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Amenable Quasi-lattice Ordered Groups and True Representations

Mamoon Ahmed

ABSTRACT: Let (G, P) be a quasi-lattice ordered group. In previous work, the author constructed a universal
covariant representation (A, U) for (G, P) in a way that avoids some of the intricacies of the other approaches
in [11] and [8]. Then showed if (G, P) is amenable, true representations of (G, P) generate C*-algebras which
are canonically isomorphic to the C*-algebra generated by the universal covariant representation. In this
paper, we discuss characterizations of amenability in a comparatively simple and natural way to introduce
this formidable property.
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1. Introduction

Nica introduced a class of groups termed quasi-lattice ordered groups. To each quasi-lattice ordered group
(G, P) there corresponds representations of P by isometries called covariant representations. There is
also a unique covariant representation with the universal property. Nica used this universal object to
define amenability, which is an interesting property of some quasi-lattice ordered groups. The term
‘amenability’ is already used in group representation theory, but an amenable quasi-lattice ordered group
(G, P) is not necessarily amenable in the usual sense. However, a quasi-lattice ordered group (G, P) is
necessarily amenable in Nica’s sense if G' is amenable in the usual sense. In this paper we follow Nica’s
sense.

Recall that, for a quasi-lattice ordered group (G, P), a representation of (G, P) by isometries is a pair
(A, V) consisting of a unital C*-algebra A and a map V from P to A that satisfies the following three
conditions:

(i) Ve =14;

(ii) VV, = 14 for all p € P;

(ili) V,Vy = Vjpq for all p,q € P.

If in addition V satisfies
V-V = { VvaVivgs if p.q have a common upper bound in P;
PTp 47q 0, otherwise.

then V is a covariant isometric representation.

To set up our notions, we denote the C*-algebra generated by the set {V, : p € P} by C*(V). We
also write Ay = {V,V; : p € P} and By = {V,V," : p,q € P}. Furthermore, recall from [2] that a
covariant representation (A, V) of a quasi-lattice ordered group (G, P) is called a true representation if
[Ler(1=V,V,) # 0 for all finite subsets F' of P\{e}.

In [2, Proposition 2.4] we showed that a true representation (A, V) of a quasi-lattice ordered group
(G, P) has four properties and we mention here
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1. The set By is linearly independent with span(By) dense in C*(V).

2. There is a continuous linear map @y of C*(V') onto span(Ay ) such that

o _ ) VBV, ifp=gq
Pv (V) = { 0, otherwise.

Then in [2, Theorem 3.2] we showed, every quasi-lattice ordered group (G, P) has a universal covariant
representation (A4,U). So, (C*(U),U) will be referred to as the universal covariant representation and
C*(U) will be given the symbol C*(G, P). In fact, [2, Theorem 3.2] tells that the universal covariant
representation (A, U) in true. Moreover, for a covariant representation (A, V') of the lattice ordered group
(G, P), there is a *-homomorphism ¢ : C*(G, P) — C*(V') such that ¢(U,) = V},. Later on we showed
in [2, Theorem 3.6] that the C*-algebra generated by a true representation of an amenable quasi-lattice
ordered group (G, P) is canonically isomorphic to the C*-algebra generated by the universal covariant
representation.

We would like to point out that amenability of the quasi-lattice ordered group (G, P) is in some sense
a topological restriction on the span(By ). In this paper, we discuss characterizations of amenability in a
comparatively simple way, which can be established by investigating the behavior of ®y; on the range of
a positive, faithful, linear map rather than the whole algebra C*(G, P).

In section 2, we give the important background material about quasi-lattice ordered groups and
covariant representations. We also refer to important theorems from [2]. In section 3, we develop some
techniques for determining whether a quasi-lattice ordered group is amenable and show our main theorem.
In section 4, we discuss amenability of a quasi-lattice ordered group and show that the amenability of a
given quasi-lattice ordered group (G, P) can be established by investigating the behavior of ®; on the
range of a positive, faithful, linear map rather than the whole algebra. The idea of using an action to
reduce the amenability question in this way is drawn from [8, Remark 3.6, Proposition 4.2]. In our paper,
care has been taken to minimize the amount of vector valued integration theory used.

2. Preliminaries

Let P be a subsemigroup of a group G with identity e such that P P~! = {e}. There is a relation
‘<’ on G with respect to P where < y if 2~y € P. This relation is a partial order on G which is left
invariant in the sense that = < y implies zx < zy for any x,y, 2 € G. This partial order is known as the
natural partial order determined by P.

Convention 2.1. We now use (G, P) to refer to the group G with the natural partial order < on G
determined by P.

Definition 2.2. The partially ordered group (G, P) is quasi-lattice ordered if every finite subset of G
with an upper bound in P has a least upper bound in P [3, Section 2J.

Equivalently, (G, P) is quasi-lattice ordered if and only if every element of G with an upper bound
in P has a least upper bound in P, and every two elements in P with a common upper bound in P have
a least upper bound in P [11, Section 2.1].

Notation 2.3. The least upper bound or sup of the elements x and y will be denoted by x V .
The following property about quasi-lattice ordered groups can be found in [3].

Lemma 2.4. Let (G, P) be a quasi-lattice ordered group. If x,y € G have a common upper bound in
P and z € G satisfies z(x V y) € P then zax and zy have a common upper bound in P. If, in addition,
z < zxVzy, then zxV zy = z(x V y).

Definition 2.5. Let (G, P) be a quasi-lattice ordered group. A representation of (G, P) by isometries is
a pair (A, V) consisting of a unital C*-algebra A and a map V' from P to A that satisfies the following
three conditions:
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(i) Ve = 1a;

(i) VyVp =14 for all p € P;
(i1t) V,Vy = Vpq for all p,q € P.
If in addition V satisfies

%VP*VIZV;* _ { (\)@,qup"vq, if p,q have a common upper bound in P;

, otherwise.

then V' is a covariant isometric representation.

Notation 2.6. The C*-algebra generated by the set {V, : p € P} will be denoted by C*(V). We write
Av ={V,V; :p € P} and By ={V,V," : p,q € P}.

Remark 2.7. A covariant isomeric representation of the quasi-lattice ordered group (G, P) may be defined
as a pair (A, V) consisting of a unital C*-algebra A and a map V' from P to A such that

1. Vo =14;
2. Vu,Vg = Vpq forallp,q € P,

9 VAV — Vp—l(pvq)‘/:;_l(pvq), when p,q have a common upper bound in P;
Cop 0, otherwise.

To see that the first definition implies the second, notice first that if p, ¢ € P have no common upper
bound in P then the covariance condition gives VpV,*V,V*q = 0 and hence

Vo Ve = (V) Vi Ve(VyVy) =0
However if p, ¢ have a common upper bound in P, then

Vo Vg = (VyVp) ViV (ViVa) = Vi VvV

pVq

v,
But p<pVgq,sop (pVq) € P. Therefore,

V;?\/qV*

Vg VPV;?‘l(p\/q)V;z*—l(p\/q)V:z*
thus the result follows. The reverse implication is easily checked.

Definition 2.8. A covariant representation (A, V') of a quasi-lattice ordered group (G, P) is called a true
representation if [[,c p(1 — VpV,) # 0 for all finite subsets F' of P\{e}.

Remark 2.9. The name ‘true’ reflects that V), is a true isometry (that is, V,V,y # 1) for all p € P.
Recall that:

1. The C*-algebra generated by Ay is commutative and hence any product in span(A4y) may be
rearranged as necessary.

2. For a quasi-lattice ordered group (G, P) and a finite subset F' of P. A subset I of F' is an initial
segment if and only if whenever z,y € F, x <y and y € I imply that = € [.

Definition 2.10. A universal covariant representation (A,U) of the quasi-lattice ordered group (G, P)
is a covariant representation such that if (B,V) is any other covariant representation of (G, P), there is
a unique x-homomorphism ¢ : C*(U) — C*(V') such that ¢(Up) =V, for all p € P.

Recall the following facts from [2]

e [2, Theorem 3.2] Let (G, P) be a quasi-lattice ordered group. Then there is a universal covariant
representation (A,U) of (G, P).
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o [2, Theorem 3.6] The C*-algebra generated by a true representation of an amenable quasi-lattice or-
dered group (G, P) is canonically isomorphic to the C*-algebra generated by the universal covariant
representation.

o For any covariant representation (B, V) of (G, P), [2, Theorem 3.2] provides a unique *-homomor-
phism ¢ : C*(G, P) — C*(V) such that ¢(U,) = V,. Where C*(G, P) is the C*-algebra C*(U)
generated by the universal covariant representation.

Throughout this paper (A,U) denotes the universal covariant representation of the quasi-lattice or-
dered group (G, P) and @y is the s-homomorphism of C*(G, P) onto span(Ay ) given by

UyUy, ifp=gq

Pu(UpUy) = { 0, otherwise.

in [2, Proposition 2.4].

Definition 2.11. A quasi-lattice ordered group (G, P) is a amenable if ®y is faithful on positive elements,
in the sense that if a € C*(G, P) then ®y(a*a) =0 implies a = 0.

3. Characterization of amenability

In this section, we develop some techniques for determining whether a quasi-lattice ordered group is
amenable and show our main theorem. We start this section with some technical lemmas, then we show
our main theorem in the section.

Throughout this paper (A, U) denotes the universal covariant representation of the quasi-lattice or-
dered group (G, P) and @y is the s-homomorphism of C*(G, P) onto span(Ay ) given by

o _ ) UpUy, iftp=gq
Pu(Uply) = { 0, otherwise.

in [2, Proposition 2.4].

Lemma 3.1. Let (G, P) be a quasi-lattice ordered group and (B(¢2(P)),T') be the Toeplitz representation
of (G, P). Then @ is faithful on positive elements.

Proof. The canonical orthonormal basis for ¢»(P) consists of the maps {J, : p € P} defined for each

q € P by:
1 ifp=gq,
) = 3.1
»(a) {0 otherwise. (3.1)

It follows from the definition of T that

S-(gp~ts) ifplse P,
0 otherwise.

(TpT;(Sr)(S) = {

1 if p~'s € Pand gp~'s =,
0 otherwise.

1 1 1 1

Now p~'s € P and gp~'s = r if and only if ¢~*r € P and s = pg~"'r, and hence

T T, — 5pq*1r if q_l’/’ € P,
P=emr 0 otherwise.

Now if a = Zp}qu ap T T, € span(Br), then for all r € P,
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(adr]o,) = ( Z O‘P7q5pq*1r|5r)

p,qEF,q<r

= > opg(Bpgrlo).

p,qEF,q<r

Now, using the orthonormality of {d, : p € P},
(0pg—1710+) # 0 if and only if p = ¢.

Which implies that

(adr|d,) = Z O‘q7q(57’|5r)

p,q€F,q<r

= ( Z 0g,q0r|0r)

p,q€F,q<r

= (Pr(a)dr|dr).

Hence, by continuity of @7, (®r(a)d,|0,) = (ad,|0,) for all @ € C*(T') and r € P. Thus if ®r(a*a) =0
for some a € C*(T), then
lad,.||? = (a*ad,|6,) = (Pr(a*a)d,|6,) =0

for all r € P. Hence a = 0 as required. O

Lemma 3.2. Let (A,U) be the universal covariant representation of the quasi-lattice ordered group
(G, P), (B({2(P)),T) the Toeplitz representation of (G,P), ¢ : C*(G,P) — C*(T) be the x-homomor-
phism in Equation 3.1 supplied by [2, Theorem 3.2] and ®y : C*(G, P) — span(Ay) be the x-homomor-
phism in [2, Proposition 2.4]. Then ker(¢) = {a € C*(G, P) : Py(a*a) = 0}.

Proof. Suppose ¢(a) = 0. By [2, Remark 2.5], |®y(a*a)|| = ||¢ o Pu(a*a)|| since Py (a*a) € span(Ay).
Thus by [2, Lemma 3.5]
[Pu(a*a)l| = |7 0 p(a”a)l| = O

and hence ||®y(a*a)| = 0.
Now suppose ®yr(a*a) = 0. Then by [2, Lemma 3.5]

[®7 0 ¢(a*a)l| = [|¢ o Py (a”a)| = 0.

But @7 is faithful on positive elements by 3.1, so

Thus
[p(a)l* = [|p(a)*p(a)|| = 0

and the result follows.
O

Now we introduce our main theorem of this section which allows us to determine whether a given
quasi-lattice ordered group is amenable.

Theorem 3.3. Let (G, P) be a quasi-lattice ordered group. Then the following are equivalent
1. (G, P) is amenable.

2. Any two true representations of (G, P) generate canonically isomorphic C*-algebras.
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3. The C*-algebra generated by the Toeplitz representation of (G, P) is canonically isomorphic to the
universal covariant representation.

The proof requires the following lemma.
Lemma 3.4. The Toeplitz representation of a quasi-lattice ordered group (G, P) is a true representation.

Proof. Consider 6. € ¢(?(P), defined by

0 otherwise.

56(5):{1 if s=e,

Then for any p € P\ {e}, (T;dc)(s) = de(ps) = 0 for all s € P, and hence (1 —T,T})d. = d.. This gives
(HPEF(]‘ — T, T;))de = b for any F C P, and the result follows. O

Proof of Theorem 3.3. By [2, Theorem 3.6], 1 implies 2. Since the Toeplitz representation of a quasi-
lattice ordered group (G, P) is true by Lemma 3.4, then trivially 2 implies 3. Finally, note that if
¢ : C*(G,P) — C*(T) is the *-homomorphism supplied by [2, Theorem 3.2] and ker(¢) = {0}, then
by Lemma 3.2 the set {a € C*(G, P) : Py (a*a) = 0} = ker(¢) = {0}. Hence (G, P) is amenable, so 3
implies 1. O

4. Faithful representations

The aim of this section is to show that the amenability of a given quasi-lattice ordered group (G, P)
can be established by investigating the behavior of ®;; on the range of a positive, faithful, linear map
rather than the whole algebra. We also show that an action of a compact group on C*(G, P) can be used
to construct such a map. The idea of using an action to reduce the amenability question in this way is
drawn from [8, Remark 3.6, Proposition 4.2]. In our paper, care has been taken to minimize the amount
of vector valued integration theory used.

Definition 4.1. A x-homomorphism ® : A — A on a C*-algebra A is said to be positive if ®(a*a) is
positive for all a € A. The map ® is said to be faithful if ®(a*a) = 0 implies a = 0.

Proposition 4.2. Let (A,U) be the universal covariant representation of the quasi-lattice ordered group
(G,P) and let ® : C*(G, P) — C*(G, P) be a positive, faithful, linear map such that @y o & = & o .
Then (G, P) is amenable if and only if ®y is faithful on positive elements in the range of ®.

Proof. Suppose @y is positive on faithful elements in the range of ®. Suppose also that @y (a*a)) = 0
for some a € C*(G, P). Then
Oy o P(a*a) = @ o Py(aa) =0.

Now ®(a*a) is positive since ® is positive. Hence ®(a*a) = 0 since @y is faithful on positive elements of
O(C*(G, P)). So a =0 by the faithfulness of ®, and that (G, P) is amenable. The reverse implication is
trivial. 0

One way to construct a positive, faithful linear map @ is to integrate over a continuous action. An
action of a group K on a C*-algebra A is a group homomorphism a : K — Aut(A) where Aut(A) is the
group of automorphisms on A with composition as a product. An action a will be called continuous if
for each a € A, the map defined on K by v — a(a) is continuous.

Theorem 4.3. Let (G, P) be a quasi-lattice ordered group, K a compact group with a conlinuous action
a on C*(G, P) and p be the Haar probability measure on K. Then there is a continuous, positive, faithful,
linear map

o, : C*(G,P) — C*(G, P)

such that

@al@n©) = [ (@] €)dur)
K
for all a € C*(G, P), n,& € Hy, for some Hilbert space Hy .
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The proof of this theorem requires the following proposition.

Proposition 4.4. Let f : K — B(H) be a continuous function from a compact group K into the bounded
linear operators on a Hilbert space H. Then there is a unique T € B(H) such that

(T, |€) = /K (F(s)7] €)du(s)

for all n,& € H, where p is the Haar probability measure on K. Moreover, | T|| < | fllco-

Proof. First note that for all s € K and 7, € H,

(SO < F)nl I < W I IEN < 1F ool il €]

by the Cauchy-Schwartz inequality and boundedness of f(s). Hence, the function s — (f(s)n|€) is
integrable.
Define a map F': H — C by

F() = /K (€17 (s)m) du(s).

Then one can see that F' is linear by the linearity of the integral and the inner product. Moreover,

|—|/ (€1 (s)m) dps(s |</|€|f D dus) < 1111l 1]

and hence F' is bounded with || F|| < ||f|lcl|ln]l- By the Riesz representation Theorem there is a vector
T, € H such that

(€IT,) = F(€) = /K (€ 1£()n) da(s)
and [T, < [P < | fllo ]

Now, the map T : 1 — T;, is bounded and linear since given k € C and 7,¢ € H,

(T +kQ &) = /K(f(S)(n + kC) [€) du(s)

/<<>n|§>du +k/ $C1€) dps)
K

— (T, [6) + K(T¢ | €)

— (T, + KT, |€)

for all ¢ € H. Hence T'(n+ k¢) = T, + kT,. Thus we have T' € B(H) and [|T|| < || f]| - O

Proof of Theorem 4.5. Givena € C*(G, P), the map v — a(a) is continuous. Proposition 4.4 guarantees
the existence of a unique element ®,(a) € C*(G, P) such that

(Bola)|€) = /K (o (@) €) du).

The map ¢, : C*(G, P) = C*(G, P) is clearly linear, since «. is linear for each v € K. Moreover,
Proposition 4.4 gives that

[@a(a)ll < sup [lay(a)]| < |la]
~yeEK

since C*-homomorphisms are contractive. Hence ®,, is continuous.
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To see that ®,, is positive, note that for all a € C*(G, P) and n € Hy we have
(Bo(a*a)y|n) = /K (o (a*a)y | ) du()
- /K (o (@) 0y (a)1) dp()

- / s (@)1 dia()
K
> ()

Note also that if ®,(a*a) = 0, then

0= /K o (@)nll? du(r).

Hence, the map y — [|a,(a)n||? is identically zero since it is continuous and positive valued. In particular,
for v = e, the identity of K,
an = a,(a) =0

for all n € H. Thus a = 0 and ®,, is faithful on positive elements. O

We finish off this section with the following special case of the above techniques.

Proposition 4.5. Let (G, P) be a quasi-lattice ordered group and G an abelian group and let @y :
C*(G,P) — span(Ay) be the x-homomorphism in [2, Proposition 2.4]. Suppose there exists a group
homomorphism ¢ : G — G. Then there is a positive, faithful, linear map ® of C*(G,P) onto the
C*-subalgebra

K =span{V,V; :p,q € P,¢(p) = ¥(q)}
such that
o[ 5212
Moreover, @y o ® = &y = & o Py
Proof. 1 claim

1. There is a continuous action « of the dual group § on C*(@G, P) such that for each vy € § andp € P,
av(Up) =70 w(p)Up, and

2. For eachz€§
1 ifz=e¢,

/’9\7(2) dn() = {O otherwise.

To prove the first claim, note that given v € §, the map YU : P — C*(G, P) defined by (vU), =
~voup(p)U, for all p € P, induces a covariant representation of (G, P). Witness that (yU,) = yoyp(e)U, = 1,
and

(YU)p(WU)g = 7o 9(p)Up 7y 0 (q)Uq =7 0 Y(pq)Upg = (YU) g
for all p,q € P. Also, if p,q € P have a common upper bound in P, then by the covariance condition
(YU)p(U)q = v o tb(p) Uy v 0 1h(q) Ug
= W’Y o 9(q) U;Uq
=vop(p ' (V)Y (g PV @) Up-t (ovg) U=t (pvg)
= (W) pva) (YU )g-1 (pva)-
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However if p, ¢ have no common upper bound,
(YU);(YU)q = v o (p) v o v(q) UyUy =0

by the covariance condition. Thus (C*(G, P),~U) is a covariant representation of (G, P) as required.
Now, since (C*(G, P),U) is universal, there is a *-homomorphism

ay: C*(G,P) = C*(G, P)
such that for each p € P,
ay(Up) = (YU)p =70 ¢(p)Up.

The map « : v — o, is an action since for all v, x € § and p € P,

yy (Up) = (7x) (@ (p)) Up = v 0 ¥(p) x 0 (p) Up = aty 0ty (Up).

Thus o, = ayoay since these maps are x-homomorphisms. To see that the map v — o (a) is continuous
for each a € C*(G, P), fix e > 0 and a € C*(G, P). Then there is a. € span(By ) such that ||a—a|| < ¢/3.
Consider a sequence {v,,}5°_; in § which converges to some v € G. Now, since G has the topology of
pointwise convergence, then for all p,q € P:

ay, (UpUy) =Yy 0 0(D) Yy 0 (@) Up Uy —> v o tb(p) vy o ¥b(q) Up Uy = (U, Uy),

and hence by the linearity of these maps there is a positive integer M such that ||, (ac)—ay(ac)| <€/3
whenever m > M.
Now, since C*-homomorphisms are norm-reducing, we have

oy, (a) = ay(a)[| < [loy, (@) = ay,, (@)l + [y, (ae) — ay(ad)ll + oy (ac) — ay(a)l]
< 2lla —ac| + llay,, (ac) — ay(ad)|
<€

whenever m > M. Thus {«, (a)};5_; converges to a(a), and hence v — a(a) is continuous.
To prove the second claim, note that if z = e then

/A(Z) du(v) = /gdu(’y) =1

9

since p is a probability measure. If z # e then there exists x € § such that x(z) # 1. Hence by the
translation invariance of p,

/gv(z)du(’y) = /g(m)(Z) du(y) = x(2) /gw(Z) du(7y)

which implies that f§ ~(z) du(y) = 0.

Now, suppose G has the discrete topology. Then the dual group § is compact in the dual topology,
which here is the topology of pointwise convergence. Hence, by the first claim and Theorem 4.3 there
is a continuous, positive, faithful, linear map ® : C*(G, P) — C*(G, P) such that for all p,q € P and

,’775 € HUa

(@, )] €) = /g(ow(UpU;)n 1€) du()

_ /(7 o 1(p) Y o (q) UpU; | €) du()

S

~ ( /gwow(pq*)du(v)) (U, Usn16)
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where p is the left invariant Haar probability measure on the compact group §. Then by the second
claim

UpUn &) it (pg™") =e,

dUUT =
(@(Up q)77|£) 0 otherwise

and thus

UpUy if h(p) = (q),

UUT) =
(UpUy) 0 otherwise.

Thus ®(C*(G, P)) = K by the linearity and continuity of ®. Also note that

By 0 (U,Ur) = | T UUa) 1 0) = ()

0 otherwise
JUU; ifp=gq,
0 otherwise
=2y (UpUy)
=® o Oy (U,U, ;‘ )
and thus @ o & = &y = ¢ o $; by linearity and continuity of @ and ;. O
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