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ABSTRACT: In this paper, we intend to prove that the modulus A—lacunary statistical convergence of
fractional difference double sequences and modulus lacunary fractional matrix of four-dimensions taken over
the space of modulus A—lacunary fractional difference uniformly integrable real sequences are equivalent.
We represent another version of the Brudno-Mazur Orlicz bounded consistency theorem by using modulus
function, lacunary sequence, and fractional difference operator. We show that the four-dimensional RH—
regular matrices A and B are modulus lacunary fractional difference consistent over the multipliers space of
modulus fractional difference A—summable sequences and an algebra Z.
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1. Introduction

In [8] Dutta and Baliarsingh introduced fractional difference operators A% Al A= A=) and dis-
cussed some topological results concerning the spaces thus formed. Baliarsingh et al. [3] studied approxi-
mation theorems and statistical convergence in fractional difference sequence spaces. Recently, Choudhary
and Raj [7] investigated some interesting results on fractional difference double sequence space.

The set N = {1,2,3,---}, and N? = N x N. Let ¢2_ denotes the space of bounded double sequences. The
fractional difference operator A(®) for a positive proper fraction a on a single sequence is defined as

INa+1)
mil(ce —m+1)

Ti—m,

A®a) = 3 (<)

0

where I'(«) denotes generalized factorial function. The double difference operator of fractional order «
is defined as

(a) > = F(Oz + 1)2
« m-n
Ao (wis) = Z Z(_l) " mnlD(o —m+ DD(a—n + 1) ™=

m=0n=0
The above-defined infinite series can be reduced to finite series if a is a positive integer (see [4]). The
generalized version of difference operator was studied by Kadak [30]. For more details on fractional
difference operator see ([2], [11] and [35]).
In operator, spectral, and matrix theories, the investigation of sequence spaces performs an effectual role.
As a matter of fact, the theory of difference sequence spaces plays an important role in enveloping the
classical theory of fractional calculus and numerical analysis. The theory of fractional calculus deals with
the examination of derivatives and integrations of a function with arbitrary orders. The application of
fractional derivatives becomes more apparent in modeling mechanical and electrical properties of real
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materials as well as in the description of rheological properties of rocks and in numerous different fields.
More investigations on fractional calculus and its several applications to real-world problems including
ordinary and partial differential equations in applied mathematics and fluid mechanics. Specifically, the
theory of fractional derivatives has been broadly utilised in the study of fractal theory, the theory of
control of dynamic systems, the theory of visco-elasticity, electrochemistry, diffusion processes etc. The
concept of modulus function was introduced by Nakano [20]. For definition and results one can see in (
[1],[26],[28]). The space of lacunary strongly convergent sequence was defined by Freedman et al. [9] as
follows:

Ny = {x = (x;) : Tgrgohir Z |x; — L| =0, for some L}.
icl,
To know more about lacunary sequence spaces one can refer to ([18], [24], [25], [32], [33]). Méricz [17]
extended convergent and null single sequence spaces to double sequence spaces. Tag and Orhan [31] gave
the characterization of g—Cesaro convergence for double sequences. In [22] Orhan gave some inequalities
between functionals on bounded sequences.

Let A = (axiij) be an infinite four-dimensional matrix of real or complex numbers ay;;, where ¢, j, k, [ €
N. The A transform of = = (x;;) is written as Az and Az = {(Axz)y} defined by (Az)y = Z QkiijTi; CON-
,J

verges for each k,l € N. A four-dimensional matrix A = (ax;;) is said to be RH —regular or bounded reg-
ular (see [10], [27]) if it maps every bounded P—convergent sequence into a P—convergent sequence with
the same P—limit. The Robinson-Hamilton conditions state that the four-dimensional matrix A = (ax;)
is RH —regular if and only if

(RH,) P- lllcr? akii; = 0 for each (4, j) € N2,

(RHz) P-lim > aw =1,
7 4,jEN?

(RH3) P- 1]1611112 |akiij| =1 for each i,
J
(RHy) P- 1]1611112 |akiij| =1 for each j,

(RHs) Z |akiij| is P—convergent ¥ k, I,
(i,5)EN?

(RHg) there exist finite positive integers r and s such that Z laii;| < r holds for every (k,l) € N2.
1,j>58
A four dimensional matrix A = (ax;) is said to be inner finite matrix, if there exist P(k,l) and S(k,1)
such that ag;; = 0 whenever ¢ > P(k,l) or j > S(k,l). A four-dimensional matrix A is said to be inner-

rectangular if P(k,l) = k and S(k,l) = [. For an inner rectangular matrix A = (axs;), the inner matrix
[A(k,1); ;] can be represented as follows:

agiir agiz o a0 0
age1 Ggiz2 - apr 00
[AK, 1)ig] = arikl Qrik2 o Grie 0 0

0 0 0 0
0 0 0 0 0 0

o
o
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For [A(k,1); ;] = (ak;) an inner-rectangular matrix,[A(k,1); ;] represents the matrix in which exactly
n—terms of the first kl—terms are zero.

In 1945, Brudno [6] stated that if A and B are regular summability matrix methods such that every
bounded sequence summed by A is also summed by B, then it is summed by B to the same value as A.
Mohiuddine [19] studied statistical weighted version of A—summability. Initiated by Mazur and Orlicz
[13], several mathematicians obtained the variant of Brudno theorem ( [5], [14], [29]). In [23] Patterson
obtained multidimensional analog of Brudno theorem for double sequences using four-dimensional matrix
method to give accessible proof of this theorem. Khan and Orhan [12] showed another version of the
Brudno-Mazur-Orlicz theorem by characterizing the set of multipliers of A, over an algebra. Moreover,
Miller and Miller Van-Wieren [16] presented the matrix characterizations of statistical convergence of
double sequences. In [21] Orhan and Unver gave Brudno-Mazur Orlicz bounded consistency theorem.
Inspired essentially by the above mentioned study, we represent another version of the Brudno-Mazur
Orlicz bounded consistency theorem by using modulus function, lacunary sequence, and fractional differ-
ence operator. We show that the four-dimensional RH — regular matrices A and B are modulus lacunary
fractional difference consistent over the multipliers space of modulus fractional difference A—summable
sequences and an algebra Z. We obtain certain matrix characterization of modulus A—lacunary statistical
convergence of fractional difference double sequences and uniformly integrable real sequences.

Now we give certain new definitions and notions that are used in this paper.

Definition 1.1. A double sequence x = (x;5) is said to be modulus lacunary fractional difference
A—summable if

1
P — lim

ng— > (£l A 25 i = L

(1,9)Elr,s

(@)
and the modulus lacunary fractional difference A—summable limit of x = (x;;) is denoted by Ag’AZ (z)
and is defined as follows:
F,A) .
Ay? () =P —lim

.S

S il A wg an;.

"% (45)€lr,s

()

By Gng we denote the space of modulus lacunary fractional difference A—summable sequences.
Definition 1.2. Let T = (fi;) be a double sequence of modulus functions and A = (ax;) be a non-
negative RH-regular summability matrixz. The space of modulus lacunary fractional difference A—bounded

g AL
double sequences is denoted by Lofﬁfﬂ and is defined as follows:

?7A(0¢)
Loo,G,ZA = (@) sup
E1>G I,

Z (fij|Aéa)x¢j|)|ak”j| < 00, for some G > 0}.

¥ (i,§)€ls

Definition 1.3. A double sequence v = (x,5) is said to be modulus A—lacunary statistically fractional
difference convergent to L, if for any e > 0,

. 1
P —lim E agij = 0.
ns hrs (@)
(1,9)E€Lr s fij | A wij— L >e

g AL
By S;ji’% , we denote the set of modulus A—lacunary statistically fractional difference convergent se-

quences and is defined as follows:
- 0}.

{(6,§) € Lns « |(fi| A 255] — L)awiy| < €}

(@)
S;:i’AQ = {(m”) lim

T,5—00

.S
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Proposition 1.4. ([15]) Let A = (aki;j) be a non-negative inner rectangular matriz of four-dimensions
such that

Zaklij =1, for allk,l.
]
If A—statistical sequence x = (z;;) converges to L, then there will be a K C N? such that

§SO(K) =P - lim Y~ aji =0
T ijeEK

Definition 1.5. A sequence x = (z;;) is called modulus A—lacunary strongly fractional difference con-
verging to L, if

.1 p
P —lim & > |(fis| A 255 — L)) agaiy = 0.

7 (4,9) €l s

Definition 1.6. A sequence x = (x;;) is said to be modulus A—lacunary fractional difference uniformly
integrable if for e > 0, there exist Q = Q(€) and t = t(¢), such that for all ¢ >t

1
sup 3 (fis| A @) i < e
k,1>Q 'tr,s
(6,4)ELrs:| A ;5| >q

F A
By V;t_’ﬁ2 , we denote the space of modulus A—lacunary fractional difference uniformly integrable real
sequences.

A sequence © = (x;;) is said to be A—strongly summable if it is Pringsheim A—uniformly integrable and
A-—statistically convergent(see [34]).

Let X and Y be two double sequence spaces and Z be a sequence space and an algebra that is for all
(i), (Yi5) € Z, (2ijyi5) = (2i5) € Z. The set

MZ(X,Y)={x € Z: foreachy € X,zy € Y}

: . F,A8) . F,A8)
is known as the multiplier space over Z. By M; 72 (Z), we denote the multiplier space M%((?;t_’ﬂ 7).

2. Main Results

Theorem 2.1. Let A = (akiij) and B = (bijr) be RH—regular four-dimensional summability matrices.

If
FAL - F,Al) FAL - TAl

Loo,e,A N ee,A - Loo,e,vs meG,B )

F,A F,AL) F,AL) F,AL)
then A, (x) =B, (), for all w € L 75%, NCy =2 .

FA T A FAL g Al FA T A
Proof. Let £ 7%, NCy 2 C L% NCy'p? and a double sequence & = (x4;) € £ ,%, NCy ;2 such

(@) () (@) (@)
that Ag’AQ (x) # Bg’Az (x). Without loss of generality suppose that Ag’AZ () =0 and Bg’Az () =
(@) (@)
1. Now it is given that x € Li’ﬁzﬂ N Ggfz . Then there exists a G € N such that

1

ST 2 )] lari;]

™S G €

is convergent for all k,I > G. Hence, for all ¢ > 0 and for all k,l > G, there exist positive integers
Q= Q(k,1), R = R(k,!l) such that

1 o 1 a
- > A m D kg = Y (UglAeh @)

"5 (4,) €T :i<Q,j >R "5 (1,§) €Ly 5 i>Q,j<R
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1 «@
larij| + 7— > |(Fisl A5 i ) awais| < e.
"8 (1,4 €l s i>Q,j>R

Let P(0) = S(0) =0 and M (1), N(1) > G. One can choose P(1),5(1) from (2.1) such that

1 o 1 o
o > |(Fig| AL i )| iz | + . > |(Fi5| AL 23 )| s |

(i,§) €1y s:i<P(1),5>5(1) "% (i,§) €1, 510> P(1),j<S(1)

1 o
+ 3 (fis| A 2 )] Jais] < 1
"% (i,§) €T, s> P(1),5>5(1)

whenever G < k < M(1),G < I < N(1). Now, by P — llicl?aklij = P — llicr?bijkl = 0, we can choose
M(2) > M(1) and N(2) > N(1) such that ’ ’
1 o

3 |(£i71 A5 235 laris| < 1

firs (i,§)€1r,s:4<P(1),j<S(1)

whenever k > M (2) and [ > N(2). By means of the similar argument we can select the indices
MA)<M2)<---<M(n), N(1)<N(2)<---<N(n)
P(1)<P2)<---<Pln-1), S1)<S2)<---<Sn-1)
for some n > 1. Now, select P(n) > P(n— 1) and S,, > S,,—1 such that

1 o 1
- > |(Fisl A5 lasis| + 7 > (2.2)
"% (1.4) €1 5 i<P (), 5> 5 (n) "% (i§)€lr, 518> P(n),5<S (n)
a 1 a 1
|| A5 D] lawasg| + 5= > (il A5 i )] ks < —

"% (i,) €Ly 511> P(n),5>5(n)

whenever G < k < M(n) and G <1 < N(n). Now choose M(n+ 1) > M(n) and N(n+ 1) > N(n) so
that

1 o 1
> (il A5 i )] kg < — (2.3)

firs (i,§) €Ly, i< P(n),j<S(n)
whenever k > M(n+ 1) and [ > N(n + 1). Define the index sets by
Ip)={(,j) €Lrs: 1<i< P(p+1),1<j<Sp+ 1}, I-1)=¢
and
T(p,u) = I(uw) \ I(p)
for all p,u =0,1,2,3,--- . By using (2.2), we have for G < k < M(n) and G <! < N(n),
1 (@)
> (FulAs ws ) |ans] (2.4)

h
p>n—1""% (i j)eT(p—1,p)

1 «
= > (fis|AS 2] s |

hrs . )
7 (i,4) €L, s:i<P(n),j>S(n)

1 [0
+— > (£l A 2 DI lagais|

"% (4,4)€lr,5:i>P(n),5<S(n)

1 o
+ 3 |(fis | A 235 )] larass |

"% (4,4)€lr,5:i>P(n),5>5(n)

1
< —.
n
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From (2.3), we have

1 «
Yoo 2 Gl A D ] (2:5)
0<p<n "% (i,)€T(p—1,p)
1 o 1
= - > (il A5 ) s | <

’ (ivj)EIT,s:iSP(n)ijS(n)

forall k> M(n+1)and [ > N(n+1).
Also, for all k,I € N, we have

0,9,A%) 1 o
(o)™ = 2= D (gl A wg g (2:6)

"% (i,5) €l s

o 1 .
- Z h Z (fijmé )$¢j|)akzij
p=0

"% (i,5)ET(p—1,p)

1 [0
= S 1A 2 )] ]

0<p<n—1 """ (i,j)€T(p—1,p)

1 o
+ S Azl ar;

"% (i,5)€T(n—2,n)

1 o
ST FlAS 2] larl.

"% (4,5)€T(p—1,p)

>

ﬁ—l—
ng
>

Thus, from (2.4), (2.5), and (2.6), we have

0,3,A5) 1 1 «
(42)'; =0(—)+ S (A Dans. (2.7)

h/l" S
" S (i,§)€T(n—2,n)

for all M(n) <k < M(n+1)and N(n) <! < N(n+ 1). In the same manner, one can easily get

0,9,AL) 1 1 p
e R D SRR S e
"% (4,§)€T(n—2,n)
Define a sequence z = (z;;) by fij|Aga)Zij| = fij|A§a)xij|¢p, for (i,7) € T(p—1,p—2) where ¢ = (¢,,) €

(@)
(0,1] for all n and lim(¢,, ., —,,) = 0. Note that z € Li’%fﬂ by construction. Since v is a bounded
sequence, "

Tn-2n—-1)=Tn-2n—1)UTn—2,n)and T(n —2,n—1)NT(n —1,n) = ¢.

So, we have

0,7,A) 1 o
(A2 == D (Fulds D (2:8)
"% (1d)Elr s

o0 1 o
Z¢p+1h— ST (f51AS Jwii)ari;
p=0

"% (4,5)€T(p—1,p)

> 1 S A wi]an;

0<p<n—1""% (i,j)eT(p—1,p)
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1 o
+1, > (i A 45 g

"% (1,j)€T(n—2,n—1)

1 o
tniy > (fisl AS 25 anis

"5 (4,5)€T(n—1,n)

1 [e3
Y g > (Fuld Ve

p>n " (6,5)€T(p—1,p)

1 1 a
= O(g) + g > (fil A w35 aris
"8 (i,5)ET(n—2,n—1)

1 o
tnp1y— > (Fifl A ;g

"% (4,5)€T(n—1,n)

1 1 .
- O<ﬁ)+¢nh_ S Gl APz aw;

"5 (4,5)eT(n—2,n)

1 a
W T ) D, (il w)aw,

"% (1,5)€T(n—1,n)

foralln € Qand M(n) < k < M(n+1),N(n) <1< N(n+1). By using (2.7), we have ¢nﬁ Z
(4,7) €T (n—2,n)

5 A (@)
(fi;1A5 25| )agsi; is the order of wn((ﬂx)Zfr’A2 +0(1)). Hence, ¢n((flx)Zf’A2 +0(1)) goes to zero

(@) (@)
since Ag’AQ (x) =0. Also, = € Li%zA is given. Then there exists N > 0 such that

sup Z (fij|Aga)xij|)aklij (2.9)
NS (i )en.n)
< sup Z }(fz‘jméa)xiﬂ)akzij}
RIENTRS (5 )eatnn)
< Q.
(e)
In (2.8), the end term approaches zero since 1 is slowly oscillating. Hence, (.AZ)Z}&F’AQ goes to zero as

k,l — oo. In the same manner, we have

w7 =0 %) +un (@™ vo(1)). (2.10)

n

(@)
forallm e Q,M(n) <k < M(n+1)and N(n) <! < N(n+ 1). Since Bg’AQ () = 1 and ¥ oscillates

(@)
between 0 and 1. Then from (2.10), we have P — linla(Bz)Zf’Az does not exist which is a contradiction.

O

Theorem 2.2. Let Aéa) be a fractional double difference operator, A = (api;) and B = (bijr) be

. . . . AL g Al AL
RH —regular four-dimensional summability matrices and let £>, C Z C Li’}efA 052’9’293 If (:’g”ﬂ : NZcC

(@) g A (@) (a)
Gi’gQ N Z, then Ag’AQ (z) = Bg’AQ (), for all x € M;t’AQ (2).

Lemma 2.3. Let Aga) be a fractional double difference operator. If A = (awiij) is RH-reqular summability
matriz, then there will be an inner-rectangular summability matrizc D = (dgi;) of four-dimension such

that for all k,1
delij =1
4,J
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5 A (@) (@)
and Ag’AQ (x) = Dg’AQ (x), Va € Vgﬁ .
Proof. Since A = (axi;j) is an RH-regular summability matrix then Z |akiij| is P—convergent for each

4,9

k ad l. Now there exist P(k,1),S(k,l) such that
Z laiij| + Z lakiij| + Z lakiij| < ext, (2.11)
1 2 3

where Z denotes the sum over {(i,j) € I,s : 1 < i < P(k,l),5 > S(k,1)} Z denotes the sum over
1 2
{(i,4) € Is i > P(k,1),1 < j < S(k,1)}, Y _ denotes the sum over {(i,j) € I : i > P(k,1),j >
3
(@)
S(k,0)}, e > 0, for all k, 1 and e, — 0 as k,l — oo. Since x € V;{’ﬁQ for all € > 0 there exist Q = Q(e)
and t = t(e) such that for all ¢ > ¢

o €
> 1A | < 5. (2.12)

1A wi1>q

k,>Q hr,s

Define a four-dimensional inner matrix € = (ey;;) as follows:

orns 4 @l i < P(k,l)and j < S(k,1);
KEi = o, otherwise .

Now from (2.12), we have

0,9,A5

)’ ,F,AL)
a 1 o
= Z (f1]|Ag )xij|)ak”j i Z (f”|Ag )mijD@klij
o (7;7.j)61r,s e (iv.j)EIr,s
1 o 1 )
= |n Z (fijmg )xiJ’Daklij T h Z (fij|A; )xijDaklij
" (6,5) €D S (5,4) €D 1<i<P(k,1),1<;<S(k, l)
: h Z| flJ|A2 x”m |akl”| + Zl f”|A le | |aklw| + Z' flJ|Ag¥)xl] |
|aklij|
1 o
= 2 (£l A5 2D i + a3 lawis| + ' laws|
o 4 5

(1) E€Lr, 2| A 2| >q

+QZ |akiij |
6
< et q{ S awigl + > lawil + > |aklij|}a
1 5 6

where Z denotes the sum over {(i,j) € I s : 1 < i < P(k,l),j > S(k,1)}, where Z denotes the sum
4 5
over {(i,j) € L,s : i > P(k,1),1 < j < S(k,1)} and where Z denotes the sum over {(i,j) € L, s : i >

6
P(k,1),7 > S(k,1)}. Hence, from (2.11) and (2.13), we have

0,7,A5 0,3,A5

P— hm |(Az)y — (Ex)y, | =0.
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()
Hence, A and & are equivalent over VjﬁQ . Define v;,; = Zek”j = Z aklij. As we
5] 1<i<P(k,1),1<j<S(k,l)
know that A is an RH-regular, thus we have P — hkr? Vi, = 1. Let us suppose that v, ; # 0. Now, define

B = (briij) by

Vi1

. L apj, i< P(k,1)and j < S(k,1);
M, elsewhere.

Since € and B are equivalent, thus for all k,[ we obtain that
S by = 1.
4,

Let
= P +1 Pn+1
f(n) max{1<1[r)1<ai< ) (p,n ),1<1[r)1<a7)§ ) (n ,p)},

o(n) = max{lgr;lgicﬂ S(p,n+1), | Jnax S(n+1,p)},

$(n) = max{€(n), 6(n)}, and £(0) = 6(0) = 0.

If (n) >n+1+9Y(n—1),¥n=1,2,---, then the matrix [D(k + ¥ (n) — 1,1+ ¥(n) — 1), ;] will be the
matrix [B(k,1); ;] ¥ k,I, where k,1 > ¢¥(n — 1) + n+ 1. From U(n), we can arbitrarily select the other
inner matrices of D where

Un) = V) \V(n—1),V(n) = {[Bk,)i;]: 1< k1<n+1}

and V(0) = ¢. Since the inner matrices of B on repetitions provides the inner matrices of D in the finite
rows and columns. Therefore, we conclude that B and D are equivalent. Hence, Z diii; = 1 holds. [
0]

Theorem 2.4. Let A = (arij) be RH-regular four-dimensional matriz and Z be an algebra such that
s=(sij) € Z and s;j =1 for all i, j. Then the statements given below are true:

(@)
(1) Meﬁt’Az (Z) is an algebra.
(@) (@)
(2) If 2, C Z C Lgﬁfﬂ , then A is multiplicative over Mg’A2 (Z) that is

F,A8 F,A58

T8 (ay) = AT () AT (),

Ay

(@)
forall z,y € M;’A2 (Z).

(@)
(3)If 02, C Z C Liéfﬂ and A is non-negative then

T A 1 N
M;AQ (Z)C{xeZ:P— liI? - Z |(f”|Ag )xij — L)|"akij = 0, for some L and eachr > 1}.
© el

- (a)
(DIf 2 CZC V0, then

o ?,A(Q)
ST (Fil A xi; — LI Jawi;| = 0, for some L}y C My ™2 (Z).
" () el s

{reZ:P—lim

7,8

Proof. One can easily proof the first three parts by using Theorem 2.2 in the same manner as in Theorem
2.1 in [12]. To prove (4), we use Lemma 2.3. Consider an inner rectangular matrix A such that V k1,
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Zaklij =1,
.3
F,A
Assume that x = (z;;) € Z ad y = (y45) € Cp ', > N Z such that

1

P S 1Ay — L) lawiy] =0

"% (45)€lr,s

.S

and

S A e Ay ar;s

(i,9)Elr,s

6,9,A5 1 o
= L(Ay), +h— Z (fw|A( )x”—L|) Ay yuaklw

"8 (4g) €l s

Without loss of generality let us assume L = 0 and define B = (byii;) by briij = |awu;l, for all ¢, 7, k, 1.
It can be seen z is B—statistically convergent to zero. Thus, by Proposition 1.4, we can find a subset

(@)
H C N? having the property that 6% (H) = 0 and P — 1)1m (fU|A2 x”|) = 0. Since zy € V. ﬁ , for
(irj)€

all € > 0, there exist Q(€) and G(¢) such that for all d > G(e)

1
ST ) |(Figl A i ALy )| faais| < e.
k,>Q Tr,s
© J)Elns:lA;a)wij|>d

For all k,1 > @ and for fixed R > 0

1 [0 (e
S (il A Ay ak; (2.14)
RV
< o 2l A Ay Z| Firl A 2 Ay Dagss |
T,8 7
< Z| (fifl A5y AL >yw|>akm| TR Y Jany| + 57— Z| (fis

k>Q i,jeH

Ay x”Aé >yij|>amj|,

where Z denotes the sum over {(i,5) € I, s : |Aga)xijA§a)yij| > R}, Z denotes the sum over {(7,7) €
7 8
IT,S : |A§a)$¢jA§a)yij| S R} and Z denotes the sum over {(’L,]) S Ir,s n HC : |A§a)$¢jA§a)yij| S R}
9
Since (zy) € \7 n 2 , the first term will be small enough by considering R large enough. In Pringsheim’s

. 2
sense, R E |ak;lij| goes to zero since 05 (H) = 0. Now, we have
kleH

1 [e3 [e3
7 (185 w5 AL yis v | (2.15)
TS g

< a me 2 A i Nar |+ D0 1l A i) laws|

(lxj)el'ns
=S| (f 1AL
11

IN
Colbu

ST A 2] fani;]

¥ (i,4)€l, s

r,s
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for all k,l and S > 0 where Z denotes the sum over (i,5) € I s N HC |A§a)x¢jA§a)yiJ~| < R and
10
|Aéa)yij| > S and Z denotes the sum over (i,j) € I, N H® : |Aéa)yij| > S.
11

(@)
Now the first part is small enough for large S, since y € Vé’ifz . From (2.14), (2.15) and hypothesis, we
F A (a)
get xy € (?;t_’ﬁQ . Hence, we have z € M;’AQ (2). O

Corollary 2.5. Let Aga) be a fractional double difference operator, A = (akij) be a non-negative RH-

(a)
reqular four-dimensional summability matriz, Z be algebra and a sequence s € Z. If (2, C Z C Viﬁz ,

(a) ()
then M, 2 (Z) =827 N Z.

Theorem 2.6. Let Aga) be a fractional double difference operator. If A = (awi;) s a non-negative

RH-regular four-dimensional summability matrix then there will be a non-negative RH-reqular inner-

. ; . 2,F7,A0 F,A8) F.AL
rectangular matriz B = (briij) of four-dimensions such that 8, —limz =B, (x), VeV,

Proof. From Lemma 2.3 let A be a non-negative inner rectangular matrix such that Z api; =1, V k, 1.

k.l
Firstly, we construct a matrix D = (dj;;). For all n =1,2,--- define w = w(n), by
2 (_1)n+1+1
w(n) = i m—
2
and the index sets
IJn) ={(k,1): 1 <k, 1< Qp}and T(n) =I(n)\I(n—1)
where J(—=1) = () and Q,, = Z 9@ ()
j=1
Also, define a set
KWJ = {(kal) : Qu—l <k S quQv—l <l S Qv}
where Qo = 0. Note that the cardinality of K., is equal to 2¥@W+=(®) and

n—1

T(n) = ( U Kun) U ( U Km,>. The inner matrix (') of D will be [A(u,v); ;] and (*") inner matrices
u=1 v=1

of D will contain in [A(u,v)]V), (%) inner-matrices of D will contain in [A(u,v)]® and so on. Hence,
for T(n), we consider the similar argument for K., Ky,, -+, Ky, and Kn1, Kna, -, K1), Note that
there are Z <uv> = 2Y% possibilities. Since Ky, consists of 2F(®+®(®) elements, we will write ¢ for
J
7=0

the other 2%(®W+®(v) _ 9uv jnper matrices, where ¢ is the infinite matrix with all entries as zeros. Define
B = (briij) by

bk’lij = (1 - ﬁwp)aklij + dwpij
where ¢, = Z dwpij, for (w,p) € Kjy. Since D and A have similar inner matrices. Hence, 0 <

1<w,j<p
Vwp < 1, for all w, p. Since P —lim dypi; = 0 and 9 is bounded
w,p

P —lim bwpij =P - lim((l - ﬁwp)aklij + dwpij) =0
w,p

w,p
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and since w > k and p > [

D bupy = > (1= Yup)ariy + dupi;)

i<w,j<p i<w,j<p
= (1 - ﬁwp) § Aklij + E dw;m'j
i<w,j<p i<w,j<p
= (1- ﬁwp) + Yuwp
1.

Thus, the conditions RH1 and RH?2 are satisfied. Now the conditions RH3, RH4, RH5 and RH6 is
obvious since D and A have similar inner matrices with the exception that exactly the finite number of
¢ matrices have been added.

Assume that = be a modulus A—lacunary fractional difference uniformly integrable that is modulus
A—lacunary statistically fractional difference convergent to L and y;; = x;; — L. Then the double sequence
yij is modulus A—lacunary statistically fractional difference convergent to zero. Hence, from Proposition

1.4, P— lim fij|A§a)yij| = 0. For any (w,p) € K}, we have

(i,j)EKC
1 o
\ ST (A g Db
RV
1 o 1 o
< ‘h > (fil AS i3 )b | + ‘h— > (filASY
RIS SINCINIS " )T | APy <R
Yij ) bwpij
1 o
< sup - > i85 53 lbwpis + R Y b
k,JI>G lirs =
(iv.j)elr,s:lAéa)yij|>R LIEK
1 o
+|im > (Fil A8 s o
ne (i) €L sNKC: A yi5 <R
S22y > |(Fisl A yss D] awiig + 2R >~ ang
k,J>G Ttr,s L
(i,4)ELr 1A yis >R (i,5) €K
1 a
N > (Pl A g |

(6,) €L, «NKC:| AL yis | <R

The last term approaches zero since the matrix B is RH regular and the sequence which is summed up
in the summation given in the end term is bounded as well as convergent. Also, the second term tends
to zero in Pringsheim’s sense since as w, p get large, k,[ also gets large. We take R large enough so that

@) (@)
the first term became arbitrarily small. Thus, Bg’A2 (y) = 0. We can conclude that Bg’A2 (x) = L.

‘}"A(O‘) ‘}"A(O‘)
To prove the converse part, let us assume that 2 € V, ;> ,B,""* (z) = L and y;; = x;; — L. Hence, we

() ()
have [A(w, p); ;] corresponds to the first pair of K, and Ag’Az (y) = 0. Hence, Dg’A2 (y) = 0. Now
choose (w,p) € Ky such that the negative signs of the k x [ terms of y are precisely where the terms of

(@)
the inner matrix [A(k,1); ;] are not replaced by zero. Since Dg’Az (y) =0, we have

P — lim

7,8

> (fij|Ag¥)yij|)X(A;a>yij<0)(j)aklij =0,
"% ()€l
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for a characteristic function x. In the similar manner, for positive terms, we have

. 1 () ;
P = lim 7 Y il A wiDx awy,, 50 (Daris = 0.
7 (4,5)€lr,s
Hence,
. 1 o
L |(Fi5 Ay araiy = 0.
A OIS

Thus, y is modulus A—lacunary strongly fractional difference summable to zero that is, it is modulus
A—lacunary statistically fractional difference convergent to zero. O

3. Conclusion

In the present work, first we prove that the modulus A—lacunary statistical convergence of fractional
difference double sequences and modulus lacunary fractional matrix of four-dimensions taken over the
space of modulus A—lacunary fractional difference uniformly integrable real sequences are equivalent. We
discuss another form of the Brudno-Mazur Orlicz bounded consistency theorem by means of modulus func-
tion, lacunary sequence, and fractional difference operator. Further, we show that the four-dimensional
RH— regular matrices A and B are modulus lacunary fractional difference consistent over the multipliers
space of modulus fractional difference A—summable sequences and an algebra Z. Researchers may also
study similar results for generalized difference operator on double sequence spaces by Orlicz function.
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