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ABSTRACT: In the present paper, we study p(z)—biharmonic problem involving ¢(z)—Hardy type potential
with no-flux boundary condition. By using the mountain pass type theorem and Ekeland variatoinal principle,
we obtain at least two nontrivial weak solutions.
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1. Introduction

In recent years, the study of differential and partial differential equations with a variable exponent
has received great attention, which contributed to the development of research and studies related to
the problems of differential equations. We find important applications related elastic materials, image
restoration, electrorheological fluids and mathematical biology, etc, (see [24,16]).

Singular elliptic problems have been intensively studied in the last decades. Among others, we mention
works [17,22]. For instance, nonlinear singular boundary value problems arise in the context of chemical
heterogeneous catalysts and chemical catalyst kinetics, in the theory of heat conduction in electrically
conducting materials, singular minimal surfaces, as well as in the study of non-Newtonian fluids and
boundary layer phenomena for viscous fluids.

A p(z)-biharmonic problem with no flux boundary condition was treated, of our knowledge the first
time by M.M. Bourneau, and all (see [2]). However they studied the problem

A(JAuP®) =2 Au) + a(z) [u|P® 2y = Af(x,u) in
(P) u = constant, Au =10 on 012,
Joq 2= (|Au|p(r)_2Au) ds = 0.

Where they proved that problem (P) admited at least two nontrivial weak solutions by using some
assumptions of function f.

In the last years, there was much attention focused on the existence and multiplicity of solutions for
p(x)-biharmonic equations under Dirichlet boundary conditions or navier boundary with hardy terms
[20,10]. As far as we are aware, the p(x)-biharmonic problem with no-flux boundary condition involving
the nonhomogenous Hardy inequality in variable exponent sobolev space have not yet been studied. that
is why the present paper is a first contribution in this direction.

Inspired by the above results, in this paper we study the following p(z)—biharmonic involving
q(x)—Hardy type potential and with changing sign weight under no-flux boundary condition.
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|u|9®) =24
A(JAu|PD =2 An) + a(z)|u[P®) 2y = /\m(x)W + f(z,u) in Q

(Py) u = constant, Au =0 on 01,
oo 2 (|Au|p<f> 2Au)ds = 0.

where Q C RY(N > 2) is a bounded domain containing the origin and with a smooth boundary 952, \ is
a positive parameter and f : Q x R — R is a Caratheodory function satisfying certain conditions which
will be stated later on.

The variable exponent p(z),q(z) € C4+(Q2) = {h € C(Q) and h(x) > 1 on Q} and p(z) is a log-Holder

continuous function in €, that is, there ex1sts k > 0 such that

1
lp(x) — p(y)| < gy P for all z,y € Q, with 0 < |z —y| < 3
In this paper we assume the following conditions:
H(p,q) l<q <q"<p <p"<i.
where ¢ :=ming(z), ¢ :=maxq(z).
€N zEQ

We will work under the following hypothese:
(a) a € L*™(Q) and there exists ag > 0 such that a(x) > ag for all x € Q.
(m) m € L*°(Q), and there exists a ball B,(z¢) CC Q of centre xg €  and Radus n > 0 such that
0 ¢ Ba(xo) and m(z) > 0 for a.e. z in Bn(xo).
(f1) There exists C' > 0 and
|f(z,t)] < CA+ [t["®~1) for all (z,t) € Q xR,

where 7(z) € C4(Q) and pT < r(z) < pi(x), for all z € Q.
(f2) There exist T' > 0 and 6 > p™ such that

0 <O0F(z,t) <tf(x,t) for all [t| > T and u.a. e .x € Q,

where F(x,t) fo f(z,8)ds a.ex e
(f3) f(x,t) > C'|t["@ =1t — 0, where C’ > 0.
(fa) flx,t) = 0(|t|p($)71) as t — 0 uniformly for z € Q.

Example 1.1. for f(x,t) = [t|"®)~1, we can see that (f1) — (f1) are verified.
Our main result are stated in the following theorem.

Theorem 1.2. Assume hypotheses H(p,q), (a), (m) and (f1)-(f1) are fulfilled. Then there exists a
constant \* > 0 such that for any X € (0, \"), the problem (Py) has at least two distinct nontrivial weak
solutions.

2. Preliminaries

In this part, we recall some definitions and basic properties of the variable exponent Lebesgue and
Sobolev spaces.but much more details can be found in the comprehensivec works.
We consider p(z) to be log-Holder continuous with 1 < p~ < pT < cc.
The Lebesgue space with variable exponent is defined by

LP@(Q) = {u : © — R mesurable function such that : / [uP@ dz < oo} ,
Q

which is endowed with the lauxauborg norm,

p(z)
|u|p(w):inf{u>0:/ dxgl}.
Q

(LP®)(Q), |.|px)) is a separable and reflexive Banach space, (see [19], Theorem 2.5, Corollary 2.7).
Moreover, we have the following continuous embedding result.

u(@)
I
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Proposition 2.1. (see [19], Theorem 2.8). If 0 < || < oo and p1,p2 € C(4R), 1 < p; < pf < oo(i =
1,2), are such that p1 < py in Q, then LP2®)(Q) — LP*(*)(Q) and the embedding is continuous.

The p(.)-modular of LP(*)(Q), which is the mapping p : LP(*)(Q2) — R is defined by
u) :/ |U|p(‘r)dx , for all u € LP(z)(Q).
Q

And we have the following properties.
Proposition 2.2. (see [11], Theorem 1.8 and Theorem 1.4). For u, u, € LP®)(Q)
(i) Tl < 1= 13> 1) & p(w) < 1(= 15> 1);
(i) [ulpey > 1= [ul?,) < p(u) < [ul?s, ;
(i) ulpey < 1= [0l < p(u) < [ul’p, ;
(1) |tnlp@) — 0(— o) & p(un) — 0(— 00);
(v) |tn = tlp@) — 0 < plup —u) — 0.

In addition, we get the Holder type inequality.

Proposition 2.3. (see [19], Theorem 2.1). For any u € LP@)(Q) and v € LP @)(Q), we have the
Hélder-type inequality

/Qu(x)v(x) dz

where LV ®)(Q) is a conjugate space of LP(*) ().

1 1
< (55 + o) It lolyier < 2ubiololyie 21)

We recall also the following proposition, which will be needed later.

Proposition 2.4. (see [8], Lemma 2.1). Let p and q be measurable functions such that p € L>°(Q2) and
1 < p(z)q(z) < oo, for a.e. x € Q. Letu € Lq(I)(Q) such that w # 0. Then

(7)) [ulp@)aw) = 1 = [ulpag) < [l )| o) < 10yt
The Sobolev space with variable exponent W¥*»(*)(Q) is defined by
Whe@) () = {u € LP@(Q) : D% € LP@(Q), || < k} ,

olely
where D%u = B 90 Do with a = (a1, @s..., an) is a multi-index such that |«| = ZZ 1 @;. The
110x5?...0zy

space WHP()(Q) endowed with the norm

lullwerer @y = D D ulpg),
|al<k

becomes a separable and reflexive Banach space. We can refer to ([19]).
The log-Hoélder continuity of the exponent p(x) plays a decisive role in the following density results.

Theorem 2.5. (see ([4], Section 6.5.3) and ([6], Theorem 8.7) ). Assume that Q@ C RN(N > 2) is a
bounded domain with Lipschitz boundary and p is log-Hélder continuous with 1 < p~ < pt < oo. Then
C>®(Q) is dense in W*P®)(Q).
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We also need the following embedding theorem.

Theorem 2.6. (see ([{], Section 6) and ([11], Theorem 2.3) ). Let us consider ¢ € C(Q) such that
1<q <qt <ooandq(z) <pi(x) for all x € Q, where

Np(x) . N
pi(z) = m if plr)< ]ZV,
+oo if p(z) > T

for any x € Q and k > 1. Then there is a continuous embedding W5P(#)(Q) — Li&)(Q). If we replace <
with < the embedding is compact.

We denote by Wol’p(r)(ﬂ) the closure of C§°(€2) in W) (Q).
Taking into account the log-Holder countinuity of the exponent p(z), we have

WOLP(I)(Q) — {’U, c Wl,p(l*)(Q) cu=0on 89} .

As a consequence of the Poincaré inequality, [luly1re) () and [Vul,,) are equivalent norms on
Wé’p(r)(Q). Therefore, for any u € Wol’p(z)(ﬂ) we can define an equivalent norm ||u||W01,p<z)(Q) such
that

[l v () = [Vulpa),
and which makes WO1 P (z)(Q) a separable and reflexive Banach space (see [13], Proposition 2.1). The
space W2P@) (Q) N W™ (Q) equipped with the norm

||u||WZP(GE)(Q)QWOLP(”)(Q) = ||U’||W2~P(’”)(Q) + ||u||W01P(”)(Q)
= [tlp(a) + | Vtlpa) + Y, D tlpia)
|| =2

is a separable and reflexive Banach space.
Moreover, we know that [[ull ;s )

@ and |Aul,(,) are equivalent norms on W2P(*)(Q) N
Wol’p(‘r)(Q), (see [23], Theorem 4.4).
In the sequel, we chose the norm:

p(x)
||u||a:inf{u>0:/<‘Au—(x) )dm<1},
Q H

where a satisfies (a), this norm represents a norm on both W?2?()(Q) and

W2rE)(Q) N Wol’p(z)(Q) and it is equivalent to the usual norm defined here, (see [9], Remark 2.1).
Throughout this work, we consider the space V' defined by

La(
(@nwy )

p(z)

u(=)

a(z)|=;

V= {u e W2PE(Q) : ulpq = constant} ,
that it can be viewed also as

V= {u teriue WP@Q) WD (Q), ce R} .

V is a closed subspace of the separable and reflexive Banach space WQJ’(”(Q) equipped with the usual
norm, so (V, |[.|[w2.rt)(q)) is a separable and reflexive Banach space (see [2], Theorem 4 ). The space V
is the space where we will try to find weak solutions for our problem.

Therefore, we consider the modular A : V' — R defined by

A(u)z/ﬂ[|Au|P<w>+a(x)|u|P<w>} dz,

that can make an important connection to the norm ||.||4, precisely in the following inequalities.
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Proposition 2.7. (See [2], Proposition 1). For u, u, € W*P()(Q) we have:
(1) lulla <1(=1;>1) e A(u) <1(=1;>1);
(ii) ulla > 1= Jullf” < Adu) < [lull?”;
(iii) fJulla < 1= Jlulz2” < Au) < Jull2”;
(v) ||unlla = 0(— o0) < A(uy) = 0(— o0).
This following results will also help us.

Proposition 2.8. (see [9], Proposition 2,5 ).
The functional L : V — R defined by

L(u)z/Q [$|Au|p(w)+a(x)|u|p(w)] dz.

verifies the following assumptions.

(i) L is well defined and of class C1, with derivative defined by

< L'(u),v>= / |Au|P®) 2 AuAvda —|—/ a(z)|[ulP® " 2uudz.
Q Q
(i) L is (sequentially) weakly lower semicontinous, that is, for any u € V' and any subsequence (un )y C
V' such that u, — u in V, there holds
L(u) < lim infL(uy).

n—oo
(iii) The mapping L' : V — V' is of type (S), that is u, — u and

limsup < L'(up,)(un —u) >< 0 imply that u, — u.

n—oo

3. Proof of the Theorem 1.2
First, in derection of hardy type , Mitidieri [21] showed that for any p € (1, %), there holds

N(p—1)(N =2p)\? [ [u]?
AulPdz > , 1
/Q| ud ( P2 ) Q |x|2pdx (3-1)

whenever u € W2P(®)(Q) N Wol’p(m(ﬂ).
Lemma 3.1. Assume that H(p,q) holds. then there exists positive constants Cy and Co such that

+ —
< Cr(llulld +ulld ),
and

|u|q(w) + -
| e < Collull” + ).
|u|9(®) / |u|9(®) / |u|9(®)
gy = el d
o TP T e 2P T S Tl
qt q
</ [l +da;+/ [ g
|u|>x2 |x|2q |u| <x2 |x|2q

+ -
|ul? |ul?
<
< /Q |x|2q+ dx + o 2P dx.

Proof. Let us notice that
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In View of (3.1), we deduce that, there existe C,C’ > 0 such that
|u)9(®) + , -
de < C [ |Au|? de+C | |Au|? dx (3.2)
Q ‘ Q Q

by Theorem 2.6 , H(p, q) and (3.2) there exist C”,Cy > 0 such that

Ju 2"
q |z?a)

da: < C|Aul? + O |Aul”
+ —
S O Aulp) + 1Aul,)
y .
< Cu([ulld + llulld ). (3.3)

We take B(0,1) = {z € Q; |z| < 1},
According to assumptions (i4)-(4i7) in Proposition 2.2, Theorem 2.6 and (3.3) we obtain

|| 9(®) / || 9(®) / |u)9(®)
dr = dx + dx
/Q |zz]a(@) B(0,1) ]9 o B(0,1) |z|1®

q(x)
g/ |u|2 i )dx—i—/ |7 dg:
B(o,1) |z[2® Q\ B(0,1)

< Ol(llullz + Jlulld >+lul"(z)+lul
+
< Collulld + [lulld).

q(x)

O

Applying Green’s formula and taking in account the fact that V is closed subspace of
(W2P@(Q), || lw2t () together with the density result in Theorem 2.5 and the boundary conditions,

we give the following definition.

Definition 3.2. The function u € V is a weak solution of the boundary value problem (Py) if

/|Au|p(gﬂ)*2AuAvdx+/
Q

Q

|u|q(r)—2
Wuvdm — /Q f(z,u)vdx =0,

a(z)|ulP®2uuds — )\/ m(x)
Q

forallv e V.
The energy functional Jy : V- — R corresponding to the problem (Py), is defined as

In(u) = I (w) — Ma(u) — I3(u),
m(x) |u]?™)
o q(z) |z|a®)

According to assumptions (i)-(i4) in Proposition 2.8, we deduce that I; € C*(V,R), weakly lower
semicontinuous and

where Ii(uw) = L(u) ,I2(u) = and Is(u /F x,u)d

< Ii(u), v >= / |Au[P®) 2 AuAvdz —|—/ a(z)|uP® " 2yvds forallveV.
Q Q

Due to the properties fulfilled by f and proceeding similarly to ([18], Proposition 5), I3 € C1(V,R),
weakly lower semicontinuous and

< I;(u),v >= / f(z,u)vdex forallve V.
Q
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The inequality
dx

‘ @) [u]?® ‘ Imlloe [ |ul?™)

7) [z]7@ T Jo 7@

and Lemma 3.1 allows us to state that I3 is well defined. Moreover I, € C*(V,R) and

q
<I2 ), v >= /m ||||q() uvdz for all v e V.
€T xr

We have the following lemma
Lemma 3.3. I>(u) is weakly lower semi-continuous in V.

Proof. Let (u,) be sequence such that u, — u in V. We have

‘ |un — ul9) ‘ [[m]loo |t — ]9

dz. 3.4
[z]a@) T Jo @ (34)

Define the following Banach space

q(z)
L‘qgg‘ )Q(T Q) = {u : Q@ — R measurable function such that : / E dz < oo}
Q
with the norme -
) 1 Ju(z) ™
|U|L7i‘zq(m)(9) in {M /Q |x|‘1(gﬂ) p T <

To prove our lemma, it suffices to show that there is a compact embedding W?2?*)(Q) — Liz(lm)q(,) Q).

Indeed, we have

~ N(p(x) —q()) + p(z)q()

— P2(2) —d(@) = N — 2p(0) > 0.

Then

N —q(z)

1< <
Sq(@) < —%

s () Vo € Q. (3.5)

The inequality (3.5) allows us to apply the corollary 2.1 in [14] to conclude the compact embedding
W2r@)(Q) — L@ (©) and using relation (3.4) we affirme that Is(u,) — I2(u). O

|z|—a(x)

According to previous results Jy is of class C! and weakly lower semi-continuous with Gateaux
derivative defined by

< Jy(u),v >:/ |Au|p(r)_2AuAvdx+/ a(z)|[u|P® 2uudze
Q Q
|u|q(z) 2
— )\/ m(z) ————uvdr — / f(z,u)vdx, forallveV.
Q |zz]a(@) Q

Thus we can infer that critical points of functional Jy are exactly the weak solutions of problem (Py).
For the existence of the first nontrivial solution we base on the celebrated mountain pass theorem:

Theorem 3.4. (see [1], Theorem 2.1) Let (X,|.||x) be a Banach space. Assume that ¢ € C'(X,R)
satisfies the Palais-Smale condition, and has a mountain pass geometry, that is, there exists two positive
constants T and p such that

Lo¢(u) = pif flullx =7,
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2. ¢(0) < p and there exists e € X such that |le||x > 7 and ¢(e) < p.

Then ¢ has a critical point ug € X \ {0, e} with critical value
¢(uo) = inf sup ¢(u) > p >0,
YET ueny

where T' denotes the class of the paths v € C([0,1]; X) joining 0 to e.
To obtain the second nontrivial solution we use the Ekeland’s variational principle.

Theorem 3.5. (see [15], Theorem 4.1) Let (X, d) be a complete metric space, and F : X — (—o0, +0]
be lower semicontinuous function bounded from below. Then given any € > 0 there exists ue € X such
that F(ue) <infx F' + ¢ and

F(ue) < F(u) + ed(u,u.)  Yu € X with  u # u..
Now we need the following lemmas.
Lemma 3.6. There exists ¢ € V, ¥ # 0 such that
t—lg+mooJA(tw) -

Proof. Let ¢ € V such that ¥ # 0 and t > 1. By (f2), it follows that there exists ¢; > 0 such that
F(x,8) > c1]s|? for all s € R with [s| > T.

We have
m(x) [ty]1) /
Ia(t) = L(typ) — A F(x,t
) = L) =X | =0 et 9 ¢)d
+ +
At e
—ﬂwwﬂ+—f/WM@Wﬁ)m—qﬁ/mﬂm
7 Ja |z|al= Q
Since g7 < pt < 6, then lim J(ty)) = —c0. O
t—+oo

Lemma 3.7. There exists ¢ € V such that ¢ > 0 and Jx(tp) < 0 fort > 0 small enough.

1 in z € Ba(zo)

Proof. LetngVsuchthatgp(x):{ 0<e<1 meB(xo)\B%( 0) ,
0 inx e Q\ By(xo)

By (m), (f3) and for ¢t € (0,1), we have

Atd" m(x)
Ja(t p(z) _ / / r(a:)dx
(tp) <— ||<P|| - oy (o) leq“) [l
- At
gfﬂwwﬂ——j—/ miw) o,
P " Sy (o) o)1)
Since g7 < p~, then Jy(tp) < 0 for ¢ small enough. The proof of lemma is complete. O

Lemma 3.8. For p > 0 small enough, there exist \* > 0 and e > 0 such that for all u € V with
[|ulla = p, we have Jx(u) > e >0, for any A € (0, \").

Proof. For any u € V with ||u||, = p, we have
q("ﬂ)
Ia(u) = L(u) — A m(z) | /Fx u)d
o q(z) |z/9®
1

> el - ,nnm\ M@ [ Fla,wida
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By (f1) and (fs), it follows that for any ¢ > 0 there exists C. = C(¢) > 0 depending on € such that

|F(2,1)] € —— [tP@ + —|t|"@ for all (z,t) € 0 x R. (3.6)

p() ()

by Lemma 3.1 and for ||u|, = p small enough, we obtain

|| 2(%) B
/ sdo < Co([lullg +[lull?) < 2Co]ulld (3.7)

jx|a®)

Therefore by (3.6) and (3.7), we deduce that

1 2)\02 - € Ce
Ia(u) >—||u||P® — m||ool|wl|2 ——/ up(g”)dx——/ u|" @ d. 3.8
() 2l o Imllecllullc = -= Q| | - Q| | (3-8)

Hence for e sufficiently small and due to embedding V < L"(*)(Q2) | there exist c2,> 0 such that

1 2XC. ~ .
B2l = 2 ol — el

Since ¢~ < p* < r~, then for p small enough, we can find A* > 0 and e > 0 such that Jy(u) > e > 0 for
any A € (0; A*) and for ||ul|, = p. O

Lemma 3.9. The functional Jy satisfies the (P.S) condition in V. that is, any sequence (up) C V which
satisfies the properties
[x(up)| < e and J5(un) — 0 in V* as n — oo,

prossesses a convergent subsequence in V, where V* is the dual space of V.
Proof. Let (un) C V be a sequence such that
Jr(up) — € >0 and J3(u,) — 0in V* as n — oo, (3.9)

We first prove that (u,) is bounded in V. Indeed, we assume the contrary.

Then, passing eventually to a subsequence still denoted (u,), we may assume that ||u,|ls — oo as
n — co.

we deduce from (3.9) that

1
41+ |[unlla > Ia(un) — = < J3(un), up >

0
1 m(z) i, 1) / 1
> nP(i)_ | F B )dr — = np(z)
> ) - [ TS (2, un)de — 2
q(x)
9/ |un| d—l—o/fxunundx
> (L= Dl ||p<m>+ L ot = Pl u)ds = 2l [ g
p+ n n ’I’L k) n q_ oo | |q($)
A |un|
—glmll | T W)
by (3.7) and for ||uy||s — 0o, we obtain
q(z)
/ un ™ 1 < 2o ffuns” (3.10)
o |z]1@)

then using (f2) we have

1 1 20Cy
c 1 na> T T ) np(r)_— o] nq
1 lunlle > (5 = G)luallz o Imlecllunlla

+

+ 20C5
0

[l oo [l unlI
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Since # > p* and 1 < ¢+ < p~, wich contraduct the fact that ||u,||le — +00. Then (u,) is bounded in
V.
Therefore, there exists a subsequence still denoted by (u,) and u € V such that

U, —~uwin V asn — oo, (3.11)
then

lim < J3(up),uy, —u >=0.

n—-oQ

More exactly, we have

0= lim (/ | Aty PP 72 Ay Ay, — u)da +/ a()|un P 2wy, (uy — u)de
Q Q

n—ao0

|u |a() =2
_/Qf(x,un Up da:—)\/ P un(un—u)daz).

By Holder inequality (2.1), Proposition 2.4 and (3.7), we obtain

|un|q(r)—2
/ m(x) —————up(uy, — u)dz
Q

|x|q(z)

|, |9(%) =1 Up — U

|z| ‘qcr)’

< 2fmlo

|z|a(@)—1 ’q’(z)

by using Lemma (3.1) we obtain

gt -1

g —1 L
+_ - (@) +_ - ()
q,(w)g(nunnz Pl ) (lalld T e 1)

Since (uy) bounded in V', then there exist C’ such that,

‘ |un|q(z)—1

|x|‘Z($)*1

‘ |1, |9(®) 1

|x|Q(w) 1

q(z)

|, |q(ac) 2
Thus to show that lim ’/m

n—oQ

2@ — Uy (U, — u)dw} =0,

()—0 for every € > 0 we have
q(x

_ g la(x) _ qla(=) _ qla(=)
7|u" ul dx:/ 7@" ul dx—i—/ 7@” ul dx
o |zj1@ B, |71 B0, |z

n — ul2®) 1 1
< / udx + (_+ 4 __) / |t — u|q(z)dx
B, |z|1®) €l €l Q

and due to embedding V < L) (Q), we get (

On the other hand
|ty — u|9®) / |y, — u|2(®)
———————dr = | Xpoo—————dz,
/B(o,e) |z|a(®) o PO g]a@)

we have ¢t < p~ then there existe a such that g7 < o < p~.
By Hoélder inequality, Proposition 2.4 and Lemma 3.1, we deduce

we prove that lim

le

)|un - u|Z§r§ — 0 asn — +oo.

[y, — u|9®)

@ + o(n)

o

a(x)
|un — ul |9

“Yeotn

_ yla@)
/ de < 2(mes(B(0, €)) 7@

a Up — U q
< 2(m€5(B(076))a_q_ ( | |x| | « |x|

Na + -
< Ceoma (flun —ullf + [lun —ull ) + o(n).
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Since (uy,) is bounded in V, then there exists M > 0 such that ||u, — u|l, < M for evry n € N.
Therefore

|ty — u|*®)

Na —
| e S Cera (MY + M) + ofn),

hence for every € > 0,

) |2y, — )9 .
lim 7d$<06“ o7 (Mq + M7 ).
n—oo [ |x|‘1("£)

Which implies that
Up, — U

lim

lz|  lg(z) B

Then
-2

. |un|q
lim ’ m(x 2T ————up (u, —u)dz| = 0.

n—oQ

From (f1), Holder inequality and Proposition 2.4 we have

/Qf(x, Un) (U, — u)dx

< [ 1wl = wids
< Clhun = ullgs + 20| fun "7 | i — ey
rt— T —
< Cllun = ullgs +2C (lunl7 (7" + lunli5") n = uloa
and due to the compact embeddings V «— L'(Q) and V — L"®)(Q), we get
nh—n>100 A flx,up)(uy — u)dz = 0.

By (a) and (2.1),we deduce that

/ a(x)|un|p(””)*2un(un — u)dx
Q

< 2J[a] oo [ fun 7)1

P’ (z) |un - u|P($) :

and due to the compact embeddings V — LP(*)(Q), we get

lim ()|t [P 2wy, (uy — u)dz = 0.

n—o0 Q

Therefore, we arrive at

lim / | Aty [P =2 Ay Ay, — u)da = 0.
n—ao0

And we know that A2(z) is (S*) type. Then u, — u in V as n — 4oo0.
With this we conclude that Jy verefie the palais-smale condition. O

Proof of Theorem 1.2. By Lemma 3.6, Lemma 3.8 and Lemma 3.9, all assumptions of Theorem 3.5
are satisfied. Then there exists u3 € V such that Jy(u1) =¢ > 0 for A € (0,\"), as a nontrivial weak
solution of problem (Py).

Let us show now, the existence of second nontrivial weak solution us # u; in V.

By Lemma 3.8, it follows that on the boundary of the ball centered at the origin and of the radius p in
V, denoted by B,(0), we have

inf Jy>0 for A €]0, A*[.
9B,(0)
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On the other hand, Lemma 3.7 yields the existence of ¢ € V such that Jy(ty) < 0 for ¢ > 0 small enough.
In addition, since the relation (3.8) for all u € B,(0)

20Cs

1 + - C _
In(w) = —|lulle” - Imllocllully = —=eallullz

p+
it follows that
—o<c=infJy,<O.
B,(0)

Applying Theorem 3.4 to the functional Jy : B,(0) — R, it follows that there exists u. € B,(0) such that

c< Ia(ue) <c+e
0 < Ja(u) — Ix(ue) + €l|u — uelq, U # Ue.

Let us choose € such that
0<e< inf Jy(u)— inf Jr(u).
0B, (0) B,(0)

Since Jx(ue) < inf Jx(u) and thus u. € B,(0).
9B,(0)
Now, we define the functional ¥y : B,(0) — R by ¥y(u) = Ja(u) + €||u — ue||q. It is clear that u. is a

minimum point of ¥y and thus
U (e + tv) — Uy (uc)

>0,
; >
for small ¢ > 0 and all v € B1(0). The above relation yields
€ t B €
Dlue £ 00) = Wke) | o), > o,

t

Letting t — 07, it follows that < J{(ue),v >> —€l|v|q, it should be noticed that —v also belong to
B1(0), so replacing v by —v, we get
< J5(ue), v >< elvl]a,

which helps us to deduce that |J5 (ue)|v- < e.
Therefore, there exists a sequence (u,,) C B,(0) such that

Ja(un) — ¢ < 0 and J3(u,) — 0 in V*, (3.12)

From Lemma 3.9, (u,,) converge strongly to us in V.
Since Jy € C1(V,R), by (3.12) it follows that Jy(u2) = ¢ and J4(u2) = 0. Thus uy is a nontrivial weak
solution of problem (P). Finally, since

Ia(ur) =¢> 0> c = Jx(u2),

it is clear that u; # us. The proof is complete. O
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