergent on the metric space (R, |.]).
Definition 2.6 [3] Let (X, d) be a metric space and T : X — X.

(i) T is said to be sequentially convergent if for every sequence {gn}, if {T4n} is convergent the {g,}
is also convergent.

(i) T is said to be subsequentially convergent if for every sequence {Un}, if {TUn} is convergent the
{¥n} has a convergent subsequence.

For Example, the functions T4 = & is sequentially convergent on the metric space (R, |.|). The mapping
T4 = %2 is not sequentially convergent on the metric space (R, |.|), but it is subsequentially convergent.
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3. Main Results

This section mainly uses FPT of Kannan and Chatterjea to introduce and generalize F y-type fixed
point theorems in PFMS.

Theorem 3.1 If (X, Pu,x) be a complete PFMS, F, VU : ¥ — ¥ such that F is one to one and subse-
quently convergent. If &,v € ¥ and for all X € [0,1],

EPMm(FYE FIu,N) > AZE(Pm(FE Fr,N), (3.1.1)
where Z : [0,00) — [0,00) such that
(i) E is non decreasing,
(ii) = is continuous,
(i3) Z(§) =0 iff € = 0.
Then W possess only one fixed point in 3.
Proof. Consider £ € 3. Take §, = V¢, 1 =V, n=1,2,...

E(PM(Ffman—t-la/\)) = E(’PM(F\IISH—MF\IISTH)‘))
Z AE(,PM(an—l;anv)‘))

(3.1.2)
> NUIE(Pa(F €o, F &1, M)
Consider Vm,n € N where m > n, we get
E(PMm(F&ny F&ms A)) = E(Pm(F ¥ &0, FU™&o, A)) (3.1.3)
> N'E(Pm(F &o, F¥™ "o, A)).
Taking m,nn — oo in (3.1.3), we get
EPum(Fén, Fém,A\) =0 as m,n — cc.
Since, Z is continuous, we obtain
lim Pam(Fén, Fém, A) = 0. (3.1.4)

m,n— 00

Thus, we see that {f &,} is a Cauchy sequence in a complete PEMS (3, Py, +). So, there exists yp € X
such that {F¢&,} converges to u € X. Since, F is subsequently convergent, then there exists an w € ¥
such that

lim PM (fn()\),w, )‘) = P/Vl (w7 W, A)
A—00
Also, F is continuous and &, () — w, therefore

lim f &, =Fw and lim Py (F&uny,w, A) = Pau(w,w, A).
A—00 A—o00

Since, {F &, (x)} is a subsequence of {F &,}, so we get [ w = pu.
Also,
d*(F&ny Fw, A) = 2Pag(F&ny Fwy, A) — P (Fény Fény A) — Pr(Fw, Fw, A). (3.1.5)

Let n — oo in (3.1.5), we have
lim d°(F&,, Fw,\) =0.

n—oo
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Consider, definition(2.6)(ii) and (3.1.5) we hold

Hm Pa(F&n, Fw,A) = lim Pp(Fény FémyA) = Pu(Fw, Fw,A) =0.

n—oo m,n— oo
Now, we prove that w € ¥ is a fixed point of f. Since = is continuous

E(PMm(F Yw, F W41, M) = E(Ppm(F Yw, FYE,, M)

> ANE(Pm(Fw, F&n, N))- (3.1.6)

Let n — oo in (3.1.6), we obtain
EPm(FIw, Fw,A) >0,

this implies that Paq(F Yw, F w, A) = 0 and hence F Yw = F w. Since F is one to one, then we get Yw = w.
Assume that, v is another fixed point of ¥ then we have Yw = v and

E(,PM(FOJ,FV,A)) :E(PM(F\IvaF\PyvA))

> AE(Pm(Fw, Fr,\)), (3.1.7)

which is a contradiction unless Paq(Fw, Fr,A) = 0. Thus Fw = Fv.
On substituting {n(\)} in place of {n} and considering F to be sequentially convergent, we have

lim &, = w.
n—oo

Hence, it is proved that {w,} converges to the fixed point of U.

Corollary 3.1 Let (¥, P, *) be a complete PFMS and ¥ be a self mapping on ¥ into itself. If a € [0, 1)
and £,v € X,
Pam(TE, Ty, A) > aPam(€, v, M), (3.2.1)

then ¥ has a unique fized point.

Theorem 3.2 Consider, (¥, P, *) be a PFMS which is complete and F,V : ¥ — ¥ such that F is one
to one, continuous and subsequently convergent. If &, v € ¥ and for all 8 € [0, %), we have

E(Pm(F Y& F YV, ) > BE(Pm(F & FYEN) +E(Pm(F v, F ¥y, M), (3.3.1)
where Z : [0,00) — [0, 00) such that
(i) E is non decreasing,
(i) Z is continuous,
(i3) Z(§) =0 iff € =0.
Then, ¥ possess a unique fized point in X.
Proof. Consider & € ¥. Let &, = W&,y = ¥ n =12 ...

E(,PM(anvan—f—l)/\)) = E(PM(F\I’fgn—laF\Pgna)\))

3.3.2
> BEPM(F ety Fem N) + EPaa(Fbms s, ), 02

therefore we get,

B
1-p5

E(Pm(Fén, Fént1,A) = E(Pm(Fén—1,F&n,A)

E(PMm(F&ns Fénrr, A) > (1_’35> E(Pm(F&o, F&r,N). (3.3.3)
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Taking n — oo in (3.3.3), we get
EPum(Fé&ny Fént1,A) =0 as m,n — oo.

Consider V m,n € N where m > n, we get

E(PMm(Fén, Fnt1,N) > (&) E(Pm(F o, F fM7"E1LN)). (3.3.4)

Taking m,n — oo in (3.3.4), we have
E(’PM(anaann)\) —0 as m,n — oo.

So, we obtain Pus(F &,y F Ems A) — 0 as m,n — oo. Since, (X, Py, *) is complete PEMS, we obtain {f &, }
is a Cauchy sequence, so there exist w € ¥ such that {F§,} converges to F £ € ¥ and &,(») — w, then we
get

Now, we prove that w € X is a fixed point of f- Indeed, we have

> BIE(PMm(Fw, FYw, A) +Z(Pra(Fny F 1, V)] (3.3.5)

Letting n — oo in (3.3.5), we get
EPm(FIw, Fw,A)) > BE(Pm(Fw, FYw, N)). (3.3.6)

The above inequality is contradiction unless P (F w, F Yw, A) = 0. Therefore, f w = F Yw. Since, F
is one to one mapping, we obtain Yw = w. Hence, we showed that w € ¥ is a fixed point of ¥. The
uniqueness can be easily proved on the similar lines to the theorem (3.1).

Corollary 3.2 Let (X, Par,x) be a complete PEMS and [,V : ¥ — X such that | is one to one,
continuous and subsequently convergent. If &, v € ¥ and for all B € [0, %), we have

Pum(FYfEF YU, X)) > BIPMm(FEFYEN) +Pum(Fu, FUv, ). (3.4.1)
Then f has a unique fixed point in X.

Corollary 3.3 Let (X, Pa,x) be a complete PEMS and F : ¥ — X be a self mapping. If {,v € ¥ and
for all g € [0, %), we have

EPm(YE FUv,A) = BE(Pm(E, WE,A)) + E(Pa(v, Ur, \))]. (3.5.1)
Then ¥ has a unique fixed point in X.

Theorem 3.3 Let (X, Paq, *) be a complete PFMS and F,¥ : ¥ — X such that [ is one to one,
continuous and subsequently convergent. If &, v € ¥ and for all § € [0, %), we have

EPM(FIEFIN)) = SZ(PMm(FE FIu,N) + E(Pm(Fr, FRE ), (3.6.1)
where Z : [0,00) — [0,00) such that
(i) E is non decreasing,
(i) E is continuous,
(iii) Z71(0) = 0.

Then ¥ possess a unique fized point in X.
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Proof. Let & € %. Consider &, = V¢, 1 = V", n = 1,2,.... Also,
PM(anvana )‘) 2 PM(F£H7F§n+17 )‘)

E(,PM(anvfgnJrl»)‘) = E(PM(F\PgnflaF‘I/fm)‘)

> O[EPMmF &n—15F Env1, A) + Z(PM(F &ns F&ny M) (3.6.2)
Z 6[E(PM(F§7L—17 an-&-la )‘) + E(PM(F€n+17 ana )‘)}7
therefore we have,
1)
E(Pm(F&ns Féni1,A) = (1_5> E(PmMm(F&n-1,F &nr1,N))-

Consider, for all m(A),n(A) € N where m(\) > n(}\), we get

n(X)
6) E(PmMmF Emoy—nn)s FEnry, M) (3.6.3)

EPMF&mnys Fénn), A) = (1 —

As F converges subsequently, thus there exists w € ¥, so that

= lim Py(w,w, ).
A—00

I

Jim P (En(r)sws A)

Let A — oo in (3.6.3), we obtain that
EPMF&monys Fénny,A) =0 as A — oo, (3.6.4)

The inequality (3.6.4) implies that

Pr(F&mnys FéninysA)) = 0.

Therefore, we obtain {F ¢, } is a Cauchy sequence in a complete PFMS (X, P, x) and there exist w € X
such that w is a unique fixed point of W.

Corollary 3.4 Let (X,Pap,*) be a complete PFMS and F,V : ¥ — X such that F is one to one,

continuous and subsequently convergent. If &, v € ¥ and for all § € |0, %), we have

Pm(FYE FOu,A) > S[Pm(FE FYV,A) + Pam(Fu, FRE N
Then, ¥ has a unique fixed point in 3. The iterative sequence {¥"™Ey} converges to the fized point.

Corollary 3.5 Let (X, Pa, *) be a complete PEMS and U : ¥ — 3 such that F is one to one, continuous
and subsequently convergent. If £,v € ¥ and for all 6 € [0, %), we have

where Z : [0,00) — [0,00) is non decreasing continuous and Z~1(0) = {0}, then ¥ possess a unique fized
point in 2.

4. Conclusion

In this manuscript, we have proved F g-contractive mappings in PFMS and proved suitable examples.
Generalizations of FPT of Kannan and Chatterjea are extended to PFMS.
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